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Ve-ru\ e\emwiarq Y\um]aerr %CWS redene.

“The ha+ura) numlaers are 0,1,2 omd so oun g)cr-*

?.r-n»or deloils, see Teano.

_nne pos‘al-‘-ve in}ea,ers are +the no.)-um] hum)bws 21,
r -

lLe. 1,2,3 and se on.

The \mu”iEles are the nalural numbers 22, ie,
2,3,4 ond sSo on. “The Proalucl- OF 3wo mulhples 133

larsw than each OF) Hhose -l\-uo; in I?)rma‘m

(A x,y: x22,y22: xy>x A Xy >y ) (1)

Mu“'ijo\es thot are the FrOnd‘} oP Jwo rnu”‘i\o}es are
called Cmﬁosi\‘e H muui]o]es 'H'\q'l' are not Cm-n]oosi}e. are

called prime; in ]()crmu\q
m32 I\(E\_x,y: X32,y22:" x.y:,ém) (2)

Frime m =
Comp m = mMm22 A (Ex,y : x32-)f¥2: X.y-_-.-m) (3)
1n view OF (1), (3) can be rewritten
(3")

Com]o m = (E X,y:QSx(m,’ZSy<rn: X.y:)‘n)

Tfom (3') ]l- S clea.«r" -n\a'} i\' ls decidable bohe”'\"f

O. s\oec:ﬁc S c:om\oosalre.

Note that we have "I(Prime 1) A 'I(Co-mp 1)
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With PF -Por “Prime TFaclerization — deﬁneo‘. ‘33

’PF N= n s ‘”‘ae Frcclue'l‘ orp (Zero cr more) \’nuuip\es)

all o? which are prime (+he e«m)ob Pr-ocluc’r be-
ino, deﬁned as 1)

weé can S“a"e

Theoram Q. (B n: h;‘!:’PFrj)

’PPOOE . We Shall Prove -n'leoro-m Q ‘Dn Vna”ﬂomthai in-

cluction, i.e. we shall Jprove
(E n:n::.1:('PFn)V(§_£:156(!1'.‘1(?7:6))) &)
’Becmse (an: nz1: n=1 VY (Frime n) v (Ccrmp n)) and

the Pmduc} oF one number equa]s thel number, we de-
duce g-wn +he deﬁni}im o? PF

(R n:nz1: (comp n) V (PF W) (s)
Furkhermore  we deduce [Fom the definition of PF

B xy: x21.y310 2 CPF ) V 1(PFy) Vv PRy ))

from which we deduce uath ()

(Bn: ny1: 2comp n) v (PFa) v (E¢:sicana (PRO)) (6)

Fram ) oma (6), relakion G) @“ows \ob the stomdordl
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mPe/rence rule. (End oP’Proo?oP'T}weorm O.)

_nnewom 1. (E P: Prime P (Eo' "‘Pl’: Frime q))

("n\is [} Euclid's Po.mou.s "]')mmem 'H'\Q}' no Prime is
he \o.rg)es)- cme.)

’Prog,{. CcmSidOr Po-r orbixrar\j ]orime. F -}-he_ VO.\MQ CQ
de?ihed bb

Q= 1+ e ]oroo(uc‘\‘ oFg\J primes € p .

Theorevn 0 allows us o conclude thal @ is Hhe Pr‘odue)‘
OF a ‘oab oP Prlmes s omodl, \oeco-use @:-1, -\Jml \:qs \S
noi- %P}j' 'B:‘ vir)-ue oF @)'s cOrns\-me.hcm, such a Bas
Cah)rains no ]orime. \\’\0- \"\G‘mce 'J‘ Co‘h\‘o&ns cvl‘ \e.as‘-
e Vf:orime > P > hfmce a}' \eas" one Tarime > \o exis}s.

( End OP(R‘ooF oP Theorem ‘1.)

\'J\“n U'PF —@rr Unique /Primc —Fac‘oﬁza;"wh- depneo(.
b
o)

UPF n = 3he bo.g oF prime 'rnu.\\-ir:»]es whose chlue)-

e.qu.ods n s umique
we Con ﬁn'mu\al'c.

_ﬂieor%\n 2. (Q F,X,y: ‘031, X311, YA AN
ﬂ(r:rime. P) \Y 'l(p’(x-y)) Y P\x Vv Ply vV ﬂ(U'PF(x.y)))
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(He«re. "al):;" should be react as ‘a divides 1:")

M \Jh&n -\'he Freﬁ }wc: '}'?,rms are ,f;\se_’ x.y 1S
the Produclr ol” a \:as of primes ccm\q'.nins P when

the next Jwo derms ore alse, XY s also the Pmduc"
o? a \oas OF }:rimes _'n_o} Can}aininb P “Those }wo
):.ags bein di??&rem}, we dealu_c.e .| (U’PF(x.jj)).
(End o? moFoP Thecrem ?..)

We ore now reaolb Yo s}o}e Oomol prove

Theorewn 3. (B n: n31: UPF n)

’ProoE. Theorem 3 is \orovcol \:b Yho\-)-)wenno;\'ica\ \nduc.\‘icm,
.e. bu )orov'ma

(B_n: nz1: (UPF n) V (Ei:‘)skn:‘n(UPFc‘))) (7)

-_[nspireol \93 our Proop OP -“neor&m O, we ol:semve 'H'ml'
() @uows ﬁ"am (8) ond (5).3'we-. b:j

(En: nNnzi: (comP n) Y (UPF n)) (8)
(B nnzi; (Comr; n) V (U’PFn) Vv (Ei‘- 1gcen: A (UPF ) (9)
OP Yhese \wo, (9) Po“ows immediq-}elj g“"" €Y ,(3)

and Yhe dePinihOn oP UPF. fsserhion (@) requires,

however, o wmore elaborale olrsumezn".
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Consider o value an > M SOy, such thal +he Grs¥
and +he last terms oF (9) ore Palse , he. such Hhat

(ComP m) N (Bi:'lsc'(m: UPFL‘) (10)

}lo\ds. 'Becau.se m 1S _CCrm]:osi“e ) 'l" Con )oe. wr'rn&n as

m= P.’P= g. Q with G"l)
‘\) Prime P
2) psq

3) P shanding {or the product of o nun-emply bag
OF Primes all o[? which ore 3 P

4) Q skomd-.n% gff' Yhe ]Oroaluc‘}' o?a )905 OP yrimes

all oF which ore 3 q -
We obviously have 2&P<m,1§Q<m, and P2 Q.

The conclusion UPF m | required to prove (9),
can then be drawn From

P=9 V (Com‘a c]) (12)

as Po“ows . \J\wm c' s Yhe sma\\es" value in a \oa_g
o? )’)rimes > Comp q is ?a\se. anad P’am (12) we
deduce P=9- TFrom (1) wWe deduce P=Q , ond
Fﬂrm (10) we deduce that T2 ommdl & shlomd For
-Pne, Sawme \bas OF )Orimes. Sihce P=q 5 P.’P ond.
q.@ thew also S}Ovnol F)Crr‘ 'H')e Soame \Das o? Primes,
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ond UPFm hos been eshablished.

ES}‘Q\:\ES\\m (1‘2) 15 Now ouwr cmlb rermau'mins o\:-
\iso.)-icm. -_n» S R‘wia\ ™ -n\e case P:q . In 'H’le. case

pP<q We consider the value ™ c\eF;neok \o:j

M = (q—P).Q

Because 1 sM<m , Wwe conclude Prom (10) UPF M .
'Beco.use M = q.Q - PQ = ?.’P— P.@ = TD. (’P—Q) > we

conclude F\ M. S‘mce Frime P . Wwe now conclude
Fm‘m _n\eorexm 2

pl(q-pd v Pl Q (13)

Since 1§®@<m , we cenclnde ?rmm (o) UPF Q,
ie. al Ahe ]or‘nmes in the unique \oas oF Frimes whose
)orodue‘} equc\\s Q onre aq R hence > P "n')e \oas
beinoy, unique , Wwe cenclunde 1(19\@) In com-
bination Wwith (13) we comcludle F\(Q-P)°
Since We were considering, the case p<q , we
Com concuude ~hat q is C.cmnPoS'a‘}e. Havirg Fhus
estoblished velabien (120, we have {?ul—ﬁ“ed our
las} Proo? ouigo“}‘-Cm. (Enc\ o?fproo?oﬁ'mx‘a'wm 3.)

Coro“arvj\' o? Theorems 2 omd D.
(A P ;(,y: P21, %21,y
ﬂ(Prime P) \Y ‘1(Pl(x‘y))\l F\x \Y) P]Y )
*

*
o
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“The above was written in reaction 1o the )oresen-lo.-
Fom in [1] OF essan‘ric.]\b H\Q same Proo? oF Theorem 3.
By Pound that ]oreso»}-a;'icm co-n};or¥eot ondl no'\n-‘icmc.“‘j
C\“msfj‘ _ﬂ'\o.:j wri\e (F)orr (11)) |

M= PrPrPr= Q9 -9,

Note the dots ond the neeol o inkroduce +he Su\oscrip)s
r and s. B lidlle \q)rer,a@er \novins excluded P129,:
”Swfpose P<9, (l? Q1< Py Wwe Sihn)ol:j ‘m)er:hanse
the leMers P omch 9 n what {%"ows C‘Sic)-> . B Mird
o@ o Paoe ]G}&r‘ '3'}12.3 conclide Phatl “Hhe vorime de-

Com]:»osihcm of m' must be uni ue, aside Brem the

order Q -H-.e ?Ac*&rs '. ’D'leorezm Q ‘lsh.¥ m(-‘zn)-icmeo(. ond

when needed i Yhe ]orooFrrF “Thecrem 3 )—)723 barrow
Yhe reSuH‘ Fr‘mm a corolar oF Theorem 3.’ (He«re Hherr

%um%\- is almos} C‘-:jc\ic. And i+ s ﬁ,_“ OE recdluc-

bones od obsurclum.
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