EWwDso3 -0

LeC)ur‘g_hoxes on 'ﬂ'ne S).rruc}ure of proaroms omd prog?s‘
[ [ A [ L

”I have also included a short <hapler on eqwipm%h]',
?ro-m the o.ns‘e o? how litHe you c:m 39} Ay wi\-)-.,
'rcnn'\er ‘H’m:« »‘louo wuch Yo need.
Jocasém Thnes ”'The ’Po.uf:er's Coockbook 3
(’Pemsu;n Books , 1371)

”The need 4o prove a progrow correct is Primari‘b
an. aesthelic ome (see AP Ershov Ccrmvu‘er Bull.
1572 . ‘0 35?) onrd ')'}ms r:m\b %e )Des‘y' w.“ clo M ):b 'H'Ae,
Some ‘}‘o\??«n, Bowev@r, -H-)e S)'Q'noxar‘c\s o? ?r‘oo{? Vo‘fj
with +he aesthelic awareness o?‘”’ie Pregrommer.
14 mo.y be no‘)’eo\ ‘H”to)' Q Ver Si'r'n‘n\a/‘ O‘Dservax-ran
can be o.,f)o\iea\ 40 ma&hemoj?\‘cs. '

W.M.Tura\-(i ’bOm]:u}er’Programmmj Me%odolo&j "

(Heyden, 1978)

ﬂdm‘.‘”ec“-j, -]-)'\‘:s ‘ec)ure sSeries 1S ver:j -}eﬂ)-a\‘ive,)pu'}'
QA e w\uem i" rovises Yneore c‘u.es)“ucms ‘H‘\a'n -I con 33\/& _
answers, ‘I 5\10«“ be Ccm')em‘)‘ w\'wn %e QMes}lcms oare
S&ns‘nue. Le)' me “}c“ '})ne moin Ccms‘:ciera;-ians H\q“ \ee)
Yo -H'ﬁs uncler)rq\?inls.

'TO )Des'm w-i“n, -H'\ere 1S & mere *Hm-n Su.zFerF&-'a\
onalogu behveen commpuler proorams ond rmothevmakcal
Y P9
E:oo s, Both ove discrele or§e@c-\s.<No\-e Ww} also
e case thal @ mathemalical +heoremn deals with Hhe
Cm}ihuum, i\'s Froo? s discre}e tn 'H"ne Sense 'Hw«} '.)‘
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must be corried ou¥ m a Gh'.\'c nuwnber o? 5\"’-‘?5)
%r’-}\wmo-re —-)‘)ro\ao\blﬂ as . Comsequence O?J')’\eir 198“’)3
discrele — rogroms omd ofs s\'\are -}-]"re

$hal ,essem}]:a\\?j, we \zno}:-oo% CMB ene wj;“’l:?;ﬂe}hns
+hem rism' , 2. ):b ?c’”‘ﬁ very care%“ 'H'\rouﬁk Yhewm .
’Tr:jinj \'o es}'o.\r:.\isL '}' e correc)rne.ss ok o Proar-qn-. b,:j
-}es}‘n:ﬁ i" 18 as me\less as )rTJ'mS ‘o es“a\b\is\a the
Correc}ness of o Pﬂ)u? )'-"3 O\DServ‘an o hum)oex QE
)nslo.-nces in which +he ‘H‘)ewem "\olcls. g ]ead;ns
theme should '}her‘efcrre be Jhe \nveﬁi-iﬁa)-loﬁ Jo what

extent ond Yo what beﬂeﬁ‘}‘ +hig Qna\osg Com be
exFloi'}ecL.

——

To Jhe observed omaloaj 1 would like Jo add the s}mns
belief shat Phe benefldt com ack bodh ways ond com be
cemsideroble. (This was nol a very 9ooc\ Sentence, Sun:b.‘>
’n’la} cgm];w)inj SCience ¢Con b%eﬁ' Fcn-n 25 cen)-uries
O? m::r]-)umo\\-icc.] exFeﬁe-nce Soes, I ‘;‘)'lihk, \m'\-‘\w} Sot‘j.mﬁ‘
’nwe o‘osorvo.}icm ‘hat the c-.u.}’omahc C trrn u;‘er e-m‘boclies Some
sert o revolu}-lcm s Q -}ri)re remc\rk > e)‘ 'al" is '}rue.
—nﬂan\es Yo ils speed emd ixs Covpaci i} s drama)-ica“
different ?rum frnj'}')"ﬁrzj we hc:;r)oeére ond J"'ﬁe c\wq”;?lje
_'}o Fmgram i+ well s Fuly wakhout Preceéw} Y gl
cullure, Cimsidered as a @

Swml c:m::\ars oF) moiniluc\e \Cmaem ‘H’la-n 'nﬂe Formu.\qe

vnu\‘a ; O ‘Froam\m s usm\b

-10 J-)ne man}ru\a)'lon o] w\'\ich "]'mcl})"aorﬁl l?)o\}-‘temtha\
rackce s 3earecl.. o resu“,':\' s rom um think-
l:ue thed the: ccrmrmhn scienhst has « ﬁreo}ef Gworeness

H\o\n »H».e ovezmae Ma} %'na.)‘iCiGh O '}’\ne. €Conories 1n-
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volved..

’Rules ol) O gome,
T J

We are ho} }yrescri)bin3 ')']ne ]Owd }'O M:jbodb , We are
o} H )‘-n )o ose Sme'}'\ﬂin @r S}GnC\Qrc;-
n ven o &m)o 3 Fru-fw 19

izahcm, )Du)' ]nowe rules o Ou.f".se{\;GS. Ih Osr"lCu\M, we
$‘m" )1'3 —)o Q/P]gl:) the }ec.)miclo\es o SCiG«n"i S %uu&k}' )‘O
Hhe. besh our o)bilib (c»ncl, qu,i}c lil’?c(.:j, not PM \De:ﬂ:mé

our awareress o? %%3

3

ﬂ 'mo'jcrr }cc\mique 15 now )zmown as Se']:)oma}-ion o?
n

comcerns . } velors Yo the waun im which we com do
'us}ice '\o the om." Yha} our aeac\a are So smq“.

hen {-)oced with same)—)-nn& S)‘i“ %}‘Qﬂj\ecl, e \1-3
o 'JSo\a e d:(g)efren}' QSPQC}S n ‘)'Lte l‘lcr}oe o? clealinj with
Hhewm in Yurn ond i 'tso\axic:n. 0w foriunate cne's
choice o? "aspec‘s” Jo be dea” with s 'lSolc\.)‘ian s
d@F%dS v rnom Circums\‘o.-nces'. '})':e "erecl-d l'b
]oe s\v\died :5\ncm\c§ ,ﬁn me  wWay o 0'*‘“0‘)')“’/'. )De
suﬁ?cien\rb small 4o ?:} m our heads, uet it should
encompass  encuoh Yo deserve , a} leas} Seme Hime,
owr exclusive aneml-!crh. Crne }'Lins,"?w@ve/'. is
certain: the P@T\"A\"IQ\'@ choice o? ;«ISYJQC}’ }he ?fr\unak
isc\a)-.'cm oPSme Com<ern, s ,Aas o ru\e, ‘a\mme&m)‘eb
r‘ccoﬁhizecl as Suc)a. <ﬂ hice exam)ole is ‘H'we n3e o?
BNFT o CO.P\'L\fe Yhe canbexk- ﬁ'ee qspec\' 0? Pro gram-
min o) \omguase grommars. Su‘fﬁe.s}ecl l’:b 30‘\“ “Backus [,
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n +h wmmer > } cde | holl o weor \o} ,
as uze: \Db /Peifr1?\lsfw, -\;ne .Vc\mouE $@Fcﬁ'} a:fa'\ve

ﬁ\gurinnmic Lomsu\aje QLSOL 60 @ \muhu.rn%x " W}s
‘}ime.)

We s\wa“ ’:mmediasreltj ozﬂa\:j -pn'.s }ec\mic\ue_ \ob sepa-
TG"'mS -\-\ne. conmcern G\Do-u.x 3%@(‘&\ accer:)ronnce g'cmn
oll the o}\'\ers. “There s no)‘hin‘s wron wAith favinﬂ reo.)l'
core Yo Yhe ?resem}a}icm o? Wowr ™ma eria\ v an @ fFor
Yo reach Yo ondience , bul the care sheuld be '_')us\-i-
eeé )'D:) Hhe q\Aa\i o? Yhe mareria). + have seen Yoo
momn rogrammin WY TY-Y-1 -2 o\es‘n n e o-r]'s oral- 2ed
s B by accopied 330,;5»3& i:o; o @Qﬁl

e GVemje rooroaymmes sSgrmmedhin LWnASLUOo
be S}ﬁ“ M“in; }2 Ccmg\se -\'L:ej. 5::;%\-53)-3»@}‘1 Dne SQ\es-
man. ./RCCMM%J.O}‘;WS '}}m} $cfme}"n-in3 s "ho‘}uro,\",
”‘m\»u,i)-iveb OJF'FQQ"H\S” o ”eas:j-\-o-reacl " should be
wewed With the 31'0;-\:25}' suspicion such recemmenda-
}icms ?w\ 40 dis"insw‘s\n }oe\'wnm Ccmve'nie-n‘\' o«-ncl con-
Ven\'icmo.\. (Wh%,rcc%}b, G Ffo?essm‘ OP the ’Dezpar\'-
ynem} o? Eleckricel Ehﬁineeﬁn & Ccrm‘:u.}er Science ©of
MIT de %o\ec\ e .8 c\u\ms_tj '}'ec\nnia‘u\e :\nH\ " 'Bu\" IV o
‘:echle “ae Yo voork wAth Fic\-ures. R he Fa%lecl Yo canvince

me.)

Occasicma.“ 'A- ™ %a} Y Oy Coirying H‘\
-j O:j Seevn Cani J 5 e
r-‘nci)o\e oe squra‘in& mb concerns }oo ?ﬁf‘- ’I-J'OO.
owe O ]oos} Yhoat L rem esmber , omd Yot Fos} ¥ -
c\udes ex‘oerie-nce W\)r\n c\esians sSo \o-rse *ha\- e,vev:)
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O\)f}em‘:)f a)r dise«n}anﬁlem&n}' houc] }‘O be }T"IQ&. The
examp\es T can show in Yhis \ec\-u.fe sSeries are,

howeue/r, OF neces.s‘:\:j Smo.“.

N:j )nsis}emce on dis\-in‘swis\nin be}weem convenient
ond CcrﬁvenX'iana\ m lies Hlo.}' howe QO\UTJ}QA on -
oHo&r 3arcls¥ric\< or c‘uc\\i\b H\O«n @mi\.‘ar;\b. Cown-
quin\.rj d;ﬁ%ran‘} arsumem\'s \e&dina Yo }he same com-
clusicm . 1 hove come '}0 -Hne cr,-:;niom -})"no.)' Sermnme
or ume«n"s are o):.jEC\"weLb Sim’r}e{ H‘lo.ﬂ on'l&rs,
Cwvn 'H'\is kn}l'\ H\e sSame o“)ec\"iui]:j 25 w\f\ic‘n Otri“ﬂ-
mehe with Qrobic numerdls is simpler thom widh
/ROmom V\ume.r'ojs. YC:UL 'ma:j co.“ 'Hne o\“ah —I v
af ter ”Yho.}'hemo\‘iCca] E\QSQT\CQ ”_" ‘H\a} name is per ec\'-

odeouate }arou-;clec\ e dissociake "e\esomce " o
as\n‘mn cond chmg] -}asl‘e: Gmong & 3)“&1)' numbeer
o? matnnezma\-i ca] co“aa wes 1 @t.«m o muc‘n Srea]-@r
Con Sensus c&)ou} w‘na was Tea]\j e‘eﬁcxﬂ} 'Hﬁo-n
—)Jnev had SuS]Dec.')'ed. Tor the hime )oe'ms i+ Sw?.

(s o caplire malthemalical elegance by the slogan
“shor} 1 \:eofu‘r}@.\ ’

BeCQuse. 'H’)e reader ma.:j jpmcl me usin3 ‘H‘ne ?ﬁ]'-
orcler Fredicq}-e caleulus mere reoc\il:j Yhan he s
wsea o y O word o? QKP\Q'ﬁO;‘iOﬂ s In Crrcxezr' “The
\r\is\-criccx\ QK?\ana)ﬂa‘n [} ec\sb: over 'H'\e \as'} -}em oS
Yhe \Ofe&imE ce\c«.A\us 1‘Dec:cavmev_ Qe iné\staue —}oo\
in Ouwr Ao.ilj )"‘eQSoninS. -B‘ de-r'l\’es 'I}S 'SWFe'riori\‘b aves

ve/rba\ O.rsumem)-s F-’o-m maoare H‘lah '1\'5 Precis?cm O\'nc‘
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brevh\b. -.B‘ a.“ows ‘“‘re O\euelcrf‘m@n'} OPO\ gﬁrb uni?crrm

S}'b\e boi\-\\ 'suc]'n Sim]o\e ru\e.s O crrmu\o. mqnipu\alﬁ‘cm
that cme con le} $he sbm)oo\s do the werk. (The
o)b'ec:l‘ion thot  such Pormqlisnns }}O‘W‘IP?/(‘ the develo-)omem‘]‘
o?) hm:a)r)"emalica] inSi‘S}\}” cr ” u.nc\@r‘S]"omdinSh 3)’0“]&
be. Coun}-e/re.c\ 133 ':Hue ques]-icm ”‘How d.o buu melex-
shand tha} 112 is a mu\hp)e of 7 ?")

To aveid amy misunclers]‘o\nchns, e} me shale ciu:}e

QXP\SCEHJ ‘H’\o} 3\‘ s no)‘ m‘_? \our};ose ’)‘0 e'rec} Scrme

gnmc.] 5‘35)'em3 1 Slqi;? Qowe 'H'la} }o the \oaicicms,
+he Fki‘osgr))ers, omd the mathematicions intereshed

in +he so-called ?ouw.o\a‘i&ns ok their ,ﬁe\cl.. 1 ﬁ\l!j

r‘eSFec} how {)mmalis]‘s Ccms}'r'odn '}' ermse\VES,)Du.s- N
meore Sob@r‘ momem"s 1_ Qm wmore Pr‘a ma‘ﬁ'c ond see
no -s)oec'.?c Vi'r'k«e ™A )oe‘m o f)m-vna\ig‘. 1 S)no.“ use
mal Vne)"noc]s L«)}'\% 1 @21 }%eﬁ l\e]):. IF 3% need
Q hexx' Sloao):n ‘ﬁ) waJ o?SuMmo\rg' ’-'ro.”ter risorous
|7 wsll d

Fhan Rorvms

o,

—“12 rela}icm )o )'leuris\-ics.

'n'le Com \Q\'Qc! Qr}e?ae.\‘ ‘De i]‘ ram osr roo
P 3 "03 )
IS ome 'Hnins. How do S ma\ae Fn}' —-'H)e )'O]o:t "’5
heu ris }—ics -~ 1% a cemnm ]D]e\eb ol E"Fe‘ran} modter

/H@marlc, "nne (cm -pne ove-ra.ae. More fP\o.}cmic) annne-

Vho"iciq,n }%as -}Q "dis(over a ]or'oo 3 'qu Camru]‘iN5
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Sc'aem\'is“, who ?ee\s more cxk‘m ‘}o 'H'»e %Slneerins TOo-~
»Pessum, ‘}emds ';‘o "desisn § \wis programs. This dilference
in "'erm‘mo‘os‘j does ho} ‘\hvo,\ic&o}e QLA O\ﬂa\o&j. I+
does reveal a di%rcmce in oftilude , ]oer\wa/?s ewen o

o\': eremnce I1n e oclolosiCa\ QANQAT @MNESS ., (Enc\ o?

Remark .)

1n the maJorib o? Yhe ma.-]-}semo«)-lcs curricula xocla‘j,
\neuris}'ics S G ne‘g\ec)—ec\ \'o)oic. Ho}kemo)-ic:a\ resuH‘s
ore }'ow&}s}' qu,i}e o']oeml:)ancl eKFlici\-\j,lou} Un h_ouo
Yhese resulls hove beew achieved ond , more Smm“ﬂ"’"
how Yo do mathemalics he curriculum is usuall

revnar\'iaﬁs 5';\%)‘ CQ :Sil%cg T have heard def)ernc)ecl
)33 'H\E’. d.o o, ”MQ;'\\eYno}'iCiOsﬂS are bOf‘h, 'no}' ma\c\e ")_
n Fris \ec e series L exrec:" Yo ionore %&uris-‘"fcs
5‘00, q-incu.a‘—\ '.l‘ "“’t) becqme m:j *arse? 1 }“‘!e Yeors
Yo come.

’H@re ,rig‘n]’l\tj o wrcmstb, —1 Ovrn relb‘mﬁ (2] ‘pne
Omalo be"weem YoOoroms o.mcl TROTS , Ovm OVnol

39 P39 P a9
which is }he 'lhsPim)TO'n behind my e-ﬁgr}' o troms-
Ferr bo“-o} Fmarnrnmina menmclo\caﬁb )'ms )‘MS)\}' s

Ynal"nema.‘ﬁcQ\ Meu\odo\o " 3emem\. Lek- me
‘H\efre ?crre Si\re a (Vear3> = crr)' ‘Summo\fj o? lnoua

Fmgfommi'no mennocloloab was L)orn 5 aﬂc\ w\na)‘ was
the yesulh.

/Programm'mﬁ menloclolo&\j \oeco.-me a J'a]osc oF pr\ici}‘

i /]
acac\emic cemncern afxrer 'H?e So-co“ed 'So@ware Crisis
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had been cr)oentj admited o} the NATO Ccm?e«f'?mce cn
SO@NO«IQ Fhﬁ'nheer‘;né at Sarm'nSC\a -’Por\'e'n\zirc\wen N
1968. (Peo-’:]e Sl‘ar}'ina Yo ,ﬁgwe outr how o pregrom,
qu—ic\?‘g discovered +thal this clues}icm was e»m]o)-:j
L«nnl‘il we c\nose w"m} kmcl OF ?mamw-. one was

}’ne&o\ihs «Pcrr

ﬂs Ca resun‘, %e f)'nrs}' l_.jeo,r-s of) TJrosrammins me}}lnc!ologb
})awe beem c\’naracxcr'szed as ”O. ?nor)o}cl Fre-OCCM}SQ)"}Cﬂﬁ M}%
S\j]e ‘ Ih re)rrosloec} 1 'pn‘m\w })'\is was o WAse ’)'ln‘mﬁ }o

dO: '\\‘ ‘f\as S‘aved ws H‘ne \Q\oow o? Forma\‘.z.m& a“ Sm'}s

o? rogyroynmin \m‘oi)s -n'\a-} were O.\Teo.cb T‘ﬂcc)‘ec‘ on
aes)r e)-?c sro;?c\& th wnce -”'ne fcrrmo.\ c\isci‘o\lne, had

evwneroed , '|\' became O\MCL(U acc ;ea‘ Qs om o\?')ec“ive
\ljo,ﬂis c\« . rmsrammmj loen\juageeFeg]‘ures, ‘nne S%an“ics
o?wkic)w wese ]narc‘ }o @rmahze e)eaan)'!_cj, )Decame
}PSQ ‘ﬁlc}o Sus]oec}-. ’5)1(2 obove Summarn o? recem}
}w':s}c:rb has been givenr Jus} » case ome o?m‘j readers
?eels 'H-na},’m m:) discussions OF Froo@: , —_'[ disF\aU o
Sim'n\o«r'”morbicl Pl"e-occu]:)u\icrn \m)r\a 9'\3]e .

In ?ﬂlS \a‘e-r eors , ‘Prosrammins me*hoc\oloaj Cmec{
on mversian of the Wesq m which the Pro\a\em o€
pro gram covrechness was o.zPProo\e\ned. . Tnshead O'P

)prosro.m , e \earnecl -}-o c)loo.se 'Hne s)‘rucx-ure ot Pe
Correciness )oroo{? Frs} and Jo derive gm Yhat the
progrom so es Yo swid the ‘Froops needs. “This n-
versiom wade the whole exercise 4) Srea}- heurishic

4‘?3‘;:13 to prove Yhe correchmess o? an q\readj {)W%
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value. Lot me 3‘.\1& 3%,}5\3 wo:j oP ':nusl-ra"icm, )

eramP‘e chn OmO'Hnw aTeO.,

/Pro\:\em. Q }wo- erscn jamc Ccm-sisxs o? \acina o

et e e—

an inihall emr\j, YCC\'anju\cnr‘ toble n turn a guilder
with i} Yace pa)r o the table. ng\c\m, o\reao\:j Ioresen}',
me ot be movec\.)-n'\c ame ends when no next
Su;\du can be ‘o\acec\ . the las} \,f.:\o:.)er ‘o F\qce a
Swilder )\as wom -Hwe Same, @\Aes)-icm: does H’wre.

ex‘:s} & Wwinmnin s'*ral'esj or ome o{)-)-)'le ‘o\q ers 7
CEnd o?’Pro\a‘e\a)

T'ne reqcle,( s ﬁfee Jo s\-q-lo here ?ar a mL'.\e n crder }c:

')'}\‘m\a G\Dcm} ‘Hne Fr—o‘a]em %imse‘ﬁ

ﬂnswef. Pecause w-‘;)-‘w a ve/r:D srno.“ )rﬂlb\e - e.a. o \‘a\o‘e
. ‘H’ro} admi}s O'nl.j tne Su%\c\&ru— &he irs} F\GUM wing , ‘“’)Ore.
doesn'} exls‘- o winmnj S)“"Lﬂj cr the secm-.c‘ ‘:lo.:)er,

Bw} we v \oo\e grr one @"’ ’H‘:e ﬁr‘s]' Flojer. 1n5]‘2acl
OF loo\tu'nj or' Suck G S}'ra‘tab direc\-\:j, e st ou.arse\ves Y
w\w\} woo.\cl we \'sowe ch rove Q\Dou} <@ ]D'I"O)Qosqc:l winnin
S)’f&}esj rcrr 'H'le (;)'.rs} P\Q.:)w? 'Wen, ‘”’\G} }we Can )‘Qrm‘anq?e
e Same b«.r'vnn - ocH num\bw o coins om }}\e '\'qUe,
‘He C Oy, NS \Wex eo.;c’\m mmove o? }\‘.s o—r.?cm@n} Lo"'lem a”
coins eXCQF} -]-}-ue irs}‘ one ’;'!:a Ee ]o\a.cccl, oare FQ“—ECL
"jhe grsl' ]olovex' \o\c.ces M‘le FI’S}' Coin  In ‘qu C%}‘f&. o{)
‘H\e ']'aue > ond n eac\n SQJaSequeM'} Ynove )’)e mimic\@s his

Q-T;Ponemys \oe\qnuiocun" s ‘Du} r‘o)l‘a}ec\ cr'Ounci }%e C&n“rt over
180> (End of Pnswer.)
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T know gm experience ‘_H'(o.;‘ am g 'l’nqe“‘n em}-,
hhow\edaealb\e, and osr))erw\'se. We“-'}mined \oeo]p\e H‘"e
Yime needed Yo ?’lncl'ms this onswer con vary Fa-m
Severa) minutles '}0 Severa\ evenings. C\CarlD,Swne—

one hqol mcquired }hin\a;na \'\n\ai)s ']‘}\c.‘}‘ are }-mrc\ }o

re CommencL.

On one 'm(Derexnce ru\c.
I

Le} me s\'a}e exrhc_;}l -']'o ?crres\-a“ 5-\4\.%“\-295 ChS-

Cussians — -]-\'\alr,in the cllowinS,I Shcxu Contine mase]?
Yo two-valued \OS'N: and shall acce]o-\' ?cnr‘ ony pro-
)oosix'fcn-: T that I SLza“ wri}e down the Lo o—?'}'}\e
Excluded Miée"e , 1.e. “PvAar . "ij de%ilwﬂ, 'H'ne.
cemstants 1 and T Scﬂ-is% T and 0 respec-
};VQLD- T shall reeb moRe use g? well-Rnown

eq“odilies Suc\n as

QV%:BVQ

A vF-R
gVﬂ:Q
QVT::T

A v ('_B A P.) = P} C’Ru.\e o? QI’JSOthm>
1 (A VB): 1A ANB (de Morqenr's Lau>
Av (BAC) = (A VB)/\(HVC%

ete.

and the ectmuq\e—n‘\ se} o? FCH'MU\]C\Q okloined \03
r'e]o‘o.cinﬁ f the above the ordered c‘umc]m\o\e.
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(V,A,T,'F> \aj C/\,V,"F,TB . Bnr o?)oeo} Jo the
above equo‘.ilies will be wmade W w)\a} e s]na” denole

'

ED ”]Doolea-n aim]:liﬁcg)'lah‘.
Esscmlia":j we s\na“ wse WLU one \n?ermcc ru\e

(o) A v®
C v™D
AvC v®aD)

No\'e‘ WIM\ boo\ec:m 5i'thhﬁCQ}'{crn' '}‘\'1'15 \n?eronce 'r-u.,\e

I/ #

‘Su\:DSLames —nw ']'ime-\')onou.rec] modus ch?ms s U.S‘uo\](a:)

wr‘rn-em Qs
A =B
B =C
A =C

-I Fre,?ef ')0 r‘ejarc\ Q%B a5 o O\SSmme)'ric,
nota biem ?CA“ Hhe dis\')unchm MAVER o B vAR

and would rewrite Jhe modus ponens

“A v 3B
C v 1B
B va(’.fSh')’.B):'lﬁvC v¥yF.-.aR vC

(End o? Nc}e.s

“There ove various reascms @w avoiclin3 the use o?
-Hme '|mrlic.o~}wn 51_37\ in ‘H‘.e meu\c}icm 0‘? ‘H':ecrrwns
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Pfoved or ‘)c:. )ae Provecl. ﬂ we“-k’-noc\m Pa;}-m oP )omu‘lns
a "u)ec:r% P’ 18 l::u._.) ]bmuinj +wo<wea}?@r) ]emma)o.
le:

Iumma 0. g VC

l&mmq 1. ﬂ AV C

AvAv({CaaC) =R

q-csrmu\cx}ecl v derms of 'lm,:»‘ic.o-\"!CMS, Fhis \7€<:cm-a¢=

A= C or 1C=a R
10 =.C < =R
'\Q%'F'T | T = A,
k&nce H \"ieance F’\

1n the \G%'Land Fw'rnu\o‘}lcm i}‘ is co\“ec‘ o./‘Proog
b\'j reduclio ad absurdum ,» in the rb}\}—\nand meu-

]a]‘icm '.1 5 co“ed ' 4}9'—00?}3 case aﬂa\ﬁsis

Since Phe one [ermulabon com be Iramslated mechanicall
into +he en-.e,r, the whole SLV?]OOSCA chskn:}‘rcm behveen
the dwo s no ™moure thon on arl‘eﬁxd' o-()o'n sy -
me}ric no}a}icm oPo. Sgrhme‘!ric s‘u}uahcm. 9 nol‘ahffn
that induces womy & mathemalian }o believe +hat o
meon‘mg\eSS c!is-)-inc‘io:m s hﬁe.o.ninS?ul s\'\ou\d insPire

-)-\ne Srcwes} Sus]:bicion 'méeecl-.

Examgle. H)Dou% nine rnn}%ema}icicms V‘\Sihnﬁ an 'm}er-

na}icmo.\ Cc.msress we are invileé -}o Prcve

AvBvC
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with

R'. -H'»ere S o ‘}r}F\c uF maniemalicio'ns '}ha.}' 1S mcom-
W\unicado Ci-e. Suc\-; ‘Hﬂc} no '\wo o? ;'\'iem kowe G
\Om'sua e in Cmnman)

’B-. -}here exisxs o, mo\%&ma)‘ic‘.an mas;erins mere
"H'mm ’}hf'ee ‘Mauajes

C‘- 'H')m ex’ss%s a. \Omsua.ﬁe Yna\sx'e-reA bﬂ a]- \eassr

'Hnree 'vha}"o e o.l) cianms

Nl“’\ -Hwe Otux'u\iav:.j )of‘o ?osi)ims

D.  there exisls a mathewmalician thal can communicate
w‘-}-\n rnore o}hers 'n\a\-n he mas&ers \Owssu.a s

E: Jthere exisk a mw)-)wemahc'.cm Yhat can communicale
with vnore than +three others R

we howve

Lewmma O - Cvad

Lemma 1 Rv Dvnt

Levmma 2 B v E

ﬂ v :B v C ‘73 arrlj'mj (0) "k.n'c.e‘

We. woulcl ]ike }he rea.&ar ']'0 Cenvinge kimSE‘E) ‘H"R;'

L

1
Lewima O s 'O\OVious N 'H'!e Sense 'H'\a}‘ orie Con

s\‘ar‘r Qs wen bf_‘j o‘o.serv)n
Cv ”eac\n ma-ﬂmema)-ician cammuni(’.cs)’es in diﬂ%ren\‘
\O\nauaﬂes’ w.)k ‘)'hose o'n'ienrs he con Cuvnmiang -
Ca'\e with ', e\':.
Qas b:) o\oservina .
1D v Yhere exists a wmothematician thal shares a
\o.nsuc.ae writh ot \eas}' ;wo on;ers ) e\-c:.
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omd that lewnma 1 s equo.“ "o\:v‘ncus”'vn the same sense,

Lemma 2 s s\‘ﬁ%}b less obvious . N3 Sim?\es} Owsume.,-.}-

eskablishes i with

H: Yhere exisls a por MM o? o mathevna Mcioms
+thal cormmol communicate wAth each other

Lemma 2.0 : Ev4H

Lemma 24 @ A VEvVAH ;

the ]as} \@mma. \s eosi{ es}c\]olislnecl )>D o\DservinS

the ccnmmunicotl"wm {éc;i]-ies Be\-weem $he m::«pnemo\..

}icions o?vﬂwe peir MM e the tme hand ond The

remq*.n-.ns ? o ‘Hﬂe 0‘)‘\":&-‘.

For name OP the lemmata M:jn'\'m& s 3a\nec\ ):b
Su&gesx-inj (Y S)oeciﬁc. ?o-rm 0? Case oma bﬁis )Dv:) E,-r-
mu\ohn }ke \enmmo\ as an 'lrh'f:\ic:ohcrn . This P resre '}"""\’lju

'S o@% the ‘\o\ci}l assuwmed QSSOC'oO.)‘\On wath the
?o’rrnulq\ﬂcn-. o? a 3\

'H\':.S Ccmvtm}-ian resre‘n‘o‘\b\e.

euvesrrn QOGS Oun 'nm?\i m\m-m 'I 'H\'m\'(

"l‘he ?o-rmu‘a“:an a?c:. ’})'ieo"r‘e»vn S\'\ou\cl 5\‘0\-ncl as .
\ug’. ca) fﬁr'ewo“ belween its Usage ovnd lls Froog omd
nei}\ne«- i}s <ex7.:ec)'ec\> Usage , nor E}s (Fmrmﬁéd)

ProoP S\'\ou\c\ loe G]lowecl ‘}‘o }Dios ‘n\s fmmdal‘im, be—
Couase 'H'm} he,u}ra\‘-b s eXac\'l:j w\na)r l:’eina =% fosim\
?{ rewa“ S GLau }‘

“he above GXQmP\e has beern ]ooseé r the Mathematica)
Ol:jm)o;cs ) 'na} \:ecq-..«se i} = s«..,ﬁpsc'.enub o\i l'Cu.\} or

vequires an w\nusua\ maumem}-, ]Du} \Decause -—%an\ts
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Yo Hhis ungq—\una)rt Ccmvemlian-— i+ coruld be wmu\o)eé

v o wow thal 2ug esls a case amalysis );\qa) IS Counfusing:
”Nibf Ynon\ex;fhci%s Ynee} Q}lfjah 'lh)'ef’na)'iahd‘g‘ °
comoyess. Whew iF is aiven thal of om Fhree
')'\13, 0} 'eas; ;wo ca.?w cmmnniik \?\n 14 8 C‘urnofan
\Ovnauc\'se, v Nao ma}-)we.mq)-iciq-n ‘hﬁdS)‘&f‘S more
Yhan Hhree \amsuases, show dhat there exisk o
\Msuaae CCrmm o ‘\0 OA" ‘eas}' A‘)‘Iree OP pnemn.”

Tn the equivaleal fgemulakhiom
“Nihe vno“ﬁ e;mo\ic‘.oms ‘mee‘\' o} an in)erna\iahq} Cemm -
gress. When o} s given Yhal each vnathema bciom
mc.sl-&.s a} YnoS* ’Hvree \Ovnguo.ses o»-r-cl EGC\'\ lOvn...

““J" 1S maslwe& \0:3 a)* mos-]' }wo Ma}\'\em\"-ciav\s,
30-.0 Yhal Phere e.x'.s}s c }ri)o‘e. o? vnath e,ma.x-ician’s .
no hwo OPUQ\’\KCL hove a \Ornsu.ase - CUvmmon . '

'Hne Fro]’:\em wcm\c! \nowe ‘oe% Y‘esqrcxec\ s }-riv'nq\.
(End 0? EXQmF]e.>

M_e. _I.h mec)mn':ca\ ‘H’)ecrrm qu;nﬁ' a J'\'ie.c;r&m }o ‘Dg
ved o«? Yhe {)crrm CRAAB) =C s uvswalll re-
vremulated as (A ADB }\qC) e (QA’BA'\C):‘,.'F.

Thomks Yo de HWSM'S lows , this s equ.'\\fﬂ]%} Yo
-h v =B v C » omd }}\us H-.e Same \ncmn.ogenef)b S
ac)n'-evecl. —J} 1S no): Mue\'\ more }\nam }}\e ques)-rcm
whether e prefer Fhe pestfx ST over dhe
Pfegx ""l h. Qmaz..rB\ £ )—,, Fea—P‘e b\n“'\ -)"'w\} Bo«c\t-
couwnd  m mechanizalien tend 4o ynain Yovin the im-
Flica}icﬁ, , with Yhe result Yhal —e.g. \93 dIS\'MSM,'\S\'\mﬂ
bedween "asserhiens " omnd éoa\s”_ wos} o? Yheor rules
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are shated 2,4, or 8 Fimes. C End QF Nc\e.)

’Rmmcwk In e\EC"rica\ engineering i+ s ‘no} U\nuSuo‘ Yo
denote T )93 1 omd \o:) 0 . “The comjunchiom A
15 +hen hnul)'i?\ica}io-n and s o-ﬁ&n A%jea k’j wust
IMX}QPQS‘)}iOﬂ; the dis;)b\'nc)'ion V s dhen o@% dencled
‘gb + . There 1s no doubkt in o mind that this
ho"a)icm ex?locms h)l‘l.j -~ GRS oOne og) mj src\?es‘meh qu
0sSsured me -~ the averaae e]eclﬂca\ %3‘mew,w\nile
)oems certoin that the Ccm'um-_;icm c\is}r'n\ou.}es over
the dish')uncxi:m, )ﬂeS'a!ra)res m\{e”w,r the disjunc)im dis-
Fibutes over +he CWJuncl-im . 9<3+C> = 9®» + AC
Cer)ain\j \oo\es rnere @mi\iar "H’)OVV‘! the ceorres -

chding) 9 'i'BC -—(g'*’B)(ﬁ*C) i

The poor elechical emnoineer has poid the price
@n' o Fme}%odoIOSica} %nisks\ees . F F
0) the @]se ana|033 behween (V,/\,T,'F) O
(‘\',*_, 1, O) _ofe\zc\'rico.) 0r'13in—
1) the defo.u“ convention Thal | when o \aana:\j

o‘omxof 15 Yn':SS'lhg, ”Ynu“‘ip\ica}io-n ! s mec:m\~

— o Yha}'kemo\\'iCO.‘ ori53n~
(Enc\ o ,Revnwk)

e -
COT'T'QQ\'TUT\. ‘Tke ’I'l\"ne-}‘-mnourec\ YnoJ.us oM ens s

not the ih?e/remce ru\e I bor‘c:‘*& ijf was \:u\-
-}\'ne S\mr)@r
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A
A=>1B
B

Showln‘ﬂ ‘H‘m‘\‘ a)So ‘H've a\aove. is o epecm) 'ms\omce o—PM

‘m@r&nce ru.\e S ]e@ oS O PXé€rvcise g:rr' %e reac\er.

(E nd OP COrrec"ucm.>

x *
*

’Begve Froceedinj -I wo-u.ld m‘?e ‘\0 ex):;]a.m w\n\‘j T
Pre{yw 30 ?'na\Qe a c)eo.r diS)Tnc)'?Crn )oe\weem -\-\we (Cme
ond cmlu_.)> in?ex'emce ru\e Vg H-.e one \'nomc\ ond ‘Mne

equa\i;ie.s e Yhe o’r‘ner-.

"F-lrs”g, W s o the Q?F\icq%cm o]P Phe }n?e-r'mce. ru\e,
when we derive an asserlion Jhal is wea\e&r Yhowm Fhe
ccmjmc)"ncm o? m\m} u)e\wave 8::)‘, })—.a} wWe ¢eXercise
Mmost of our @eec[m: how the %Pwemce rule is op lied
1S uch vnore 'mclical-‘:ve o the s}-mc\-we c? 'H'le. )oroo?
Pharn  the boo)eom Simpl; fcations . ('ﬂne& do o\es}'rc:j
N orm«)ritm s but Hhe cles\-mcxicm 'S as unin\‘@res}mS
os when e reduce 3+4 Yo 7 ) The} s "”’l‘fj 1
oem'} Iik’e Pn@/rfmce ru\es omd ic\&nh}ies 0“ ]Lmn]oeci

}‘Dge”‘w .

Secano]L:j ;I CO\‘ﬂ‘ﬂO‘} esem)oe -\r\ne ?ee\in‘s Hna}' equq\;b

c? Y)ro os'-}-icms 12 a curiousb heg\ec}ec\ C‘cmce\a\'. One
QXP‘GT)QECN\ OWe/rec( 15 '}'ha.\‘ Owr WQS\'ern \Gmsucxaes ore
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no} Venrb we“ Sw‘-\ecl ?w i\ts ver\'ao\ expressicm: o‘w;c\flu
Wwe ee\ Ccrmrae“ecl }0 use quosro\icm mar\ts Om& “o inseﬂ

Nnoise nouns \'ﬂﬁe ”S\'Q\‘Cm%}‘h as in:

’The s\'aXQm %'\' “Jo\\n's ;wo cki\éren are QP

o\'uﬁyzrem\ sSex " is eqw\va\e«n)r Yo Yhe s\‘c\}emvm\‘

":So\m has one Amshxw ond e St:n"

(m\\‘;c\ﬂ,'\o rmake matters worse, 1S also ayﬁica\:\e

Yo o 30\1\«\ with three sems ommd wo duu3k¥w>.

“This \ihams)'ic EX?\qulnon Seewms qu.i\re cxcce\o\uue,
buk i? we o.cc‘e?} '1}, '1} S\'xou\cl \De. A ac;c\ec} incw;‘;ve
}0 n c\ucle equqli\' o? "J-ro‘oosl‘ions Cleor\:j Ovné
}‘awesn N Owr é\rma\is\m. 'Equq\i\':) 15 So nice\‘j
Sbmme?ric omc\ ‘}To\nsi;ive \Hﬂm\' il musxg)\:e (<N U\Seﬁa\
Ccmcewf;;‘ oand ig) -n-;e OV} o\\a\e Yrneowm s 1T ex?ressanj
'Ar grr Fm)oos'.)-icms ore '\hac\equo&e we \'Icm\ \De”%
ih\‘vﬂc\uce cheolque MEeoms g/r Ao‘m& 30. Q mayoy

Kvur)oose OP Crrma\‘,sms 1S -\o \ﬂ:ero\ e z.o\qo maslws

\'Iem \a r@ee'm }'ﬂm ;o«ﬂa })55 '}}ﬁn\mn - ?crm M’)e
9 9
5\1 o.ck\cs ]ne 'm'?%er'u )reA VLOM% L;e )eo«r'nec\ \n‘xs no.}ive

4

%c.m we. C Szm)f?em's S s}em oF So-co.“ed 'ho\'}um\ dec\w:-
9 . .

)'IUY\ was Onmecx Q} Cr'rma\lz.iha )’)OLO Qvri Mm%}s ore
ex];r‘e—s_s.ec\ n ho.lvro.\ ‘Ovnsuc\qes > Onnc\ »\Q} is PFEC‘;Setj
w\'ab 1 CCJ"‘ﬂS'lAe/f i} o srec\" S eT.-a Bac\?worc\s: i'l' -Fa:\s

}o liberate.)

'ﬂne Semerq\ uneasiness uuinn equn\i‘b o? Fmposi\‘icms
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‘|5'e\oquemn\j reﬂec\-eé v the c:cm"or}:eé l"‘? and c.m\j
'.F)’ omd +he SU«/\’J%F\MOL\S Szjm\'xa\ " => , bul T om
ofraid -Hna) i\f has vwove serious cmsequwces.%e
" OmA lej i%ﬂ 1S m the same wvein as -})we degni}ia‘n
the sebs B ond B as A ):ef‘mé o
subsel o B ond uice versa. I} leads Yo o Proof)sb\e,
i the ar’:\-\nmehc O\'nou\osue OF w\nic\- X::j \s
ruu\:iheln )orovecl \Db de-mms)rrc«;m:j Xsb ond bSX

s GQuo.\i}' (o]

se]oam}elv, and BD modern stondords thal i3 c\ufnsb.

‘Hemce m o\esire ')10 use equa\.'n‘:) o? )')\;o]oosi)ians
:?'Iem@v?n" OJFT)roPricAe.

»

G.XP\EC.BHb W
" »

”If there s omy virbue in ‘\anﬂirlg abow} si‘uql-ions which
arise in .°‘"°‘l35"5 as 3? we were back with Archimedes
dmw'mj o\.io. rarms In H'Ie oLus]‘ , 3+ has be'} Yo ]oe YEVecJecL
’Piclures a/-ler o.“ ™oy be sw‘a}aue m"l:) ?w vera Yeung
c)'o;lc!l'enj La.ar-o\nae diSFevnSecl em}'rrelb w\”‘n Suck in-
{%.n]-i]e aids laa\nen }12 cmFoSec{ \'\‘.s o«hq\bxico.] meckqnics‘
Qur Froloemsﬂj to ”SeOme‘}rize ' our analasis mab”

onLJ \De e.viclemce ‘ku‘]' we \ﬂqve hO" ye;" 3row~n wpe.
ET Bel ” Men o? ha-\-\fuemahcs '.

We s\-a‘j 1001- a while with ﬁnile combinatorics, Let eadh
o? the 15 edges °P the Co-m]ole% 6-31—&)91, be cither red
or blue; 3 OF'}-\ne nodes {orm a " monochrome 4r‘:omj\e“
Yhat the 3 eclges Ccmnechnﬁ them are of Yhe Sowe colour,
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“YProve Yhe exis‘}wce o-ra}- 1eas¥- e *munoc\nrome xrioms\e.

"For 'H)e o&)ove 1 Oncown}ereo\ ')']’7: @"uw‘mj Frou? CI dcm}‘

remembea’ -}-}!e Sowurce Ovnc\ qua*c ann me'mor;3>.

Ccmside,r on qrb-.lm,-:) node . So:.) X . gmms 'Hn
5 edges mee)'ins o} X, cme o-f the dwo colours, soy

red , dominates. Let XP,XQ, omd XR be three red
edses. Either 4'7'30«1'13\0_ TWR has « red edse,’?Q sau,
or i} has no red edﬁe,. TIn the E)irs} case '}riana\e XPQ
s Mmonochrome , in Jhe latter case ’}rioma\e PR s

monochrome. . q.e.cl.

h’now‘ms the above roof 1 vund 1~ the same vein
-“ne Fo\lt)winj FrQQF {)&r 5142 Exis)fnce o?m :ec.:mcl TMono-

c\nrome 4riorn3]e.

Ne \f?nm }\ne ex‘-s}emce oF ene ynonochrome }rima\e.
Let i+ be red ; call i}s verlices the Qs and call the
-“wree Y'e'r'no"nninj rodes +he ’B'S. '-nn&n Yhere ex%s}s o
red wmomochrome }rio.'nsle RAR or m cach B a¥
most 4 red gﬁ-cdse 'rnee\'s.

Tn the ladler case , o} least 2 blue BB -edse;,
’hnee}' q-} e,ac\q ’B -ﬂ'\e‘n ’BBB [ - ¥ rec‘ mmo:hra'me
}r'uovnsle or BBEB has o blue eclse.) in w\aick cose there
eYiS‘)s o blue mmoc\'\rome '}riﬂﬂﬂ)e 'B'Bﬁ, Since ‘m bolh
emd nodes of the blue BB-edge Jwo blue AB-cdges

Mee}, w‘nic\n \ﬁaue a'} \easl' ane P\ m Curvmm on. q.e-cL-
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’nﬂe discovefj 0{7 the a\bove \oroo? ave me cml-j wmne
miner sal'is?ac)-icm, which was derived Fom the introduchion
of the nomenclature of dhe s omd Phe Bs withou} sub-
scrip}s. (The ex?\ic{‘l dishnchion helween F, @, cmd R
n the Tarecechnbl ProoF '\su Fre}b Sw}:@d‘ﬁuuus , as be-
}"‘a‘tjco\ \o:) the ”PQ 50\3 y See a\So ”'n'\e, T::o.ir HH

max-}l?/mql-icioms n’aq;’ Cth‘nCA‘ Ccrmmur\;cq\-e. l.m“-.
eo.ch o’“}?ﬁ'” — EWD802-43 — Lohwe, Simi\arLj, we dtm'} need
‘o dishnsw.s\m belveew he %m_) Bt 1 disliked the
TJI"OQF ?of i}s  case a-nq\:.js‘us 'Hm“ c\is}lnsms)\es ‘:e}weem
the wo W\cmoc.\nrcrme ‘)rio-n'j\es %ov‘ms 0,1, or 2 ver-
}ices im Sommon omd f)or Yhe (ver:j we'arc“) dishneYiom
belweon the [frst” omd the "secemd’ vnemochrome

Iriomgle. 1 was cm\j SQ}-isgecl when L E%m@\ +he
?O\low"ﬂj PFDOF

\rJe Ca“ ’}WO 6’—0\325 o? d'n e/remx‘ CO\ou.f' andl hav'mﬁ
on e hocle, N Comman G }rn'\xecl V" w'oee.}-in_c) a-\' ‘Hna}

noc\e.. Since OA Omn node 5 ec( es mee\‘ » c\) \‘nos}'
2% =6 mixed V's vneet at MYat node. Since there

are & nodes, there ave a} most 6#6 =36 mixed V's.
S‘mCe eo.c\w vnixed V OCCUrs in One Bic\qrorne ;r'mvng\e
and each bichrome -\ric:m&\e Ccrn}oins lwo mixed Vls,
Phere ore of wmost 36/9 = 18 hichrome -\Tian_o)\es.
—ﬂ'\e -}o}oJ nwm\oef- o? cl'ns\'inc;' Ario\na\e_s be,mb
(6'8-4)/(3-2-1)'4‘20, there ore a} least 20-18=2
mounochrome }T'lo«h‘s\es. qec\

“The last Proo() S So muc\n more \Deﬁ.u)'.lﬁ\} ‘H’\Qn 5\-8

21
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Predecesscrr '}ha} we Skou\cl ‘\r '\0 ‘eo\rn as muck cs Fos-

s‘u\:]e ﬁw\n o Ccnrn\ooriso'h o -}he on.

The Yrouble a\read:-) started wihh ”Ccmsic\w o
c\r):i\rau:j node , Soy X", which -.mmc\-.q\el:) c\es!-rojs
Yhe sbmme-)rn belveen the nodes; m the secend Far}
we howe ,:simi\o.rlj, Yhe Bs versus the B's. Without
a\\ H’m‘} nommc\a}ure we COu\c.l nc) \'wwe carried ou.}' the
case anal 518, Ouwar \as} Proof) reveals that i} is pre-
c'nsel.b '}‘ha}j Y)cnme/v:c\o;hf‘e “th > 33 oles)'r?j'ms the
sbmme}r:), has Forcec\ ‘}lwa'}' case c:naljsis uvr_-.cm us‘_
Frd , as be}roﬁea )Db he Say red | +the sbmme}rb
betweern the colours was lost ria\n‘} a}l Jhe start.

The notion o "H'-e ”hni)ccd % 138, O)()Course, the comer-
skeme o-?-nne 1&5} F”"’?a b} _I woulc\ \i)!e, Yo Orgue ‘“ﬁq\'
\¥s in)rroduchcm 'S ”swee}B reasunable ” CJ-H.S;’Q‘DB
ati1er »)e Q)Dse«rva)no-n o? 'H’Ie cc\ow SJMme}U. 30{:;3

equa\ or ofo\iﬁ)erem'} colowr ore the "L'g Pu.nchu-ns
+hat are invariani under Colouf‘ inversion —no‘)"e ’H’!o},
accor‘dinalj, in -“’78 ]QS} roo{’ ‘H‘le Co\ours H‘ievnse\ves
are ho} meﬂn}icmecl a‘} all! — ; urH’)&ch—rc 50'mew¥pere
the )-cr?o\ojj o? the ccm,F]e].e 6- rcu]:a)-. has Yo be laken
ko Qccouﬂ"‘,h%ce e notiem of @ V, hence +the mixed
V. (Origina“ '.)' was Ca“ec\ o, ”mSXec\ \ooqr”.) Similarb
-pne ‘0.5} T:a'roo Fu\b mainlains ‘H’)e ssmme‘vb )De)'W¢€/n
Pre nodes (o the extent thal H—»eb oo rewnouin GMon-

bmous>. Tis Fina\ vir‘-ue s ‘H’IG)’ I} 'S wuch less c?om

‘mvi}o.}icm '\'o visua\'n?.q\‘ucm.(H?mce -)-\-ue quo\‘a\'iw gm E.’T.’Be“)
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On ma-nne max'n co.\ AN du c;ion.

?eo}:le o? my 3emeralicm were inhoduced #o-
mah»emath\ induction as Fo"ows.

In order '}o )Drove (:ﬂ‘ seme Fr‘edico}e ’P over

;'}IQ. ha‘ural ‘Y’IU\W'!\DefS

(1) (Bn:n;o: ’Pn)
e proves ‘msleqd

(Q a) ’P 0 C”‘Hﬁe Base”>
(2b) (B n:n3o: P’ n) wath Plh = (’Ph%?(ﬂ-rﬂ) .

I r)re er 'H')e @wnula‘icm: in order '}o Provc ('1)

one T)NVQS

(3D (A n. h;O:’P'n> with
Pn=(Pn V(Ec:oscen: 7T

,Remwk. ?roof o\o\i\aa)ia-ns CQID) ovnd (3> are OE the
sSame gyc.-rm os (1) , o-.-.b with 1V TCP'QCec\ L’:j /Pl i
One com hy Yo meed hem by means of mathemakical
induckion |, i.e. k.,'j TCF\aQi'nS i \33 +he Ccrrresr:melsnﬂ
’P” , bul in elher case ene tinds KPIlz’P', l.e. -)-}12
deei.s}cm }o cc.fr_j ou.‘} =N Too )0% an}]ﬁema}ico.] wnduc-

Yom 1S ':dean)oo}%}. (Eﬂc‘ 0? ?/mon-l‘t)
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,RMM\Q 0() Couwurse -\'\ﬁe u.su.n‘ @wmu\a;ia‘n OF ’P'h was

(BC'IOSC'<Y\:’P£>-%FPV\

w':Hn -}ke C"C‘u.iva\‘%; ?cn'mu\q\ic.m
(ﬂ’?n):":» (Ec‘: osicn. 1 P

}he men}od s \"lomou.recl h.n}'h ‘;')12 SFeciQ\ Name h‘"‘}\e

Yheu‘iocl OF ‘mfnixe r'esress 3 amcl \ﬂ@fe we \newe e -

Cﬂun]’e-recl e o\nonoerr or]'e ac\' o 'H'ta} ﬂﬁﬁmme}n’c
notation . (:jEncl o? ’F\)e«mgf-\fg ?

_ln 3%@4-0.‘ —l Prepar (3) over (2) FZ.-.’ ho reasems.
Tirsl'l:) , he :se)oaml‘ucm behwea the base (20) omd the
SLG]O CQB) induces a case omalusis which is not o\wa‘bs
Necessaru , SeCcmc\Lj, +he P’ oF)(Ea) 'S essem)qq\l:j
weaker Than +he P ugp (Qb) and ,lvemce, ™ S%e.m\

fosier Yo ?rwe.

I s sc.rmehmes araueo\ 'pha.]' -}}le wo:j e u.)\vick (3)
Sul::so\mes -}he base (QG) 1S e hc:oclinﬁ ‘}r'ic\?” 'H-m}'
has \a}er Jo be undwne. Theat this s no¥ }rv«e we

S\-ucz“ ciemo-ns}ra)e ‘o:j reclo'm3 Some 'vea-:j e\erme-n}mb
hum\aw ‘)‘)1@&73 SMe }Cd'rmiho\oj‘j ?rs)‘

“The nq)-urc.) numbers ore 0,1,2 ond so on, fw
@r}hw detosls ,See “Yeano. “The poss}ive 'm)'eg,e/rs are the

L)
natural numbers 21, e 1,2,3 and so un. The Elurads
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are the malural numbers 22,12 2.3,4 ond so on.

Nalural nuvl:s‘be'rs that are Hhe Frool.uc‘} o? o ]o\ura\s

are CG“ec\ co-,-.-.fp_os'u):e;smce Fhe Frooluc} o? }wo F\urq\s
exceeds ec\c\n o(D‘H'IOSQ }wo , Woe motj wrﬂe

) comp m = (Ex,b:2$x<m,Q53<m: x-:):m) ,
Plurals that are no} composite are called prime :
(s> prime m= m32 N 1 comp m

TFrom these definibons [Dllows

€) (Bn:n;'l-. n=1 V primen \/cmm)o n)

\»l'.ih ’-PF - ﬁ,— /Pr'wne RC"’QI"ZQ"‘W— de?nec\ ‘:3

PF n -

= n s —“'ne Fmd}ac} OP Rero or more rimes

CYhe @mfab Produc} beln3 deeneal as 1)

we¢ com State

“Thecrewm O. (&n: nz4: ’P‘Fh)

,Pro . We shall ]Drove ’mewe«n—. 0 \7:3 manﬁema‘ica\ nduc -

}'ion,i.e. we shall prove
(7) (Bn'.n;-t: PFn Vv (Ec’:1:{<'<n'. 1 PF))

S'mce the product oF)Zero Frimes equ\o.\s 1 ond the
Frociu.c“ og wne Frime equo.\s 'H'\cx}' Frimc , W€ deduce

25
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(rom  the defnibion of” PF
(Brinzt: PFn Vo nga)
e (Aninz1: PFn V 1 prme n)
respechvely. Together wath (6D they uidd (shandard inf2rence)
@ (@ninzs: PFn vV comp n)
Furkormore we deduce frm the definihon of TF
@,y x31,y31 17PFx V 1 PFy V PF GeydD
fom which we deduce with (4)

) Cah:na'\: 7 Comp n \Y (E&»:1SC'<n:‘1')°F£> Vv ’PFn) .

TFrom (& omd (3), T‘e\a;ir.m C?) @l\ows \D:j )-)12 S]‘Gnclomcl
‘m()eremce_ rule. (End o? ’Proo? o?ﬂewam 0.)

Q'Sicle.. K‘howir"lj ]'wuo }o Prwe Prc-’:@r\-.'es o? q\%i;rinw-ms

e com 3‘.ve QL nare Cc.ms]-ruchve Proo » f&o ;:-.L I
Fhink 'H-\al- Euc\ic‘ wou.\cl howve \'tkec‘.i Y \‘u\?e W+

N Ovnb case )

Ccnsi&er ‘H'be o“owinj ]'Jr:ic)rqr:a i'n' l-\)\"liC\"n n s a
Fos'.)ive m}eaer Ccms\‘an)t ond ‘DO.S G, Vario;\:\e og) h,jPe'
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bas o() Poss“»ve '|n)e3ers:

';?n:1 --)‘Das:: ¢ B Nn>4 & \'303 :={h3 g;

d_.g bo.ﬁ cquains a Com os‘:}e }o\ura) —_
rePlace eac)\ Qecurrence OP —)-‘he \arjes} CcrmFosi}e
?lura\ R 1:>a.3 )9:) Yhe \o\ura\s X and Y.

bo\'l@r'e X-b:C

o

“The re)ae\-‘u‘icm \eaves 'n\e Froduc\‘ o phe m.wn\:ers
m )Daa equ.c.\‘ o n . On accuwn‘} o C4) ~ which iS,

OF Cownrse, ajocm needed—- "’\ne \owes}' Lu?]:’e(’ L:Obvnol ?Cn"
Ccrmposik F\ura‘s in the Bag Con be “a\e% as vc\rian‘}‘
?;«ncl—icm, ond ‘*ezrm‘.na}'icm s awo.rc:mx'eecl. (End o? ﬂsnde.)

1\"ec‘rr-’m«n 1. (B P: Fr‘rme P (Eq: q>P: Pr'ome C)>>

(—ﬂ'ﬁs -3 Euc\icl‘s F):h-mous ‘n\eo-rern }ha“ Nno Frime
1S +he laraes}' me.)

,Proo_{- Censider ?cnr o.r]bi]-rm:j prime P the valwe Q,
detined \53

@: 1T+ 'Hne Pr‘o:lu.c* OPQ-Q. Frimes N3 P .
Thecrens O o«“ows ws )-o Cunc\uc\e 'n\a\- Q s +he

Froo\uc“' QF = ‘00:3 o Frimes and 'H‘iq},)beco»use ®>1,
'“\03- ‘Da& 18 no‘\' emg}:) (B:_'j vfr)-u.e QF le Ccms\-ruchcm,
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Su.c\n G \Daj c:m}cx}ns no )or‘nme 3 TD . 'Heznce 3\‘ Ccm¥o.ms
o.)- ]eo.s} one Pprime > F ) hemce Q)[ \eas}r orie Prime > F

exists . (End o?fprmfo%;—n"ecrem 4 > |

'ﬂ'\e 3reo}' inv&n"icm °]P }\nis Proo? [$-3 'OFCCJU.I"SQ, Yhe
con shruc hemn o? R . which s Ccm\‘u'mec\ ™ o\“ Pr‘oo@:
-E )'wwe sEeew . ’“‘)e a.\:»ove ]’“’“Pis Y Vean ):ecMe. 1
hoave seen man rooFS thel - distincuish behveen the

9 P S
cases Frime Q Ovncl T erime Q . (Scm-e St uStecl
-Hne (dee'f:e-r')) %ewom ')')10) ‘H’)e ]Orime F‘le‘)oﬂio.)ﬁun 18
uniqu e ) One or -)wo reduc_hmes ad Q\o;wdhm ore

o]s:: no} “uwncoermmon
\rJ|n1 U?F -grr Unique (Prime Tﬁctorizahm-—- C\ef)mec\ b:j

U?F n = ‘H‘Ie ‘:90..3 of ]pr'-lmes m\nose ’Proclucl‘ eq“ﬁls n

1S unigque

We Coun Farmu\o.;'e

‘ﬂneorom 2 (9 n: nz4. UPF n)

’PrcoE, "BJ ?na}hema}'ica‘ ihdb\c)‘\uﬁ . 1.€. Y Provins
(E}n;nam UPFn V (E.c‘:‘ls.{(n: 4 UPF)) ETY.
\Je s\'lau demu’ns}rnle (‘\O) \QD s\‘nowlnj huw }'o Com -

S)ruc* Fo-r an N such -H-.a'} "lUPFn , on ¢ wath1§iven

such 'nla" = UPFC'

28
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Trom dwo diltlerend \oqss o? ]orimes we can construct
Ywo cliﬁ)ero-n'} bo.sa oF primes Hhat have no prime in
common by Jaking awey frem Yhem the largest bag
OAF Frimes Cm)‘ainecl in both oF' thewm ('}\neir " inter-
seckion D . For both loass, +he Froo\u.c\' Q-F therr
cemdents is divided \:b this OFE!"Q“O‘?\ \o‘j the same

va\ue. 21

Trem Jwo diﬁ?erem“ bas.s oF ]:rimes , @ach uath
Produc:" = n , we comshuct thus Ywo duﬁ’@r&n‘} )90«35

]ari'mes Yhat have no Frime in Commen and each
\.J.H- Proéuc*’ =r1| \m'n-\ n'sn . 32:.‘0-1-\32 ‘l‘\ﬂe bc\ss
are c{iWe«r%}, -)-\'m:j are nof em—s}e}b , ond ﬁﬁe'reFWe
1<n' . Let the bGSS have r ond 9 as Jheir

S'rnox"es]' ):Drimes f‘es’:ec}‘nve:j, "'k%
h':)—:.’P-.-_q.Ge with P<9 ,ie P> Q

Ohd Q = 'I')’Ie, )orond} 0? G num\bw of Fr)me:s Q“ ?51
and Yhere %«e > P . Comsider vow ¢ de?mecl \-:..1

E:Y\,- FQ

Cleow\:) we \nawe 1€¢<n. Observins = P('P-Q)
we conclude ?:-o-m PF(P-Q) - Theorem O - Ythe exish-
e€nce o? @ \Das o? Frimes with )’Droc\uc} = ¢ pnc:)‘ c_l_(ﬁ_s_._
contain P . O\aserv‘mg ¢ = (q-F)- Q we comclude
Yhe existence oF) Q \oas °F Fr'mnes with Froc\uc} = ¢
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tha} does not comtain p ¥ (c]-]b) states that the Frs}'
?o;"o-r‘ s +he Produc}' o? o !903 oF ?rimes N which are all

# p because the Prime g s not o mu“‘iFle 'of P and
e second Pac\‘ar , D, 15 a Froduc‘l o? primes all » P -

Trc.rrn 'H'ne Clig'?erczmce o? '}\w }wo Bn 5 we cwc\ude

2 UPF ¢ . hence C10) . (End oF?roofoF'nﬂearm 2.>

’Remark. Q uSua\ }ohrasinj o? ‘H'\is arﬁv\mem‘} ‘l‘o vae
C10) be‘gms with
Y ossume om M such that
AUPFn A CRe:rscen: UPF D)

as above i} derives F'mm e [} Yerm C_E_é:«s“cn:-\U?Fé),
a conclusion which 35 then com rvn“@cl wirh Hhe second
'\erm '3'0 cc.mc:\uc\e C Ccm'}radicxic:h) uo\n'-c\n ‘H\em Afa\:’aiﬁes

+he QSSumpkmﬁ dhat such an n exisls. Our Fhrnsans
aveids all this . “The crnb ‘})\‘mﬁ we require IS Hat the

/4

construckon o ¢ is applicable fo omy n such dhak
A UPF v and we did nol need Yo assume +he exislence
(JF such o "M . CEnci o? ‘t’?w:;«-k.)

1 S Now no)' O\EEﬁCuH' ‘}O \oro-ve

4

'_n-'eww 2. (?O‘f "Olb" }'e.ad ’Q. d‘IViC\eS \Dh)

(E_ X245 Pt xlao,gjao, prime P (le Vv ]ol-j)z F\CX:Q)

,PI‘OQ ; Since 9 v '\B
“A v B
A=
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_nnec-rw 3 @“ws Frum Le.mrna 3.0 ond Lemm-.a ‘5.1’

Sivem }D‘j
Lemma 3.0,

(Bxg.p 330,550, prime pi 3Gl v plyd v plGegd)

Lemma 3.1

<QX’S’P" X;r:),:jao, Fr'mne F: (P] x ¥V ?\55 V" Fl(){j))

OF these 'lhm, Lewnma 3.0 s o\avicus,\_wma, 3.1 -?o“ous
@'m Theorem 2 omd the obvicus

Lemma 3.1,.0

(BX,'D,T::X;O, 330; Frime P:
F\x \% F\\_a) VoA P[(x't_-)) vV on UPFCx-3)>

Note., In an earlier eﬁc)rr}’ Yo prove (10), T have dme

i,

mu case oanalysis the other w round, and demen-
straled UPYF n Fmr om N with (B C:15d<n; U?Fé) )
For (h=1) v G:rime n) 4he comclusion is obvious, Prr
(chnr-’: h) cme  writes
n= F’P = q Q
with Frime ]o s
Pea,
T e Fraduc\ oF primes all 3 P
Q a ']:;rc.oluc}' o? primes all 29
and deduces UPF n o
(F=q) Vfcvmp q) (a1
which s derived bn s]ucl:j:ng n- FQ . The arithmelic
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% very similar o the one in the Pfco? 3'\\1% q‘:we_
‘ou} C‘mnplica‘l‘ecl b}_j -H'\e Circum‘s\'O«‘nce 'H'\q} cne \'\qs
bo o.,‘o),l:j +Hhe ”c!ee]p” Lewma 21 Yo )orocluc\‘s XY c?
which one has Yo show +hal XYy<n. OQur above Froc?
wses Crnlj the obvicus Lemma 3.0 amed the Qqu\q“j
obvicus

(9 x,:j-.x;o,jao:'\Cx viaCy VC(X-3§> (22)
with
C n = Yhere exisks a ):.aj oF primes with \Orocluc.\‘z )

'H‘Nl“ does ho¥ cons-c.\‘m ‘::

Lemma 3.0 and (12D are so obvious +hat we did

no}" e e bo}"'\gr 40 mem\sr.m \'\'\em.

Fer the Yime \:zxn‘j we cm?ne curselves }o the observa-
bion thal n the ome Fran we needed the "dee]o”\na\Q)
o() Lemma 3 w\'\i\e 53 carwinﬁ out the case Oma\bs'.s
+he ol—lnw 7] r‘ounc\, we cw\d 3e} o M}\s H)e
"S}'tcx“owu \'\Q o? Levnma 3, \«J}ne}lmer H\‘.s S oan ins"ancz

fc more 3emem] F}'I%omenmﬁ yYevmainsg ]lo ):Je sSeen,
End c? No\'e.)

1 urje 'H')e reac]w "‘0 Ccmn]oare ‘H‘Ie a)oove rec{oin
on&n e\em%}oﬁ Y\Mm)::ea- ‘H’ieor\j uu-.H-. }-ke wa\.j N
which this malerial s ]of?s%“@c‘ b:) Tichard Courant
and Herbert Tobbing n “Vihat s Han:emq}ics ” COx-
?cm\ Umvers;b “Press ‘r)q]oer}:c\.c\e, 13‘-}8). In omy case
1 should hove convinced +he reader that ?cfrmuscshﬂ'h (3)
0? ma;‘\\emo.\-ica\ '\r\clucLi_cm 18 no} QU "Codins }rrc\« ) ?o-r‘
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-”-ne use onLic\n cne )\czs ;'o ?QJ \o.}e-r-.

On ma”‘:ema\lca} incluc"icm ond proo@ oP ‘\'ermino.]'imn.

Ld‘ us s"ar} with a v&:l c:\a.ssica.l exam)o\e. On
o s\-\un\anj bo.rc\ we sl‘arl- with a 'mﬂe numbw of
drains , each QF Ym;;e \emji—l-.. As loma as +he S)lun]‘inﬁ
:j&rct 13 ho‘} @vn)o:j . We Se]ec} on or 'u\‘rar:j }rain.
lr bhe -}mm .':e\ec)ecl CcnnsiS\'S © o Sins\e. car ,
we Yrewmave i} rore the s}tu\n]-'ms barc‘, if ';x-
W

CO'Y)SBS}'S of two ov wmere Cars , we make =

'}rains ou'} of}}'. ’.Does -}')nis Same 4€’.rm':ﬂq;e?
T3 cleo«‘j does: consider T , de?nec! \on

é = }Be num\r;e,r' og cars om %re barc\ +

-N'ze nv«m\;er o C\OSQCJ Cou,:\inﬁs.

’Bn vir bue OF i}s de 'm';\-icm s L‘?O , and eoc\n rmove
decrease.s f: \:3 e_xac}l 1. S‘mce -H'-e So.-me
Yerminoies with t=zo R t e"l““\’ al Om:j moment
the number of) voves the game will las? and
-Hﬁe Y\U‘hdelCTm'lﬁGC\j O? '\'\ne Awme 1S o?no -
Plui’mce o '.}5 dum‘?cm. ( \ eacl@rs Fami\ia-f \rv'.“-u

4l1e \i&'em)-ure O.)Dcru‘} 'H':e Fro rorm "‘}tioun'}' w;“
\"ec.oz)n‘.‘ze the or’;&'m O.P‘Hf)e o.‘owe Fro\c\em.)

SOmeHmes we are not in"{.res}ec! " oa s‘nar]o u.]p):er

bound Fo-r' -Hjue Nurnber o? sle/fs and are we So.\-isﬁec\
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wth a Froof H\CA‘ Y ‘Dounc; EXiS\'S.

For a nex} exa\m\:;\fﬁ I draw he Yem:\w‘s q—)'}e«n\-san
}o the Prosrc\m e '}OT; QE Faje EWDB80%-26 . Each
'})me the occurrences os? Yhe \ar est ccrm\oosixe P\ura\
are reploced. I? the recder susFee\-s ot Hhal choice
has been made Yo ease the terminatiom rocE, he
1S carrect : _G__'f_l; c<:rmr)os‘.‘;e ):\ur'a\ ?rc.nm -nne \oas
would have dome. Bul we would have needed omn-

OH)er ']'e-rmina}-lcm argumen}.

NO\‘e: t = Qlosh - humlae,r o \ura\s in A')W \:aa
would hove dome the \)o\: End o? Note >

Now ?w o swm\'\a\ harder exam‘a\c. Ceonsider

Yhe SimP\e S:jn)'osx g-f <'\'€,rm>

<)l‘e'fh'\> = < Cons}o'n})\ <varia\o\e>\ <Sum>\ < ‘Froc\uc\‘)
<censtants> w= ol1)2)2

‘(Vo.rio.\ale » o= X \y"Z.

< sSumd nz (<lerm 4> + <terma2>)

<Proc[uc]-> nz (<term1> « <Yerm 2>)

\We c.\“ \?‘nauo Yo "O cli E\"%}ia}e G <¥€rm>
with res}oecl do t . “The rules {)cn' dif?eren]-m}rw

are Po-r' the above cases, ves pec\-;vel:j
o%.— < censlant> = O]o\o}o

aQi_<varia\a\e> e x'\a'\z‘
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—%(Sum) s C:;{E‘E <lermad> + a‘%- <¥erm 2>>

ad?' < P"Oduc‘l’ > u=

(<<-¥e rm 2> -idém »)+ (<term1>. fe‘ <derm23>))

th does ‘H’)e &‘uﬁ}ereﬂha‘ﬂaﬂ Pracess -Xefmma}'e? \lJe.
S\nn“ Y‘elurn 40 -)\'I'ns \G;er.

Tinc.“‘\j o '\ermino.\icm FrOL\em o?a. ranwen- c\i afm“
nature . (Huw di%ef‘ﬁn}' we shall discuss \c\\re-r. A
ome- persen  game 18 F\ojec\ with o \:’as cw\nimnj
a 'mi}e num\oe.r OP ho.}-u.ra.\ hum\.aers. RS \cm& oS
+he 503 'S not em ]:J , & yneve is Per?carmed., o
move cc-mSishnfj o re]o\ac;na o ins"ance o X
?rf.'rm ‘H—:e \Daa \Dj Qr ar\oi}rarb num\ow og) m‘-ura]
‘hum\:»e.rs < X . (Onl wher Xxz0 , we have no freec\cmn:
¥ s removed and,ter \ack o{)sw-o.“er natura
hum’b@rs, ho)t‘}'\ins = Te\-ur\nec\ 'm‘o -}'\n La5.> Does

‘H’\is Sc\me_ '}er‘miha}e?

Belore omswerino, Yhese Otu\es\‘ir.ms , we shall dis-
cuss (or o while Yhe relakom oehveen Yerminakion
roo?s and mathematical in duc Hen n ereral.

We howe discussed so -Pa.r mathematica) induc biom
wn M’ie na"uro.\ num\':efs. 'n'w_ na\-ura\ Y\um\ce‘rs cre
not emluy  totalll ordeced |, Yhew owe also well- ordered .

-.[h 'H')e ?oubwinu we s‘na“ (Je,-nca)‘e Ounr Oraerin
u“Dn . H’) " ) 9 1:3
relotiom \s:j < . We ojive The ?o owing delinibiems .
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Sd- U s -\o}o“:j ordered means

CB"»S: XE‘U,DGU: ><=DV X<\ \' b<><).

Sey U is well-ordered meoms That every ncm-@m}:b

subse} S o? U has a \eas\‘ elemnon}' ’ where “ is a
least e\em%\' o? S wieoms

3_@5 N (Enx:xesz Yy=x V 3<x)
Se'\' U is we“-@unc\ecl meowns 'H-m} @V&r:j "“-‘“‘””‘P}_"j

subset S oF U \nas Q. m'm‘;ma.} e\emem) ,w%exe b 18 o

minimo\} ele-mem]' OF S meowmns

565 N (Bx:x<3:"l xeS) .

Sihce G \eas} e\em@n'\' Q-P S is o m’:ﬂima.\ e\e«m&n‘}

o? S, Q we“—urdered U i o we“-@mnclec} U Q

well-founded U, however, need nol be well-crdered.

T s +he wec.\qe/r' Tequi)’emem'\' °P wen-g?vundedness

'}ha} Suilices Fcn‘ G Froo?é.j mg.}-)'wma)ﬁca] ‘anc\uc‘-im,
as the

ouow'ms araum-em} S\iows .

S'mce 'H)e %n]o“ Su\DSc} S \f‘ms no mini'm:x\
elemem}, we hawve each subset S o? c. we“-?ounc‘ea

sel U
<-| e.me S).—.—,(EUSE U::jes l\(&x: X<y x65>>

or , by de Ho—r-scm's Loww .
Cemr_dj 5): (B .‘j‘,‘jeU'- ‘l':)eS V(Ex: X<y. X € S>>
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With 7 some Preclica)e d’ef'nec\ on the elerments o?
U ond S:{_D]ﬁeU)\ﬂ 33 . we howe

(%npb S) . (B 3-.:)6\.)-. ’PD) N
ond cur Jast ?Cnr‘\'nu\a- reduces to
(ﬁv'jGU’PD):(abbEU’P:j V(EX’.X<D: AP X))

and this s the equalib en Wohich o Proop ED

Vno\}-}lezma)-i CG\ in ciuc\-'uo-n re\ies .

'nne Cmneclicm ]De)w'e% we“-ﬁ:undeéhess Omc\ 3:?4--

mina}ion 18 S'Nen \D:j M’!e. ccrncep}‘ o? O c‘esce/nclin

c‘min . 'ﬂ desconoli::ﬂ c:\no.m in U is a ﬁml-e or inﬁni\'c)

Sequence Xo » Xy o Xogyeoo c{) el evnenls oF U
Suc]ﬂ '”'lo.'l'

(9 C',J: 05c'<\j‘. XJ\'X" )

(S}nce the ordecing in U \s'-\roms'.live. R X, < X
c41 ¢
Sm?ﬁas.) The concept o-F descendin Q""Oﬂns is

Co:mncc—)ecl -‘o wgn— ounAeA ness if'n 'Hae

Theorem - U s WQ“-R‘MJ:J = al déSC%G‘inﬁ
Cho:ms in U are f?m;l'e.

’Proog. We shall [er‘ consider the case Y which U
s We“—gounc]eck. S'mce 'H"e @\m]p];j c‘na;h is g)'m-"e,
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we ‘Wwe x'o S}'lo-o '“’oo.} o.u hcm-emP5 c%ama avre gjinil‘e.

Since eo.ck Y\Cm-e/m"o c»‘-o..rn }7&3 G umique e\eﬂnen}‘

XO ; a} U\'\ic\w ‘A‘ s}-ar)ﬁ, Lo Llowe }'o Prove

<ax:er: P x)

with Px . al de:scend‘m3 chains s}ar%ns ab} X are
. O? ﬁni\‘e \%5'}‘\'-
Unc\e«r }he assumr;\-rw o? we“-@bmnégc!ncss o? U, i}‘
Supgces l-o \Fruve.
(BX! xe U- YPx Vv (Et} Yy<x: ‘\?3}3
bol-uic‘n 15 o\ovicu.s .

MX!‘ we CcrnSidef 'Hne case ‘}"}10}' U S no)‘ wc“_
?ou-nc;ecl ,i.é. has o NN~ b Su)asel' <S M})’)ou}

minimal element, ie. such Yhat
<BU:3€S:<EX:X<3: X€S>>

qu which +he cans-\ruch)pzlib o a de:cenc\:r:ﬁ chain o
infnite lengh frem elemenls Q(fs - and hence of u_P

‘ﬁu“umn. ( End oP’Proo?.)

Well-{ounded sels have he charming property thel
g-qm T we“~?awnclec\ se}s U omd W = which Moy
be equq\ — W€ Com me the We“-FOM-nAQA se} L(U,W)
LD \exicogra?\o:c ?Ox?rihé‘ 'nve e\%%\'s OF L(U,\«J)
oxe o“ 'H'ne Fedrs <u,w) wAth UEU ond we\J
and the crder relakom is de-?med \p:’

Cug,wy) < (u,,wq) = U<y, V (u°=u1 A w°<w‘>
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Lexica.cjro.]okic }oairins is O\\SQ c\eﬁnecl Pcﬂ" J’Dor)‘ia“-j cnr‘c\Qr'ec\
.Se}s wkick are ho} we“-{)ounclec!.. -..['n ?ac;- we \'\o.ve )\-,e_

Theorem LU WD s we“-ﬁ:unc!gd =
U s wa“-ﬁ,uhdgd A Mis we“-ﬁ,u,.,c\e&_

Cwe leave Yhe ?rc'of Yo the reader ; i} com be dome oy,
growping w a descemclw:s chain o? LOUW) conseculive
c\em em‘s Cu,w) with -n'le soame [W] '}o‘sennex.)

“Theorem Lexico‘sra.lo\\ic ?Qif‘inﬁ is assgc'.c.}‘-ve_, i€,
LCLCuw), XD = LU, LG XY

Cnﬁain Yhe \oroof is \e@ Yo the reader i} con be dome
'Hne ]—:ror;osihc.mo\\ CC\]C.UL\MS.>

—ﬂﬂe c\ss°c§o.".v'i}_~j Su‘%esxs -\L.c.)r T S‘nou\c\ have LASecl
O i-ngx C:]QEJ‘DJ‘-&(‘ 40 d@no%e lexicosra. \—n'c Fo';"‘“ja
S0y ULW. Ths elements are s Y {!c;}, oTD;(—‘”.

o\wo-\-acl ‘93 \)'uﬂ-a. ‘oos}\‘im: hu w ’ Ca-nc‘ "u_ w X ”e\-:-).

Slnce 'H'ne no,-l-u.,-ql huw\\ae{s wAL :}-\qe \ASUL&} ins-w-
]or‘e.)-ojion QP ”< ” @:rm ‘D:) Qleﬁn;}-icm o, We“-%unclecl

5:*’, -Hne_ \QXEcoarc\]:\nICc;“n orclerecl seque/nces o
nc\‘-uro.] hum\oears Epcrm Pcrr- Q&c\w \e-nﬁ-}-)q Hw. ee»mp,...\-s

OF) o \De\.oveo\ W?-“-()ouwclecl Se\-,

-nqg Ghﬂe \%3“‘- OP descermi;nﬂ c\"\oh"ﬂs in o We“-?oundecl
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Se-l- ()orms 'Hne basis Fw &\l };roo.Ps o? }&rM'mas\‘icm.
(\JiHﬂ 5, & Foss‘.\:\e Sucsesser s\‘o}e, o? SJ d&no}-@c! \on
S < -i) , ome has Yo show -an\- < s a we“—ﬁwm&ee\
)oo»rl-{al or-c\ex)

With Euclid's algorithm {ar posibive inlegers

@ x> b — X,b = 3,)(

l] y> X —> Y= b-x

od
-\ke lﬁxiCogrq?L\ic Pa‘lr‘ CX,\jB j'lves }Be T‘equ,irecl
we“-ﬁbundec} Se“.

For Hﬂe “erminax'io'n o? c-f—ig<‘}'erm> we associate
with each ‘m‘ermec\iqs(e stale o \oa.j o? rcsﬂ'ive
ih*aam, i.e. fcrr each §?<3rerm> we \au} im}o Yhe
]Do.s e number o{) variokles or comslands in <lerms.
Each differentiatiom rule r"e?\aczs i this \oas
C hum‘:u \'Dt:) 2exro  or -\'wo S'mq“e/r va\ues. 'n'\is
QSSoc\thm reduces +he di%erm}ia}km )or-g\-:\e;m ¥°
a sFecio.\ case °F) the one-persen oome with the
J':»o.s C’O’n\'o.;ninﬂ o Fini)‘e huml'.'ier‘ oF)hal‘ura\ V\um\'-"exa
(sece EWDBo3-34).

Le’: N \:oe. H-.e_ lo.r‘ses} va\ue ll“;\ic;\b in 'Hme ]oa.g.

Ccv-nsidu -\%e \u{c05raFk;ca‘B Crr'de/rec] Seclu@nces o(-)
lengdh  Na1

PN pnq (: ﬁo

40
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bo\nere Pn= -H'ne num\oex o 'ms;'omctes o?h in ‘\'}m \DO‘S'
(The F.sequemce. is «a ?iEixe Yohulahion oF) Yhe char.
ac}'eris)-ic. ﬁmclicm o? 'H-ne \°°‘5'> The ?—Sequ%qes

rovide In '”\Q.ir‘ \-QXiCoSro.F\nlc w&&r 4“)@. r'eclu."rec\

wel\-?Wndecl seb.

"ﬂoe Crne..\oed's&n Y ame diF’P@rs ?ﬂm Q“ ]orevicms
ekamF]es 13} -nnal' *Be hum‘oe;r- o moves ,)r‘wouﬁ\n

ini} o rior; n\oouﬂcs el . —SJ" O. roo =
’ikiél:eri\nifahw ”ucme S)‘iwes ’H’ba‘] 'H'»e Fhumﬁ:&r?oe

Poss‘u\:\e moves s )Doumclecl, in a Frco? OP "weo.\e
‘\'er‘b‘\inah% ”cme o S\noms Mw)r 'nne hum\ow u?

Fossi):\e vhaves is ini}e.

pﬁ rogqram that ,\ik-e S Ccne- ersonm gome, -\-ermi-
no.)res WQg\rvlJ but @\'-\S ;o jferminq S)'W""S\'j reéquires
= \o:—imil‘ive OF Uhh\:)ounc}ec\ hcmc\elrerm'mo\c.‘cj. (gﬁcl. |
\03 O.Cl&ihj o cown};w o? the Y\uvn\)&r‘ of vnoves, we
Qcms\-mc\- rem }} C 'm-ec\nanislm O‘F uh\'-?ot«nclec\ Tion.

Qxisxe,.-rl‘J rs)'B Eeewe i)‘ is unrealislic ond seqmél:j

dejrermina.c ') \fJe consider suc\m @ ‘mec\nan‘;sm Nemn-
f‘j

becanse +he wmathematical Comsequences © its inclu-
it are wwnaHrochive CCnma loses ,g)o-r instomce, Con-

+ihuiL3).

OLU{‘ \fesx'ric;l-io-r, }0 \Dounclecl hCMde)QrmihQCb %QS
hwvo Consequemnces. 1‘-""5“3, the grea\rer Seme,m\s\:) o?
Yhe we“-@unde& Sek s Frcrm a Hnem)-ic:ﬂ \fooin} QF

viewd Su]oer?]uouetjus} +31e ho\\'uro.\ hU\V‘n\Defs Ww\e\
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héve St lcecL. Secmc\\‘j, Wt“-?bunéec\ Se\rs Cuome In
handb : usinj wen-gounclec\ *Se‘s wie \o-rove U\'\\:) \Neo.\Q
‘]'Ermi"nal-icm exr)\ici']r!j; sh—«ms Ji'ermimlion is '}Jnem irmn-

p)iecl b-_(j +he absence o() unbounded Y\Uﬁc\?!‘%minatn.

ﬂs ﬁha\ eXQmF\Q oP ‘Hﬂe wse o? "}-he \exicosro\?\ﬁc
order we cunsider the {)o“owin gome Ta]a-aqc\
wiHh a Eoﬁ with N 'm‘reae-rs. move i3S Possi\:\e
wWhen +he \’.303 cemltaine an O\!"}Ji}‘rQr-::) value x at
least thwice omnd consisks oP Te'ja\ﬁ\c«'r\a bwo instomces
o? X \::) e ‘ms\-o«nce o? X-Ql Omd o R ‘ms}omce
o? X-l-\a ?fr Some }O>O ond 920 . C'T:w eo.c:\n move
we mow choose ¥ ew Fosi}-'nve valnes ?w P omd c‘_)
/Prove "}‘ho.} "H'\e -Sowne ‘)’@rmiha}'es o 'H)e ™minimume
value in the \:mﬁ sinks  below Omyy bound. |

/ProoE. (/B_‘jj Hisra.) QSSQCEQ)C with each s]-a)re u?v”ae
1003 %e Sequence o? N "m\esefrs o]::}uineci \03 ercméinﬁ
the values in Yhe Bas in ascema\ina wrder. Cach
move reSun's in a new Seciuemce ‘H'\Os) S \exicogrc.j:‘nic-

aly swmaller, bul umder the comshain} OP conshon}

lower bound te order s we“-@wneleck. (EnC\ OEKPWO()->

/F?e,\-naf\g_ ’B:} 'Hwe SGme )‘I‘Q\T% e FTOVQ ’H?G.)‘ ‘]"]"Q 50\1\&2

']'&"miho\}ea e ’H-m YMIGX i iarn vq\Me increases )Dedoncl

ooy bound . (End 0{7 Remark.)

Exefrcis‘a_?rove H‘\a} M’ne Avne "&rmtnakea w\-em

pto s bounded. (End o Eke«-cise.>
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"‘Yw -H')e sa.ke o? CmF‘e‘%ess we m%&im one
Pur]'}'lw cembext in which we emcounter we\\-(?ouﬁéeé
sels, viz. recursive deﬁmhcms; when XJ< X; 'Mmeoms
-}-\na’r ?(x,-_ﬁ is eﬂ)ec\"we\.j degneé i '}eor'ms o? ?(ﬁ),
we hove bo shows that < s o wen~€ounc§ed crr'l:lerins‘
C With

@c(n): a_?w:o - 1
n N4 — N, @C(\n-"l)

i

Po.c(’z) s he??ec)-‘uiveh:) c\e?neo‘lfih '}Erms o? Fac €Y s
C( D s ng{i‘k ec)ri d ihecl" n '} rem o

R Lk

Echise, (?r'ove ‘H’\o}

Pi\—:: 0:1: e\? ?i\a

where Q\F Carhic) = avh ¢ e\?(b:c)
de?ines ?:\o as mﬁnﬂe Sequemce. CEnd o? Echme)
Plataonstroat S 30 Nov. 1981

567‘\ AL NUENEN Fro?. dr. Edsaear- wq}g\cs)rro-.
The Nehbhedonds ’Burrou.:)\ws Research Teloo



