EwWD764 _o

?epagine our deb&s .

To whom }" hnoﬁ C'orncewrn!

There is a wide-s]oreacl belie? thet | whenever a new
Qrec D’F\'\MMQY\ %deavour has \Deern 5%0(-0“ }'O be
Omenable do mathematical dreatment, the rest o—F
ma”memc‘},;cs 90‘} &/emlua“g %rickecl \93 'Hm)‘ o\erve\—
Cmeern}n H Sesms \ik’elj, omnad ‘}odaﬂ 1 Glcm'\' F)ee] in-
clined o c\-.anemae Jhe be\ieﬁ But it roises a ques-

‘hcm.

Over +he last 2s years , and ol on increasing
Pace oLurinﬁ +he last 10 or so, Proammmina has be-
come ‘an orea oF) human endeavour Ovmenahle Yo
m:a\-n‘:emas-icfz] -}rea')men}”: -)he arl- - b]ac\r? maﬂic\.-—-
o? ]Orogramminﬁ has efvolveol nlo SC"IOn)"lE.‘C olis-
C‘.r.»]ine. —Ln i}s r‘e\a)ricm "o —»vé res}' o]@ ma'nmemalics,
Ccrmr)uiin‘s science })as So -Far‘ be&n ]ar OJ' "”’le
receiving end. “The olues\rio'n I weuld like Yo rouse
% ”Has -H;e }ime. Come 1o re’/r-a-:j O™ de):)s? "-

IS I)rosmmmmg as o h’la‘}')lema}'fca] aci‘ivi\‘j s;«?ﬁaml&

‘novel? 17\ O'n"oer wmrcls , do e ho.ve Ol‘r\-j Currenc

J ™
W\nic\ﬂ ';‘O 're,]oo:j owr de\o\'sq ’n’lcw\'gln e VYN ¥ of 4 O‘? 'Hwe;

danoer oP )Deinb accused (:f mjo]oia., I V&n\-ure an
01?()3 1 \ Swe ‘H'xa‘} a%rma'l-ive

irma)"uve OoNnSwWer, .L Co
answer more or Iess ex c:o.-”nedra: -Hae )oroammmins

c\nanemse b&nﬁ \ike ho‘u\}hs lma'n'lema\'icfo.ns \nowe ever
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ﬁzcec] }oe@re , the mathematics  that grew Yo mee} it
Ynus} )oe SuFBCE%}b L«nqu\o.}. ’.Bu}' Su.c\'\ an  Omswér
15, ofF course, o-nb cmnvinc:)ns bo\nem we )oreac\-\ )‘o
Yhe ojread:j Co‘nver]-eol. Shﬂ)'}lrj more Cemvincing s
e«-r\nwrs @ Fu\n]ic Con 1 ession wLem __Y. Saw Hoare's
ﬁrs}' Ccnrrecl‘r;ess T_)roo a Fmgr‘am > T o\eclareci
Vnos"' Q/m)o)"alica)(j ‘H‘na“' Suc\n a ‘oo\“e'x OF Sbmho\s
was not my CuF'of—‘ea! T howe Y'arelg been so
wreng ; Sevem\' fjeo.rs la-‘w 1 weas olo.vnc.'ng 'Hne
ballet mmsel?, and 1 liked ik

1F 1 needed a ca}ck-p}zrase Yo cosplure what seems
hove\, 1 WWH Cevnme ovr: hnl"h SO'me’H'-ir:a \ike.”]oro)bse«ns

S.coJe oo %rma] emv‘:ro'nmo.qi'i Ccr]o:na mathema -
hcall:j With ‘H\g )omgrammmj T;r-o‘o\?/m o\:viousl‘j im-
Flies 'H'm} e Y‘ega\rc] -)\we )omerammir@ IOW':9U\0\5€ we
use as Some Sort oF Rn‘)'na} sasl-em, ond each pro-
gram Wwe ccms‘:derr GSs Some SOI"‘} o? g-rma) olo;)ecl-. QS
\ffns as Wwe iahore ’Pro)olems OF :Sca]e ; there is ‘no'“wina
novel n that ar]o)oroack, Pov' i+ would ke rather similosr
‘}0 boha‘ G" Sorl-s OP logicia-ns clo. ’.Bu']‘ rJrosra-ms are
09!% b-&' Qc\mi'nedb » YnoS}‘ Rrrma‘ exPerimen]'s '\nave
been carried out with rahher Sh'm” larojrnms,}:w}
Si2zes anve ‘mcreasmg, ond how Yo push Hhe barrier

s)-i“ ]?urH-n&r- [ )oecamihs A ex\olie.'”:] Sl’a-xeo‘ T'esearc]q
hopic.

Tom Pngec J buin)ns Jo endorse '}%e o-]oinicm Jr)m‘]'

most Vigorous mathemakrics  vesalls ?rom o subHe
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balance )Jc‘}w:on ojoP\ica‘}'icms o? Po-r'\mo\] ‘}ec\\niques O.nel
OF Common Sense. —I-} is -Hml view o? ma-)-l\emc.lics
‘H‘lo.}' mo‘:) exp\ai'n Some oF) P:’osrammina's Vna”‘nema}ical

hove)}ju, In 4-\012 ):)vaicus {.;o.rasr?a\n I }'lawe ex)olained

'H'le ‘m-}rinSica.nJ Forma.l hairure o H‘le )oro&rammins
achivity ; om the other hand, the ?mgrammer's en-
vVironment —the modern C.crm)ow)'&r‘—— ‘)"*]j deserves
-H’ne Predica}-e ”3%&'&] ]ourjoose“. —n‘le *j'emsicm be-
-‘weem -H—.e }wo ) ht ex]o\qin m:) —?ee\inﬁ -Hna)- -n'ue
}aa]ance )De-}we@n o-rma) -}ec\m‘-ques omd Cormnm on

Sense 1S Mmore Qri)ica] in roairammina +han in

Vhan‘j 0‘»’t€f Greas OF ma'}))emq iCS.

Over the last ten 3ears,-}]oe ]’Jreclfca.)re calculus be-
Came our "}Obl ]po-r‘ Clo"‘\:j Y‘eo.scnihaa i}'s wuse 3racluauj
re/rolacing mare and mare of'Hne usual V@r\:a\ Orgu -
ments. This develo)omen-l was o}w‘le clear\‘.j F’cmcecl wpon
ws bj Yhe nalure OP $he Su]DJec'} matter we had to
cleo.\ Imnw, -H)e \imﬁed (ASe "}’}M uSua] ma)-)nmahcmn ma]?es
oF +he Preolica)e. co)cu\us Seems an indicabion oPHﬂ
”nove)b" o{)-”ve Programmer's bask.

H wmore wide-spreacl o.dcr]ohcm o? +he Frec]ica¥e
colculus n the resh oP mathernatics would be o Very
nalv«m) COmdilel'e g-r Cmruxina Sciencels }N‘HU\%CG.
I Wc:u.ld ComSicle/' "H'na} miluence Qg Vv w]nole.s'arme.
’-F'.rs}l:j, + seems a very e éc tive way oPeaBeanm wp
-»;e Pr‘es%“al‘iw (o] Ynomj omn Qfaum%*‘.(we cid ex-

Ferim%}s with o 12w exam‘o\es, wmore or less chosen
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b O.C'Ciclcm"') ond each Yime the im]orovemen') was
(‘ansic]exra‘sle.> Se.cmncl[j, "H'!e d«iSCiPIihe [ Puriﬁjmg:
]ermo«.hZG}iorn wa»rks as ”an ?o\rl ~ Wwarnin SS.S}‘M ’

Lu)wn J,L;n s owe e-H»in Can}"m"?ed- 'n'\ird R '.']' ClO"‘*
Fies, since it rweis ah sorks o-F mathemahcal dlis-

L

‘hnc}ians - such as ”Proof ):*3 in—ﬁni}c resress - as

ar}eﬁzc}s oFOm mn re'}ros]:ec U\‘nFo'f‘}'Uﬂa)'e grrmu.\ﬂ-
'llia’h oF Hne Maum%\‘

—.[h -H'le lono, run 'J}S m ¥ iuence Cou,\d be Very
)
Pm d mdleed. Ni“m Sw ici%“' Po-mi\n‘ori\'va ond

su Hciont mqmrulahve agilib Yhe —?o-rma\ Mg)um%‘)
becmes 'H’le Vnos} comngcise woj ()‘PCOVF\‘Mrihg O

"

understondin ”'. it becomes the Wow) i which we
PreF)em ‘o “U(‘VIC]BN"S}'Q‘NCJ". EV%l'b\a“ 'I)’ mag mva‘ida]'e
Hhe buideL:jJ'\elol O{.o‘gma. o?’}‘e uml'eac]ﬁa}o'a]i}*j ()‘]D
-}‘hinkins.

1n dhe cbove we mneed not be delerred by, +he
Prediclolo\e o\o'ec}-icm Fro-m ?na-l-hewnahcio.ns ‘H'e
more Consexva;)ive Fe-rsuaslom . w\no W*nn ]Doln Cru‘}'
'H\a)‘ in moS* exiShnj th:‘)'}lemo.lics -H?e logica]

s)-mc\-ure OF %e o«rﬁumem}'s [ ho} 'm']frica)‘e &nauﬁk
o warrant their @rmali‘za#i@, Since , even :?*H)e;r
okswvaxim 1S Co-rrec-)-, 'H')e/r‘e rewiains "H’)e, queshom

o? the chicken omot Fhe eqq.

* . x

Qno“}@r Cx'larmel 'H"ITWS}\ w‘nic]n Compu)-ing sCiemnce
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could exert o )oo‘]'e-nlia”:ik Pmﬁwnd influence on the

res“ OF ma-}]oemalics is e Ccnm]ou.}'m SC‘ie,n)‘isr.S
??io'ns. —.[.h ‘nne

€or Ola:js, woh en \arge Sec)-ioms © 'nne. Campu)ing

c:crml?nun;lv considered +he comsirainls uF'Hwe | imi b

Choraca\w $e+ OPJ'}IQ rwncl\eo‘ Carc] Sacmsanc}', we

o&hlude -}owarcls ho]‘a)-‘nc-nc] ComVvén

have Cormm'.'ued 'Hne. mosl -}-erri\ole |ins, and —1 O
Sorrs -}c 3&3-— \'lm'-\'ecl ]:n"ln}i'na @c;li;ies O‘PMOC‘QTV\
f}e/rmina\s Seemn homao\o:js '}‘o '\mvi\‘e ‘.S‘smi\o\r sin-

ﬁt) be)'n aviowur,

'nkﬂ' ]o)uj:’-ica.l %sl-eri“:j }‘las ho}‘ ):eeﬂ ‘]‘o}‘a“‘j
wnwholesome., With B« _Predica)'e on +he nahural
hu.m\oe-rs, -I Ol?/no)"e qb{onliﬁcahm \93

(Ex:osz:ﬁBx) ond (Bx-_osx<x-.3x) :

H‘IS;‘CFHCQIB » ‘Mie use o? (A‘Y\d@r‘hnina {gp" -H‘oe C‘rea}'b'mq
new Ck&rac‘}&rs Y\as beem ns ired \03 H’)e con ~

3-}r‘am¥s OP -3}13 LJFEUJH\'&F CO\‘nd o?%e '_‘Flcxowrix‘w

n Par‘)‘w'Cu‘cvr‘). Bu‘}‘ ey in handwri)‘iﬂs I FrePer‘
+he E omol the R over the I omd the Y res-

]De.c]"}ve\:j. —H‘ can '|m:nedia)'et8 ‘ae 3ennmli2ecl \-o

(_NX:OSX<X:’BX) (1)

]Po-r the number of distinck values X i the romoe
O &x< X 5 such + o.“ (B X }'\o{ds. (“ﬂ\:s s jus}' "0

inus-‘ra)e +hat -Hwe “u,r)side-down Co—n\f&n\-itrn is an Uun-~
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PW\"UU’IOAQ me )

The recursive c\eﬁm}tm—. VP (1) s ]eﬁ- ags o
exercise ?a'f' the reader. “The underlined "N in
(1) 'lS,)nowevor, rm\:j O Minor 1SSue: if }ms ]oeem
inclucded because |
a) T could no)- wwk \m'nnw)- 'n)' mnse\?, O d
b) 1 never emcoun)rezr'e.o\ i}' n f')']ne m:z'wie*ma\ﬁco.‘

literature.

T did encounter in Yhe ‘i;&r‘aj'ure — even wevera)
*}}Pnesﬂ Sme“ﬁna e.\se, viz. the remoxrk that i} s
veyrn clums_‘j bo EX]oress @-rma“b -)-}\a}- the ih)-e&w
Sequence R[o . N~1-) s a P@rmu}o."imn of the in\'fser
Sequence ’BIO-- N-1__1. 30.)‘,0.8"\3 (1), one com oo
S0 V&U eaSilD! 1 Cw\c( ho]‘ EScc:vFe the 'lm]areSSiCrn ‘Hna)-,
Fhomks Yo camru\-ms SCience, o Scmewhal C(AH?&(%)'
')'raoh}ion o-PuSin& Sjmko\iSm )'ms ?/rh&rsecl.

* *
*

Here is Ovno‘H')-&r o]ose-rva.}im. —_[ —Hnink 'H\e avmje
YhaJ-l'\&mal‘icio\ﬂ s ho“ as \?e% as \ne cwlcl }:e. bo
Ouoicl auoiolalo\e case anal.&. Ses. Le)— me Sive O
cne Simlole exo«'mr:)e ﬁ'crm @oss HUY\S\DQPSM\S
# " ;

Ha‘-lnma‘—ica} Mo—rsels. —nne exo«m}o\e 5 'm}-e/res\i'nj.
Since 'H'xe ccfpied Paae, \'\as l'aean }*o\?em Fr-om a ]Dook
m G sSeries , er]o\iciH O‘euo\‘ec{ )lo ”-Hwe urPose OP
P-..r]-\ner;nﬁ -Hne. ‘.deo;\ QF) e,xce"vmce n manmemahcm‘

ex posi ]-icm.
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’Pecr)o]e bu't“'\ [#3 }Droaramminj }Jocl?gr‘ounol ore€ more
aler} o} ing Yo avoid case oma(.:jses thor the other
MQ'})'lefmo}-iciams > t-al’lo olcm‘- Seem ¥o mind <o much. I
made 'Hnis o‘osearva}-imn e *Hne mié-‘.‘:‘.evem}:’es —durinj
ey ,at +he fime numerous, Yravels - and i} has never

omaled e : ag a Pmﬁf&mm&r Yo R ows cml:,J Yoo

W@” 'Hm} CHa, Lowe '}0 k:m ¢ eae)\ Cose Oownalu,sis

as reﬂe&?& ij o on’enm]rm We%w s')ww:)‘ "i? ...... “Ljﬁn

in Your }omgr*am, omnd '”ne Omaloab l:)e"we-em Pmafam

shuckure ond ProoP Sl-ruc]‘ure 1s too obvious Yo be

wmissecdl. “The —}emdfmc:j to avoid auvoidable nemenclalure

(such as Honsberaer's Ps,Q's, ond f\?'s) is n all
aﬁj o? the zawme in?‘u%ce.

* »*
>*

Pfokabi]i l:‘] sFi'm

%e diSCfEi'e no.}-u.re o MucL OF CWHY)M}'in‘?|S Su).)jﬂ:}'

€ OP
Pha')-)'lemax-icd 'mcluc‘)'irm. "ri'rs]- Oom obse/r\ra}-'cm. ‘Ih oréef

}‘O ]'vae Fgf Sorme )areclicc."e ’P N

matter has olwile. nahurally increased the ré

(An:nso:Pn) (2)
o ¥ T)rooP )73 man\ma\-icq] ihc\u.c )'icnn Fro ves
(BhiY‘)’O!"F'hB (3)

.w;}k (P‘ Siv&n \'JD
(/Pln)= (?n) ' (_E_'c':osckn:‘l(?c')) “)
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Since (3) is o? the gome shuchure as (Q),
wk:j ho)- vae :¥ 593 mo'n\em-;a}ical induc)-iom? I.e.
Wl\:j hol’ )orove (3) )')3 )omviha

CBh:h}O:/P" h)
hn]'}'» —as in (4)— ,P” o\egnec] \Dj
(P"nd)= (P'n) V(EJ'-. osjen: (PN 7

(Bj Su)as}-'ulu)‘-ng (4) mlo 4he r':f)h)-lncmc! side
+he deknibon o—P KP“, \qo-uoeu'&f‘, we deo(uce /P”= ',
“In other Wwovds, We com Q/Prl:j -Hne ’\'ric}e cmlo:) ence,
ond J'}16: decisicm )o Cchc(uc\’ o \or‘oo )7 ™M eorns
of ma”fl@ma\'ic&] ihc\uc)-icm 'S 'idernro‘len . Is Yhis
servo hion im)oc;r“an)'? T Aon'F ]?mow.AJ,)ou} rom o
Men\odoo ical }aom)' o? view I "Hr\inl? i]- is iHum‘;_
na]-ina; ié 1S in Omj case Veér (AﬂdO\mevn}'G\- Qdmi‘)']'ec”v
™y So,mple. was small : L S{oweo{ this obser vation
3‘0 O\}DCM.‘” o 010‘2&—\ ma\-ure Yna)'}\&ma)-icians, ow-.c‘
leqfhed 'H'u‘.i}' i}‘ Was New -~even a sur}orfsel.—- grr
all o? bheom. 1n my move o'ra}imishc Mo enbs
sSuch Ovn ex]aen‘once hna)ves me )De]ieve. H’\c\)- e
Sreqter me”\odoloaicq\ awareness could be ane

o]

-pne Carrencies 1hn m)\ic\n Cm}au%ng LCience

could rep oy ks debls.

More in Par)'icu\w‘, T Be‘ieve J—L\a)- rno«nwezméics

™ gen@rq\ cw\cl b&neﬁl‘ ﬁ-crm more e.xP\ici}- o\ﬂ;\ica-

Yims o? mathema tical induc biom. ’B:, Wo, "P examPIe
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I re?or M\e reoclw \-o "“0 or}ic}e N ﬂc}a InParmca}icas
(:)Om.‘lCISO), which derives b meoms UPma\%%akcq\
iholuc}-icm ovér n '})ne munipic;}n o? 7S T)rirne Pa\cxo-r'
)’.J mn h! ;-Hms 3ho\uc)~ive ]orooP 18 MucL S}mp]er %aw-.
the hraditional &faum%‘}‘ *3%,% instom ce, D.E Xnubh's
ﬁ'n'-e Bt o? Cermn w}er rFr‘o ramm;n " Vo].I-—-— w\nic\m Y‘e\ics
P gromming

on the shrewd reorrOmaeme.—.)r o() «ﬁxc)'ws. (Eve’n\ua\b,
)‘ exen neecls —]Jne Summa]-io'n Po-rmu\a. ﬁrr-%e 3eome*ric

Serie‘.s.l )

\_\‘_o_}_g. '-n'\a'} ‘}mdilicma] ar‘gum&n]’ worries me vera much

‘OO\rLiCulGn’lﬁ lik’ed il’ Fr‘ecise ()cn" i\-s S\nrewclhess-(Enc‘
o{? No}e‘)

Since I me} an oH)&rwise ‘.sif'}ec' ma*hema]-icfcm—\ ch}
9
b

*
*

QSSuming ) 'Hﬂe Sa]ﬁ’e oP 'Hne argummx‘, -Hf\a}- 'H')e
usual s\r:j\e of mathemaltical reasoming leaves com-

siderable room Pc/r im}orovemenL We moauw roise the
ques}icm “Toes it matter? . T dhink i} does.

I Y@W‘)%\DW viﬁe”b howo 1 Slﬂowec( ']'0 one OP
my Colleasu.e.s in the ’D@r:ar}’mem]‘ how we had
learmed fo deal formally omd nbellechnally in o sabis-
Pac)'m-& monn er lnn'H’\ all SOr'}S oFIiH‘Ie o\gori}}\ms_
M Cc“eaﬁue asn'h im)oreSSecl ar all and om]j
aied "Bu} cloes Fhis enable Yo Yo ghcl new al-
go.-%ms?"'l Wwas S]nockec\ L\g ’H'\a‘} Y‘eac}ﬁom.

Tirs}lb, loecau.se 1 \NOul('I l‘nowe owmswered in ?u”
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Ccrnﬁdence, ”Ochurse ‘n" W§”. “, \no«dh‘}' i}' beem E%‘("H’Te
?o.ci- Yoot 1 could ommswer hudh ?u“n ”Yes, i+ has al-

readtj dwne so. .

Secomcug, )::eCauSe \we anowed 'H)e. HQuocl " }0 Prevo.i\
So .S\-rcmatb over J-})e, ”C.‘uo m odo ’:’ ’ﬂ\‘.s u\'i\ﬂorim
view cFP sCience 1S ver YhuC]') en Vo&"e }Odas. I
om afroud thal i} s the )oreva'alin VI euw) O\'Yhomg
}odagls maj'}“le‘m&)'icio.ns N ")u)- 1 have a lur‘?ins Sus-
icion that exac}lﬂ that athilude s mainly responsible

-J-})e F?zcl‘ '”w.)' }'nan)efrna}-ies 1S ho |mnﬁer relg)a—rc‘ec{
QS o in}egml Par}' ol?owr CU“'ure omol —-'\-o quo}e

Movris Jine— “Tndeed. ignorance o? V?QH\%QLKS has
attained the sholus uFa social grace, '

I Ovwn dm(b ﬁcec‘ with e hovoe created ]DD the
wic\e-sprco.d 'roﬁumc; 1Gnoromce OP w]na}- MC\}J"CMan‘K'S
is abouh. ’Bg dhe cu“-ura? is0la bion oFma}keanrs we
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