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Jus“ when T had ?oseol ”mms;Ssum "o my shudents,
Jon ’BQT\)’\QD’G artide [0] QP?QO.I"E& in Yhe CACM, The
or}-'nc\e m€n}-'|or\ecl Yhe O\nq\o&ous Fro\o\em in hwo di-
mensions ond more or less su.ases}eé e} ¥ WOS G
c\imcu“ one. fs W} m?/n)'ior\ecl noe complexir resu“-s
For Hhe \-wo~dimemsiona\ Pro\:\em, bath Jabo’"dev
Misres, ond 1  started Yo Yhink about 3} and or-
rived 'mcle]oenc\en}\‘j ot Yhe same solulion. Since
Ye solulion s Ccsm\jb\'tCQ\'Qc\ ?moug\-\ Yo present
a ?ro]o‘em o«\g \Pr‘esen}'c\\'ion, ‘[ decidec\ -}o o‘em\-e.
o note Yo %

/\’?ernarL G‘Dw‘ Y\O)‘G\\"IOY\. ’Ba Loo;j o? ex's:)erimen} Y
shall denoite F(.mc\'ioncx\ QP?\ica\}on BD on ‘\h?ix
Perioc\; i} has e %igkes\' \Oihd'ms T::ower o? a“
o‘cera)rors omd is (as usual)d \e@n c\ssocio.\'we.'Bd
wot) oP ?ur\-\ner ex‘:er‘amen*, 1 S\'\a“ O\\so wse ]}
g)or Su\oscri)p\'non. <Enc\ o?/\?emar‘k choout ho}o"'lohs
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m N\ﬂc\'\ (OS L»\bea\j ‘\’»\e CcﬂS\‘G\ﬂ\'S 0? ‘H"\Q enviTon -

men}t are dec\o«red in Yhe ou}er \o\oc\(.

o be&in with we observe that K= x50 since
-\r\ne SUmmo.%on mo. ]De over an em)ab raﬂae.
(mD:-. ml Vv nl= h’i% . Furthermore we observe %\r
R s not c\no.nsecl 1? we c\r\anse The ronoe ?or moO
and M1 Yo 0O gm0 < mY §M™M , since Yhen the
Summo‘ion over the em b Yec)i‘ow-\g\e s s\*i“ in-
cluded. We ac\oF} Yhis c\momae.(Ccmc\i\ricm ™Mz
has Yoeen chosen, rather Yhan ™30, o moke
Wﬁs c\nomge Permissi\o\e; N>,1 \\czs \oeen dﬂosem
\oec_au-se.)‘m Senero\, our soluYion is mos) at-

Yrac bive @r N:™M D

Qur nex’r S\'eT: 1S 40 rewr'n}e /R ™ ‘}erms o?
nested MIN's . (R} this s}'c.&e Yhe reader is inviled
Yo convince \‘\imse\? o? Yhe correchness o? my re-

Lurﬂ-ins and ur‘secl )ro s\we\ve ?or- ‘\')'\c—’, }Tr‘ne \oe‘ms
$he olues\-ion Li\:é R s rewritten -3_[\3_._53 wa\c.j.)

R: x=(MIN m0: 0 moO<™M:
(MIN m1: mO<mil g™
(MIN n1: 0 g ntg N: MS. mo. mi.n M

MS.mD.m'\.n‘\ —_—
(MIN n0: 0 $n0 < n1:(§ n:ndgn<ni: Q.mO.m'\-f\))

Q. mMmO.ml.n = (‘é m:m0<m<mt: C.m.n)

Lines 2 -“'\rous\'\ 4 o? e above describe the

VYnear minse35um ”'m Yhe h-d‘arec\‘ion” with mo
onda mi as Parqmexers: -H-.e m-direc\":crn has \Deen
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”Pus\necl Yo Yhe stc\es”, i.e. }o }he ouYer minimiza -

Yons and +he inner summa\'iOn respec\-‘\ve\‘_cj.

We next derive —o\ﬂc.\osous\b Yo EWDS97 —
o re\c}-icms Fcn— MS

MS. m0.m1.0 =0
(o)
ond \?m" O< ni< N

MS. mo. m1. (n1+1)
='{de€}n'\\'ion o? MS}
(MIN n0: 0< nO g Nt 41 :(_S_n: nDENn<Nt+1: QQ.mo. M1 n )
2{'?01" N0 =141 the St.-umma\ion b'\e\ds 03
(L’I_I_Tj Nno:0<En0<nt; (§n-.n0 <M1 Q. mo.m1. D)) mim O
..-_'[iso\o‘\'icm o? \as} derm o? swnmc.\-ions
(MIN n0: 0¢ DM :(Sn: N0 $n<N1: Q. m0.mi.n )
+ Q. MO0.MLN1) min O
:{Q. moO.mA.n1 does not C\ePemcl on N0 and
additien then dis¥ributes over min’-m‘;‘z.a\‘ScmS
((m n0:0 <nO < 'n'\:('é N N0EN <NT:Q.MO.mi.n))
+ Q.m0.m1.n1) min O
=-{deﬁnihon oP MS§
(MS.mO.ymt.ml + Q.mO.mA. n4) yin O . ()

For (X we derive Cdir‘ec}\b @'om ihs de@n',}‘ucm)
Q. mO. mO. n =0 (’Z)

Q.m0.<m1+13.m = Q.mo.mi.nt +» C.omi.nt (3)
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Our rewrien R Yels us thod ?c'r ony mO, m1
combinatiem we \r\ove )fq ﬁnd H\e minimum o?
MS. mO0.m1.n1 ?crr' ol n1, while ) gives o recurrence
T'Q\Q\"Ior\ @rr )r‘nc.“ Sequence °§) Vc.\ues. The Snae) 'S
Yot tho}l rvecurrence relation conbaing Yhe derm
Q.mo.m1.pt , which -see (3)- .Sc.}isﬁes . recur-
rence rela¥iem over mi. In order Yo exploai} these
Jwo "orthosonal” recurrence relotions 4o Hhe Pu“es}
e T:rosro.m eva\uo}‘es Fcn* each value u? mO  Yhe
M-m0 ryecurrences (1) in S:jnc\“\r'on:), Yo +his end
a \ocal arre MSv(m: mO<m ™M) is introduced,
such thal whenever MSv.mi1 s adjus*e.c\, }s value
C\ncmses Pram MS. MmO . mi.nt ‘Yo MS.mO.m1.<M+13 .
TFurbhermore o local scalar Qv s introduced

Su.c)ﬁ- H\q} bo\nene,ve,r QV S Oxd\')usx'ea, ‘I‘S VG\ue
c\'\oﬂges gom (D mO.mi.n Yo ®.mo.(m1+13.m.

The anno\‘o\"ed Frosrc.m 1S Siven \De\ow. Tn )r\ne
‘IY\'\}'io.\'l?.c.)";cm‘ o? X, %0 s used ; Iin '\“5 ac\'\us}-

men} we se '“no\r min S QSSOC"Q}'W@..

Because we wish }o use each MS -vaolue as soon

Qs 't}' 1S Ccm")u}ed, \.e. equa\s MS. mO.mA. (h'\ +13|
\'me. 2 O€ +\‘\e 'rewr]'}"'en /R 13 rewr‘;%% once

Tore

0 min (MIN n1: 0 g ni< N MS. mo.m1 (nr+1)) ,

where Yhe inkal O can be Yeken out and X‘o\(en
Care o? \DD }\we ]h'n\'ica\iZc.\"iCM.
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][‘mO:in-\' ; X:=0 ; m0:=0
;do MmO £ M
ILMSv(m: mo<m g ™M) arroq i’ nt
s mi, nt: int
s Mi:= MmO ;do mizMao mii= m141; MSvumi = 0 od
:nt:=0 {(B m:mO<mzgM: MSv.m = MS.mO.m.n’I)}
-,_d_q N £ N -
Il Qv: 'mir; Qv, m1 .= O, mo {Qv:Q. mo.m1.n1}
Ldo miA M
Qv,m1:= Qv+ Comint, mi 41
{Qv=Q.m0. mi.n13%
; MSv.mt = (MSvemt + Qv) min 0
> X=X min MSv.m1

od
Ny mii=nt 41
od
1}; mO:= mO 41
od
s S *
*

Side remark Evenlually, we came up with o progrom
J e Py
e} works E)or M=z0 v N=z0 as well. We could have
made our ana\gs‘\s also op Vicable in the} case
bfj c\e@ning H'\e. minimum oOf Gn €m ) Se* as

”bif) enous\n " -—O,So«j—- . (End of) Side r‘emor\s.)



