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\Jeq\eesi- Preconcli]"nons, \i\oera\ and nol

b:j EC\SSQI" \I\[.’DB‘(S\'I‘O; Ow'\é C.S.Sc\'\o\‘\en

The T;ur,;ose o? ‘))Fl';s ‘no-\e s %o s\nooo how «(:)r '}}12 WQQLES"
\ibera\ ‘FfEConO\i)iOh Q. Preclico.*a '}m'ﬂb?Ormer- w\)o Tan \:e,
de?inecl such that

(o) [Calp(S,Q) A wp(s,T) = wp(s. @) forall @

Since WF wi“ L.)e de mecl rer:u.rs'.ve\:) over Hﬂe 33\41"0\)(,
‘H‘ﬂ. va\idil o? (0) w:\l l:ve T:rcvec.'\ lr.lj '|nduc.¥'non over H'\e
Sun box, %or Jhe sunlax we take the ome o? Yhe lomauase
9 %y e 1anguag
("‘Oamen“' g)rom 'ﬁ ’:D')Sei ]im c.F -i-'rosramm‘m& . —ﬂne reac\er
s SQ)':]oosaq& '}0 ioe '?Oumi{:ar Wi Hh EWDS813 .

% W
*

By wa o araki s\na“ rove Som Simpl
J :j {) Fre}o on We ]‘9 e e
'}keorems O\\Dou)f Freclica.)(e '}rans?ormgr FO\E!“S C?’ 3§ N

Sal-is ?:SMS
O [’P%?Ql = [3?%@3 {c):r al VP oand Q.

(Eﬁ\uo\\-'\on (6D c:? E\«J’D&‘\%) The +heorems deal with new
SD\L&\"IOY\S 0? (‘\) COnS‘MCl‘eC\ ?rom )orev" ous ones; WA

need them In view o? the recursive defmﬂ'm-ns o? w\!: .

Lemma 0. Le\'. <F0, 0) and (?1,31> \'Je SO\U\'icmS o} (1)‘,
then (?0"{)1 ) 31“90? s Q\So (=Y sa\uhon O? Cﬂ) . He re

°” s usec\ -\o c\eno\e ?unc):iona) com\oos‘n}'lbn)

?roc:{. For all 7 and Q we have
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[P= (Po-1) Q)
= {de{)‘mi\io’w o ”0”3
[P= Qo Q)
= '[((’0,30) Sc\)‘\s{)'-es (*I)S
[SO’P =3 P‘I Q)
= {(@\,31) So}‘\s{)ies O}
[3‘\ (30 Pr= Q)
= {,deﬁni}‘non c? ”°"}
[(51 °30)’P == Q] . (En& o()(Proo?.)

Lemma 4. Lek l(?i., i) be solulioms o (‘\) ?or' all ¢ trom
o :.e} 0? no.'}uro\‘ n?-m\:ers; 'H"aen (F)’§> 15 a So\u‘-mn{jo{?
C‘\) wﬂ-\n P and 3 de?mec\ b':j

[PQ=(Rc: e @] {or ol Q
[S/P = (Ec s Sc' 'P)-} Fcrf c.\\\ P

¢TOOE. Tar 0“ P ond Q w2 kqve

(P={Q]

= {de(’ini-l}on oF ?3
[(P= (A Q]

- {?redica)ce Cc.\cu‘us}
[Rex P fe Q)]

= {FredicQ‘re ce\culuss
AP0 QD

={ (f)r.',ge) SQ\‘sgcs ()3
<B£:: [3: 'P--‘.:uQ])

::{ re&im:}e CC\\CL«.\uSS
[(Re: g¢ P Q)]

= i‘:reci'ucc}e CQ\Cu\uSS
[ (B gi Py Q)
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= {de{)ini'l:on of 93
[4P = Q) (End of Proof’)

Lemma 2. Le¥ (?,5) ths?b (1)', '“nn (Pb,ab) sc\-isfies (1)
with ?la ond 3\9 deﬁnec\ \:D

[P @=CB v QA for ol @
lgb P= q(BAPI] for ol P

where B is an ar‘:ﬁ}rc\rb ?red'lc.q;e.

’PrOcaf. Tor all P and Q we have

IP=Pb Q)
={deFin}"ion c-r 'ﬂ)}
[P=>CGB v EQ)
= { ~redicate CG\Cu\uS}
[(BAP) = £ Q)
- {(Bg) sabisfles ()3
= { deﬁn‘.}ion o sbg
[gh P = Q CEnd of Prasf.)

Lemma 3. Let (?93) 50)“5% (1) then ({)‘:,5‘:) 5q¥isﬁes (1)
with Fh oand gb defmed by

(P Q= £ BV for all ©
[_35 P = (WB Aj’P)] for oll P

where B is an or\oil'rc;rb Frec‘icq*e.
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The vroo OF lemma 3 1S so similar Yo }hot o{’ Lemma 2

'H-o.} i’t is \e@ 4o “'ue. reqcler-.

We introduce {L an ar]o'.‘:rarb Predicq')fe '}rans-[?ormer F)
'H'ie no'}ahon ?n cle?inecl ‘J:j

‘Fo':s the 1demli;3 and ?“ﬂ:{)"?n —?or nz0 .
gs G Coro“ara o() Lemma“tx 0,1, and 3 we ?orm-..\o.}e

Coro“ar:LO. Le" (F,j) SG}'IS& (1); 'h\e'n (?}:,8\3) Sal';s-?ies
() wibh -ﬂ: and 3‘0 de-ﬁnec\ \95

(fb Q= (Rc:20: (BvAM for ol @
tgb P = (BA (26:530:8‘ PN or all P

where B s on Qr\::'u'lrar:j Prec\ica“e.

L] »
*

T'c.::r the \a-nsu.a. e F-a.amen‘\' Prom ”9 'DiSCi)o\ine op?rosram-
hnins we s)m“ de ine G wm\(es} \iberc\] )'Dreconc\i}ion W\F .
ﬂs we 30 alona, we skan S\nouo the Va\idi):j o? (0) c:mcl,
EWDS313, that wlFCS,?) s u\niversa“b CchunC'\'ive,

N view o?
os}conc\ihoh SF(",SB COrr‘eSPonc\S

so thal o s}ronges}

40 i}. TOr' '}}le sa\«e QF) Comr\e‘}eriess we !'ef'ea\' 'Hm‘nr !‘e\akon

(2) [’P% wlp(S,Q)l = [SP('P,S) = @) 'For all ’P,Q and all S .

aboct. [wlpCabort, @] {ar all Q . TIn view of
[ wP(o\oori‘,Q)]l {-)c:r all @, (o) is Sq}-is—ﬁed. With lhe S\‘l‘onjesl'
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Fos"condi‘hOn de%neé )D:j [‘I SP('P, Q}oor¥)] g’or c.“ ’P s ('2)
s sé‘.sﬁed.. ’.'B:j EWD81%3, Lemma M, we conclude that
W\F(Qloorl',?) 1S un‘uver:sa\“:} Coﬂ\)unchve (Qnd sP (?, c«):;or})
Vs universa)b dis\]unc}-ive>.

.S:\Sif? _ [wlp(sk;P,Q):—-Q] and (SP('P,s\rip)z'P] @)r ol
P and Q. TRelalions (0) ond (=) are o\ov\cus\b SQhS‘BQCL.

9_5533@'2??} , Conﬁnirla ourselves, as in A 'D'\SC‘-P\ine 0? Pro-
mmina - Yo total expressiems E | we deghe

[wlf»("x = E”, Q)= QE-_\ ?a-r all @ . Trom ]ar‘eclicq}e cal-

culus we know Hhat w\P("x-.zE': ) s universq\\b Con-

\)unc‘r‘.ve, so Yhat 51:(?,"): =E”)  exshs; 105 EWD813, Lemma 12,

ror' a“ /P: T:];S‘P, ;:;z.]E”) s ']'}l?. s)‘ron.ses}' So\u}ion DF
= Ag

Ih -H'\‘;s case wWe O\L)sxoun Prom O wore exP\ici} Formu\\a}lon.

L A T

concatenation . We de ?me

1n order %o prove Yhat (0) s Srﬂ-'nsﬁeal, we remark thak
we have (g)o\" all SO and Sn ond} For all X and Q-

[ X=(ulp("S0;54°,Q) A wp (50,5, T
= {c\e?‘m’--\mns oFConcq‘}'Ena‘hOn}

[Xs (wip(So, wlp(S4,Q0) A wp(So, wp (51,7O0)]
= ‘[ SO is assumed 1o Sc\\-\s?‘-j (0)3

[X = (W\F(SO,W\P<S“,Q))A wlP(SO,WF(‘S'l,T)) A wFCSO,T))]
= {W\P(SO,?) is assumed Yo be cor‘\)'und-:veg

[X = (wlp (S0, wip(S1,Q> A wp (S1,T) A wp(S0,TM]
-‘-{31 is assumed 7o Scﬂ-':s% (O)S
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X= (wlP(SO,wPC‘S-\,Q)) A wr(SO,T))]
= {SO s assumed Jo So.hs?b (O)S

r_X=. w]: (SO, wPCS‘l, G}))]
= { definition of concalenation§

IX= wPC"SDsSﬁ M)

Trom H)e equ.o;\i‘ O{J 'n\e erﬂ' mr-.c\ ~}\ne \as) }ine_ we Conc\uc\e
Yhotl (0) 1s schislied. Trom Lermma O we conclude Fhal e
s'\‘ronaesl Pos}concl‘.}'-on dePinqcl \Db

[sp(P,“50;54") = sp(spCP,50),5:)]
SQ\-‘.sPues CQ) 'Hence w\p("SOLSj‘; ?) \s universcz“:) con'.')\.mc)ive.

o e R Mo o o ow e e e,

IF: if’BO-—)SOD...l]Bn——»SnE‘;

we define

[w]PCIF,Q>= (Bc‘:OSESn: 1Bl v w\P(Sé,Q))] ?or all Q.

In order do prove ot (0) s SQ\‘iSGCcl, we ohserwe ?Qr N X,
ete. — with , as wsual, [’BB: (Eé:osdsn‘. 'Bc)] — under omission

o? C."S l‘onae

X = CulpQF, Q) A wpOiF, TN
= { dePini]-icms o? the allernative Consl'ruc\'sg
[X = ((B{'.‘.']Bi v w\FCSE,Q))I\ BBA (ac.‘:: 1B v wp (SC,T)))]
= { red‘rca}e CQ\ Culuss
[X=(BB ARz B¢ v (Wp(5e @) Awp(Se, TN
= { the S¢ are asswmed 1o Scxhsgj (0)?}
[X: (3B /\(Bc‘:: 1R Y wr:(gé,Q))>]
={ de?in‘n)*ion o{) -H-.e Q“‘Qr‘hc\}i\fe Lonﬂ'ruc}'g
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')r\ence, (0) s Salis{’ied. Trom Lemmata 1 ond 2 i} '@\-
‘OWS 'Hna;' -Hae eronﬁes} Pos\'condixmn s:;\-':s?bma (’2) ex‘\ss-s
ond is given \o:j

[s;:('P,\F)-—— (E¢-osésn: SP(’Bi AP,S] .

Hence w\\oC\F, 7) s LAﬂ'\VEr’SQ“:) Con\')unchve.

repetitive conshruct  For the shatement DO QF’ the {?o.-m

- - R T e

DO: clg'BO—iSOD...uBn—)Sh&d_

we dePlne, n derms of +he corresFondins IF,

[WIP (DO,Q) - (Bé: €20 \(ch)]

where the Precl'.ca\e -)mnsﬁormer \«.‘ s de Pmed \93

[]\'q X = (33 VQ)A w\p(lF,X)l {ir all @ and X .

No*e 'H'm‘]', in view o{) ['BB A\ w|p C[F, X)] ?Qr Q“ X , Predico}e
'\'rqnsrormer kq Sn\-is?‘aes

Tkq X = GBBAQ) v (BB A wlpAF, XN for o) X,

gno.lo ou.s\ '}o 'H'\e above we rewri-\e 'Hne '\'rqdihohc\\
I
degni}ion 0? wF

[wPCT)O,Q):(EE:c‘;O: \hqc‘r)]
[wP (Do, T) = (E¢: ¢y0: Wt F))

N\ﬂefe "\'h?. Fred‘nco."e 'sraﬂsg)rmgrs }]q G.ﬂcl hh are
de-ﬁned ‘Db
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[th: (1'-BBAQ) VvV wWp (IF,X)} {)br' ol Q and X
[ht X2 BB v wF(\F,X)l g.ar‘ all X .

We derive G)r q“ X,Y, and 2z

LZ= kq X A htY]

{deﬁnﬂmns or kcl and \n':i
12-((BBAQ)V(BRA wlr(]?, XM A (BR v wp (]F,Y))-_\

= { predicale caleulus]
[2. (BBAQ) v (BBAWRGFR,X) A wp(IF, YN
= {s‘mce L wp(lF,Y) = 'B'B]B
[2: (BBAQ) v (wlp(F, X0 A wp(F, YD)
{ Twp AT, Y)Y = wp (IF, TS
[2= G8B A Q) v Culp TF, XA wp(TIF,T) A wp(IF, YD ]
{(O) 1 Sql'ns—fed ?or S-= IFS
(2=GBBAQ) v (wp@F, XD A wpQF, ¥D]

{ Lno s con unc¥|ve}

[2- (-\B‘BAQ) Cwp COF, XAYN]
{deFm bion oP \'\ S
[2 = \ﬂq <XI\Y)] R \nence

i

h

i

(3) Ekq X A \'\"’ Y: hq (X I\Y)] ?Ol‘ all X,Y

WG TN NowW Prove
Lemmo.'<_ Tor a“ na\'urnl ¢
[kl X A WY 2« hg (XAYDY  for all XY .

’P'!'OOE T\ne Lemmo.. \ozmj correct '{)or =0, we Y.troceeck

with o ]':oroo? \o:j Vno.’r\ncmo.)‘nc:o.‘ induction \93 observi ing
{-’or oll XY, ond Z
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[Z=k™" X A WY

{deP{mlion o? iteraled {)urfc}Ban\ ca-m]ooszhong
[2= kq (kg XD A Wt (YD)

1 ()] . |

[2-= hq (chx A REYD]

{ihduchon \n:jpon'nes;ss

[2: hg (hgt (XAYD)]

{de in'.hr.m o? i*em}ed ?unehona.\ cwf,oei}ion}

(22 hg™ (XAYI] . CEnd of Preof)

[}

il

i

ﬂPF\J\nj LEVan 4 Jro the case Y_X'l!\f'\\’] we o\o}&‘m
@ Tk’ T AWTF 2hg'F)  for all nataral ¢,
?rom w\\icl-\ we 'ammecl‘.c}eg c\er‘uve

true
= {3
.}: (Ej jro-(Qc: c‘:;J:S\q"T AN F) < (€j:jpo: i hg{F )]
= redicale caleulus
[ ]EEJ:J?’O: (E <: i:,,'):koj"-r)) A (E"):J}o: (B¢ . {33: L\}"F')') _
CEJ:J;o: (Bc‘: < ;"’J : \19‘ )
= {See \De\oua *)} .
L (96: (20 \tq;‘T)l\ (Er.‘: cro: ht F) - (E e zon kq‘- )
= {de?in'-}icms o? w\]o (Do, ) . WP (Do, T, omd wp (po., Y
L wp(20,@) A wp(@0.T) = wp(Do, @)

Hence (o) s Scﬂis?iec! or S=DO
*) The QxPression (EJ:J),Q‘.(E(: c‘a.j: X‘)) eqwn\s

Q) (E c:éyon X() i Cﬁ C: C‘>,D'.[X£ %x‘-“]) kg\&s > in wl‘l?c\n
case we vmia\n} call Hhe X.

’ \c ) e Cgﬂ
¢ 0. weaken nj sec‘u n

2
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,D) (B ¢:éy0: Xr: ) .l? (8 ¢:¢3 O:[><(-'.’l == X{.]B \'\O\dtﬁ, [1a) N\'\Ec\n
co.Se we miSM call the X,; “ o s\-rens%en'mj Seclucnce‘

-_[n view o? -H1e mo‘no“onicib o? '”le Fred.ieq\e *ro\ns?ormer \«q

Yhe Frediqﬂ'es kq(T orm G s\‘rensi-hemn:) sequence ; In view

0? the mono’ton‘.c‘.l:) °F .'H\e. Pre&ir.:o}e }ro.ns?ormers ht and

ho , the predicales MF oand he'F form weakenin
X P 9 9
sSequences, (E'ﬂd 0? *).)

Remarck Hod we so desired, we coud have defined
[wlp (D0, @) = (Ejjzo:(Re ¢ kq T
Twp (Do, @) = CEj: jro: (Rer ¢33 hq FIM
We lcove 1} Yo the reader do decide whether he thinks these
:gr%eiﬂnse»m definitions misleading or Muminahng. (End
Remains Jo be shown thal the predicale dramsformer wip(Po,?
s umversally conjunchive. This follows direcHy {rem Corollary ©
Fonks 1o the Fo\low:na olternakive expression Cor  wip (Do, @)
[wp (0, Q) = (Reicao: wp (OF, BB Vv QD]
This follows from the foch that for all natural
@) Lkq'T = (A osj<é: wpCIF, BB v @)

fProgf Relakion (5) o\oviouslb holds ?or =0 . We Froe.eecl \D_nj
mothemoatical induction. We ochserve Vor a\ Z

[ v kc’c'-n -T]
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-“'-‘{de?inix‘ion ot i}erqxec\ ()unchonu\ cum?osixionl
L 2-= kq (\\'th)l
= {de inition o? kc"s
[2=(BBVvQAY A w\‘a(IF,\(qéT)]
={ induchion h }ao}\rmesas @3 ‘
[2- (BBv Q) A wpQF,(Ajosjce: wlp AP, BBVQIN]
= w\FCIF,?) iH con'unc\-wes _
[2-CBRBVQ) A a\-)-. Agj<énts wlp Grl 3Bvan]
-_—'[['B'BVQ = wlPCIFO, 'BﬁvQ)-‘_“
12= (BJ 0sy< 41 w\F (I7J, BB v QD). (End uF'Proo(?-)

—’F';Y\q“:j we Conclude F‘Om Com\\o.ra 0

[sp(P,00) = (3B A(Eciczo: sp(RIFONT for ol P

* b
*

Crilical remarks, We are nol Yoo sa'}'a:ﬁccl with Jhe tqrﬁe. number
og)Compe}-sna expressions v?or' w\]: (DO, Q) tha} have been
wsed n Yhe a\oavt_, a baroqueness, wkic\'- ma\tes }h;s no*l:
un?‘-} Vor Puuic_ahoa.

Furbher more, s Jille is not enhre.\:] a)':?royr-‘a)g the nole
deadls with shromoest Fos)‘Cmc‘i}iws oand expressions {-)w thew
Qs we“ \Je Cc:u.lA \"mve o ined ourse\ues ")‘o H’ne de@ni‘ion
of wp ;5 the proof of (0) would ke very much lke +he
Qbove, the ?moE:s o-[’ w\rls unwersa.\ c,ur:')unc.l-ivib would be
vern  direcH and the exishence o?c shumoest Postcandilion
3 wp) ) P
would, hence, have been seltled. The expressions f3r the
S}rur\acs} ‘oos\*CWc}i)‘ionS Cou\d ‘H"Qh kave, \oee:n de\eac;‘e& -\'0
an aT:PenCiSX. _“'\oxta\q rnore c:l'usen)mng\ecl, Su.c\': a '}CX" wOu\é

Pmba\g\:j have been ]cmser.
ﬂs G rieqa o-f Y)OSE\'iVe cri)*ic:s»-n we no}e -}}\oﬂr the Su\osequen*
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\ines o? our ]orooF; ore all connecled \ob equm\;\b signs ,

—t

“‘m.s 3“”“3 rise ’\‘0 S}ru-rﬁ rQSu“'s. ‘ﬂ\e ex‘oerience is A& Q\r‘%er

incentive -;o use equa\i];j \nskno\ QF imra\\co}ior\ whemver

Fossib\e. (End of) Critical 'Re.mar\cs.)
e L]

*

Ih -nue Fas} we \ncwe ex'}oerimenled w‘.%\n d\ﬁ%f‘?ﬂ} Ccmce?\'s
%r the s;ronsesl' Fos}-condi)ﬁon s VI,

SF' (lP, S) s Yhe s}rcrnf)es} Yredico}e X So\\'ts %in3
[’P = wWp (s, X)]

SP“ (?,S) s dhe shrem est ‘))rec:\'ico}e X s:a)-is%'ms
[PA wpCSTY 2 wap (5. 30]

7\12 ex?cr‘.menk %i\ed: STJl s no* a-’mlo.\ Funchcm and {Z"r sln"

Cana'}enc\;‘lon Cilc\ no)t Corrcsro-nc\ )lo Funchor\o.\ QQmFosihon,

22 g}:ﬁ\ 1982

drs. C.S.Scholten rof de. Edsger W. Dgkstra
Scie-nhﬁc fdviser ‘gwmﬁks "Research “Felaw
’Phi\ips “Kesearch \.a\;om-}ories ’Plo\“aqnsxmoj 5
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