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0 umve.rsal quanhg)icqxion rems#ecl

b:j C.S. Sc\\o\"'evft and _Edskcber w’Dﬁks\'m

Tor om:j BQD B and any boolean funchion b
delined on the clements og) B we deem EX: X'._.\'B-.b)()
de%meci as uswal. Our ?irs\' Purpose s Yo de?ne Gs
a Taredico}e

(o (%X X\_"‘B ?X)

Lohere 1S a ?und"\on ?rom Yhe e\ean\‘S o? s
o ‘deifo.)res on Some spoce. (1? Yre elemenks o?
X are Predic.a‘rQs on Pha}l same space , ? 'S
)rm.di}iono“:j known as « ]ored'\cq)re. -}rqnsgormer)

Q }rad.i)'iona\ wa o? c\Q?'min'S -“')e Fredicq)re (0>
is \’Qj Po'm}-m‘se definidion: in each Poin’r 0? state
SPGCQ Fhe ?X stand fFor \Doo\e.cxn va\ues ?c;r which
wuniversal O\uon}'i icabion over B s de%nei. We
should ke 4o cleue\o? o predicare caleulus as ?ar
Qs }ooss'u\:le wi}hou‘} e.x?\icif re?ercnce o Pu?n)fs QF
e spoce ; we would like o de,Fme ¥ by meons o!?
a s@¥ o? m\es g-)r ‘-\'\e mo.nir:u\a\-ion ) €om‘mul0\z.

We Fos\'u\ax‘c expressions o? %Dorm (o) Yo scﬂ-is%

Yhe %“owm Jwo rules — where o poir o? square
brockelts | i? so desired, may e ‘m\er]ore\-e.cl oS

un'.verm\ quan\‘i ?iccn)rion oover -]-ko_ Foinsr's o? ch\ce....
> @XXw3: [PX])) = [(AX: X B £XD)
) [(E\X:X\Q’B‘. Qv ?X)E Qv (@XX 33’5 QX)-_\ g)or
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any Predica‘re Q .

Nore Yhat wn the case ojf c Gni}e boae B , (1)
and (2D are consistent Wwibh he 'm)-er}ore aYian o?
(0) as the ccn\')unc\w’cm o? ?X over the elements
£ B

ﬂ'f_or Hve Sa\ce U? \Dr‘evi\b, )rlne ranﬁe ”X 't_\an w%\\
Ve omitred in the seque\.

We cbserve @;r c.\nj 2.

true
= { subsklulion o? a4 F’or QR n (’2)3
T_(F}_X:: 92 v ?X) =12 v (EX::?X)}
= {lebniz's Rule §
[AX:a2 v X)) = (22 v (BXa: £X)
= {Q\) anad H‘ue d.e_ m'n}ion o? ‘=‘-_>.S
& (AX: 12 ?X ) = EZ%(QX?X)]

Ore OF ‘H’\e Consequence s o() ) s 'H’lo.} (0)
is +he weakest soluhion 0?

&) Z:.(8X:{2 €X1) :

\OQCOALSG s g)lrS\'\J_j o"“j SQ\u‘\'ion o? (4) su\os}‘iluAec\ o 2
in (3) reduces s \e@--\'mnc\ side Yo  Yrue ond,
hence ‘;mF\'.es (0), and , secondly, (0) subsh luded
?or Z in (3) reduces its riﬁ\rx\--hqnd side Yo true
‘and , hence, is Q solution o? (<4 .

Consider in addilion o B « \00.3 o{? elements Y
and et 9 ke a ‘Freci'.co.k-vc.\uecl on Phe Carlesian

‘orodud- o? B and T . Yor ony A
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true

:{Su\:s\'i\-u\'ion o? SXY ?or' ?X g} (3)‘3

(AY: (BX:[22 o XYD = [22 @X: gX¥)])
= {Predicc.\e ca\cu\usg

(Y @X: (23 g XYI) = (A% 22 (A% 9 X))
= { pred. cale cal C:.u.\'-ASS

AX:(AY: 2D g XYM =2 (B 122 (@AX: g X3
= { (‘3)3

(B 122 (BY: g XYD]) = (B T2 (R XuqXYD)
= 1 (3 opplied Yo both sides)

(22 @X= (@Y XY =[2 (AYL (B X: 9XY))
Henc:a

> TCAX:(aYy g XYM = (BY: (BX: gXx¥YM))
le. also when the derms are Frec\ico.’res, Ye order o?
un‘\versa\ c‘uon}-iﬁcc\-ions 1S '\mmo-\eﬁc\.
Corollog o? (s )]
[aX: PXAgX) = (AX:FXD ACAX: gX))

NCA‘Q ‘H\Cx}‘ rom 'Hn'.s Cc:.rc;“a::j '}he monoknicib o? W Ver-
So\ C\L&Gh}‘; ico]‘ion over X %“ows

¥ *
*

Slis'hH\-j S\li?‘-ins notational qears we consider (0)

with Lo € the dendiby Qunclion and for B the
b&ﬁ-o{) solutions o? \-\:2 equcﬂ‘mn

ba\nere 3 S Some Pred‘.cq):e '}rans@rmer)i.e X and
SX ore Predicq}es an the same Space. For the sake

>
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o? relerence. the resdhnﬁ expression is denoted \:3

Q, e

P L1Q=(ax:1gx): XD)
/Reu:ri]'in‘j (3) we cbserve @)r Gn:j A
@ @ExIgx):[22XD =22 0)

.W'J‘h the Coro“ou:j
@  (@X-1lax):la=>x1)

We are now reodj Yo prove
rLemmo. o 1n '}erms OF (6) and (?) the %“Qm'.rzj %\ree_

Q53Qr}-ions are Qqu.'wa\en}'

(i) Q s o soluhon o? (é)
(&) s +he S}ro es} solution 0? (6)
((c() G S}Ttﬂ:ﬂes\' So\q'ﬂsn o? (6) QX\S\"S ]

,P“O“_'E- Torma\l:j ex?rQSSecl e ster%cms are
(<) \-_SQ)

€y T@) A (A% 1gXd: [@X))

o> (8. g7): XX [PoX I

“The QCI\-L\VG\QT\CQ (C) ((-C) ?0\\@&»8 |mmed|cﬁe\3 rGrm
(9). Further we doserve

Cced)
= { %n Yien o? (<CC) ond (8) with P §3.. 23

(EP: (g7): [P=2Q))

oOn CLCQOU\T\)" 0? Cg)'g

~(eP. IgP) TP QAR TI)

il
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= {Pred‘\m}e ca\cu\us}
(EP: [gP): [P=a])
=4 Predico}e cal cu\u33
La®)
= {degni}ion Of (C)}
C

&) (End of Prook)

Remark 0. Wole that Lemma O holds without any
fur%er O.SSu.m\o;-ions a\:ou} Pr‘ed‘-casre +mnsg70rn’sEr 3 .

(End of Remark 0.)

We menkien a speciol consequence o? Lemma O.
In order o prove Phat (6D has o s)ﬁronje:a‘r solu Yion,

one s\"cn.us g)cr ‘ms}ance -Hnoc} Q ﬁ-}-\'we Corl')unchon
cgg_\_\_ selutions o? (6) —~ s a solution o? ().

ome}imes oNE Con vae O Somem\wcz‘}‘ S}m’ﬂﬂef‘

roper , V2. that Yhe conjunchion o{)
EnJPeb% c;? ?o\u;‘wns o{) (6) \S ?\%Q\n Aa So u\;?cm
Q

Ogy (6) . Suc\'\ 1S %e case in 'H‘\e \ow‘m\o) -)w-o

QXQmP\QS .

EXQmP]Q 0. Tc:r‘ mono}cnic \"\ 5 H’\Q Qqug\'?cn
(10) X[\qXEbX]

has o s)rrnmses)r solulion .

/Pm . ’In view o 'H"ne. O.‘Dove i}‘ Swuryices )ro 5\10-«:
%a\- (9 X-. Xj:_l L X) s.:;\ves (10) ?or 3 Qr\J
bos o—? soluhions o? (10).

}rue |
= {de ‘in's}idn o ’BS
(a i(): X "_’"‘B?‘ Y_\nX-—*QX-))
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==.3>{rnon04or\-c \-:) ofumverso\ quun}-‘? ca\-‘on-g
T@X- X wB: W X)= (AX: X nB: X))
%{m—onoé-omcb ? W, see next po e}

[h(RX: XuwB: X) = (AX Xm’.B X)l

(Note +hat Exng\e 0 shodes \m]? o(? '\-}\e “Thearem o?
Knaster-Tarski. )

EXample 1. Yor umversa\b CQm\-)uﬂc}.VQ g R Ahe
QC[ULQ)HQY\

(11) X: [’P v h X-B
has «a s\‘rcm\cjes\‘ solution ?or any \orec\iea}e .

M For any \:)c:g B E solutions Q.%D (14)

we \no.-.r&

Yrue

- 4 m)non Q }
{s:i X B ?[’Pv WX

redicede cd CU.\L\SS
t? AX.- Xw B Pv hX))
{on accowunt o? <2)_?3

[PV (QX Xin B h X))

= { tniversal conjunchivi} hy
L{va b (R X Yn B x*h?

( End og) (?mog.)
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The last Yransidion in the Proo{) of EXamF\e o)

relies on

(41) For monetronic h  and an baﬁ B
Lh (BX: X nB: X) = (A% X wB: WXD))

/?roog
_ Yrue

={(3) with ? 'pne '|C\Qn\'i\‘ ond <%Y\('.’??’Y) !;gr 23
(AX: X R LAY 0B Y= X))

=>'Z ‘mono}ownic‘.\-:j oF ‘n}
AX: X B Dh (BN B YD = WX

={ ()
LhEEYmBY) = (AXXwB: h X))

= {renom'mj Yhe d.umw':jB

(11
(Cnd Q? /Pf*oo@ 3

* *
*

“The C.cmclusiorz we drew ?rcam ’r\'ae Com“orb o? C’S), viz,
Jrhe mOnojronic‘.\:j o? universq\ quon\i{-)ica\-ion , Was o \':uX'
rash. The slatemen? o?ﬂ\e mono}-c.n'-c'.\:_j —ond in this
version we used b in '}'\\e Proo? o{’ EXO\mP\e 0 ~ is
(2) (BX:X3:[{X=9X1) SAXXwB-PX)OX:XuwB: 9X]) .

'T'_ur Yhe {)orma\ Proo{) o? (‘\‘D we rneed an exhrension
OE Lebniz's ?u\e, iz,

(13) (EX AimB: Y_@XEjX}) %,Y_(EX-.X @'B:?XBE(EX X QBjX)] i

_ﬂ1e o o.? (42) s ‘Hnen as “oms _ the Scz\cc
o? bFre:g under omission o€+e ranje.%—r
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(?FO

= {Predico.}e cal Cu\usg

@x: [@X= £X A gX7)

= { ()}
LaX: £X) = (@ X X ~gXx))
= { Corolla o‘? (5)3

= redicate calculusy
[(ngz-. PX0 = (A= 9%))

'<End °€ ,Proo?.>
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