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Mc\in\é ONn our wuse OE) 'H‘le prediCoA'e CQ\C“\'AS Cﬁro\ﬂ C"\.Q.)

The purpose of s c\-.cu?’:er is 4‘:\reefo\d: to jntro-
duce o co“e.c.hon o? ?ormu\ae )r»\a‘ WI“ \oe used JI"\\“OUE)‘\-
OM'\' '“le \Doo\(, “O S\'low \now we 5‘10“ wse -}hose E’ormu\ue,

and -‘-o QXF\GFT\ our no\‘o\-ionn\ convenhons.

Tn Yhe (’o\\owins, X,Y, and 2 will be used as
”Pred‘aco.-\e variables T and A, B, and C as “pre-
dicate expressions" or "vredicates” For short. Predicole
variakles are Yhe s‘amF\es’r examyples o? *i)re.d\ca}es;
oP-ercﬁ'ors —-@:r ‘ms}ance the ‘m?‘:x oT)erc.\'cn" =
?or‘ what is called Yhe "chuivo.\e.nce"—- clowo us Yo
construct  “new” Prec\ico.\-es ~such as RA=PR -
From "Qx‘us\'inj ones.

The 'm\'r'Oduc\r'lon o? an NnkEyx o\oero\)ror‘ a\wa‘js
raises several ques\-‘nons. Tirs“:j, i+ connects Ywo
oPeronc\s, but s their order relevant 7 For the
ec,uivo.\ence Yhe onswer is tha} 3+ s sbmme\rric,
ve. thal we never need Yo ciis)rinﬁu‘us\a helween
AzPR and B . Secov\c“‘j, what Yo do with
Yhe s:jn}‘ac)ricu\\n Qm\D'\Buous ew?ress\on A=B=C
should W+ he \oo.rsea as (AE=EPBD)=C or as
A= ®=C) , Or is the chs}*'nnc.\r'aon \rre\evom}- 7
Tor the equivo\ence the answer iz Hhal iV s
associa\-’tve, i.e. -“no} we never neeo\ -\o dis\inauisl\
be\ween (Q E’.B)EC o\no\ RE (’B EC) . and
Yol , hence, we are free 4o omit the Po.ren}\'\esis
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pairs Cor Yo ‘ntroduce therm as we see g)',}).

We can suwamarize ssmme\'r:j and O«Ssoc'uo.\'iv'l)‘:) o?
the equivolence n words by s\-c.\'ms et the equiva-
\ence is deFined on ?‘m‘\\'e \oajs oF TJTecl‘uccAes. C’Bass
are unordered collechions thel oy Contein du\o\i-
cers; '\'\ne are Some)r'vmes e ?errec\ '\o cs ”mu\\"l.sés':

Jr\f\oua\n wWe wou\d Pre?er -\'0 re?er \‘o SQ}S as ”uﬂ\bags"-)

Twice in the above we hoave colled +he dishinchion
belween Ywo ?orwm]o\e “irrelevant ', and \oePore
\oroceedi-ns we wou)c\ \‘a\ce Yo be o \m} more \ore.c‘\se
oboul ¥he queskion “irrelevant in what sense 1",

A wajor Por}' o{? the c\eve\oPmen¥ o?a mothe mo-

\-‘zca\ eor c°nsis\-s 1% es}o.\o\‘\.s\«'m new orvulae
?rcm Yhe 3reqd3 established ones. We coll Yhe dis-
\-inc‘c'uon be)rween Awo ?ormu\&e ”'\rre\evo«ﬂ}“ i? C.

sim?\e Sgnx‘nc)ric ana\vsis su%ces Yo show Pha}
+h are EQuQ\\n es}o\\o\l s\weci . ('T\'le ?&c} }\10‘\’ }\ﬂe
‘n:?ion ”‘wre\evom}" s thus as re\a}we. as ‘he

Y\oxion ”5‘;m\?\2" need no¥ concern us ‘her‘e)

“For ?orn«u\o.e. in ?fe&ica*es we s\\'\o.“ mo(inb wse

Ywo ing)ere.nce rules, re?errec\ Yo as “Rule o

—InS\‘thic-\"th iy and q’Ru\e Q? \_e}\on\z” T‘QSFQC}I"\VQ\B.

Rule O_‘e Tnstanbation  Lek ?ﬂ stomd ?or Phe result
°€ Su‘\os)fi\‘u)'mé express‘-on A {?or variakle Z  in
E’ormu\& ?.'Z 3 then PRM s oan es\‘a\o\is\'lec\ @:rmu] c.
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?or" any A i? F.z is on established Formu‘a.

Cullins ?ﬂ o ”shnl-o.chc descendant ” o? ?.'Z. \
we can brieﬂj stete , thot Gl 5bn3mc}ic descendonts
o?onn estal)ished ?ormu\o. are established as well.

Rule °.P Lg't_\oniz Le\- ?P‘ Gnad ?"B S\‘Ornc\ ?ov‘ h"e
r‘eSu“'s o? su\os’v}uxin ex?ressmns AR and B
WSPQC}\VG\D S-)cr voria le Z ?OrMu\Q. (?2 :
then ?.F! ond ?.'B are ecIucs\\D eshoblished i?
LA = B) s an established ?or\rnu\o\.

An  imwmediale Conseguence oP Yhe Rule o{)
Tastontiation all ‘°,_'j i¥se\P s ’H'\o.\r, Since any pre-

dicote variakle s o S)oec'uc\\ instance o(?o. redi-
co}e ex?ressicm, the VQria\o\es ACCUrring n s o.\o\is\'mc\
-Pormu\o.e are Ccmn?\e\-e\:j or‘o’:)fro.rnz e_s\'a\o‘\s\n'mj . @w
instance, X =2X) wedd owmount Yo exo.c\-\:j Yhe
same -n\'mﬁ as es}ab\is\win'_o) Y=Y]

The }wo rules o? in?erence. '-\-oge«\\ner alow us
o cop‘mf‘e Fre associa\ivi\'j o? Yhe eoluivo.\ence. oy
‘Dos\’u\ox"ms _...w‘,\-\r\ o. \o\' o? Su\osec‘uennb Su\oer-

?\uous poren Yheses —
() LX=Y)=2) = (X=r=2ZM1]
Yo e an es\'cﬂo\‘\ s\ned -?ormu\\m,

'T.hdeeo\., \e\- T be o {)ormu\o. ‘\-\'\a\', E)or some
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A, B ,and C, conkains the —-E’u\\b Pare«n}\nesized—-
subexpression ((A=2BD)=C) | The Rule o{? Tn-

s}an‘cfg.-hon Yhen ollows us —-BF so desired in Fthree

-Sx'e‘as— .A‘O eshoblish on cccount c? (o)
€} [A=B8Y=C) = (A=(B=CM)

Next we '\'rmns?orm F inte T \o:j rep\o.cins i
F  an OCCUrrence o? Hne Su‘oex‘;ress'mn ((ﬂ E'B)-EC)
bn (A=(B=CY) . This meoans 4-‘\'103, (Jorr‘ some

. T and T ore o? Yhe ?orms ?.((ﬂ?—.'B3EC>
ond ?(ﬁ =(B=Q)) res?ec‘-'we\b. The Wule
Letbowiz  then stores thol, since (1) s an estawlished
‘?or'lrﬂu\&, F ond TF' are equa“:) estoblished.

The moro\ o? the S"or‘b s -ana‘r, i? we \ﬁowe
c ?u“ Porennﬁesizec\ exfressio\m w';\'\n mo\nn
equivaelences, we can move Yhe ?arenﬂwesis
Pmirs 'Free\a around, and so W} 18 much simvpler
not Yo insert them in Yhe @rs} P\c.ce bu} Fo

remember, instead, thot Yhe equivalence is associo-

Hve,

Rewark., Were Hhis oo Yrealise on \o ic, we would
T:ro\oa\o\b \']O\Ve ?rove,cl 'pne. C)OD\Ie, moro.\ €or o.“
ex"ﬂess‘nons bb ‘mduc)r\on over )r\'\e. rammaor,
Since  Hhis is not e *reo}ise. on \og'ac, we \e)- Yhe

Imoro.\ Su?ﬁce. (E'no\ o? ?Qmmrk.)

ﬂdop\‘}na 'J’mmedio\}e\:j 'H'\e cc)nvenhora o? om';“ins
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SuFerﬁuous Forennneses, we con now CQP]’Mre Yhe

:\??me)frn o? Hne equivo\ence \QD Pos}u\o.)ring)

(2D IX=Y=Y=X]

is an esl'o\\olis\ned Formu\o..

Hs o consequence o? () and Yhe Rule o?
Leibniz, ? X=Y) and g) M= X)  ore equu\l:j
eshoablished . With P.Z o? Yhe ?orm [X =Y=E 2)
?- (=2 X) reduces Yo +he estaoblished (2), omd
hence we hoave es}o\o\‘\ s\ned ?(X'::-Y3 s L&

(2) LX=Y= X=Y)

Next, with €2 of the form [X=Z2=Y] |
?.(YEX) reduces Yo the ectoblished () . and
hence we hove established ?.(X":.‘-Y), l.e.

b -

(4 X=X=¥Y=Y)

or , with Yhe sFeciq\ varioble Y  introduced g)or
Hhis Puwrpose ond the Rule o? Ins\'o\h}“lq}icm,

¢y X=X=Y=%F)

Varickle Y 15 o local oimmick o? Phe current

or umen\-. We rom se \'\o.)r we s\no\“ never Sb\\o-
S‘i\‘u}& Qn\nj“f\ins @r i)(m For }%OA‘ reason we would
raHser Y\o\‘ See '1\‘ N Owr Formu\ae, So'v:e}ﬁ-‘nins we

COn ac\r\ieve \03 S'N'mS Hﬂe E’xpressmr\ Y:Y S

hame, "‘\"rue 50\-3; wWe cCcan c:c.]o}rure. %is ho.m’ma
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Ct:mven)rion bt) Posh\a‘hns
(5 [ruwe =2 ¥=F1

“0 be an QS)(‘O\\D\]S\'IQ& {)Qrmu«\a. Tr'cm (4') Gnd C‘S’)
we es\‘o‘l:\‘ns\q with Yhe TNRule o? Le.'a\')ni?_

() U X=Xz trwe)

In view o? the VitHle we hove used, (8) is o
?&sciﬁo\)ﬁng Pormu\c\: ‘Fo.rsin& W} as [X = (X = }rru.e)-}
we conclude me i+ (‘m combination wikth the Ywo
'mference rules ) Haal  true  adks as 'sde-n}i\j

e\e.men* QF) -qu equivo.)ence..

>

Hemark., Tt is not di?ﬁcu\)r }o show +hal on o?em}or
wﬂ-\n o \eﬁ 3d€h"'l\:j elemen\‘ oand o \‘)ﬁq\‘ iden):ib
clement has a unigue 'ld&n\"l}‘j e\emenx. The equi-
va\ence \Oe'ms Sas«nme}ric, we CGn C.onc\u.c\e “no.‘-

true is Yhe ‘|den\~1\3 element o? Me e.qqu\e.nce.
(Eno\ o? /\?emar\«.B

'Thouﬁ\q (0) ond (2) as established ?0!’?1’\&.«\&6
Cap}ure Ye nohions o? c\ssociq)f'wi\-b and s&)mme\-r
o? the eo'wvo.\ence, we shall rore\b reg?er Yo Yhem in
Hhe seque\. The rveader will be suPPosed o krnow
ond remember Ythol the equiva\ence -\like o E?e"‘:’
other oraero}ors to be in‘rrooluced s\ﬂor\-\b—. is
associative and samrne.\rric,ano\ we shall ?ree\b
reorde.r Ow'\ol T‘egrou‘ra 'pne. operomds o? Suc\n

oPercﬁ-ors as the meed arises.
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1n Ca s’nm'l\ar‘ vein we S\ncx“ o@}?.-n re Fmih ?rom ex-
P\ic':“-j SPQ“’mS ou" G ‘\ns}an}"ia}ion such as CY I
T is more \1\<e\3 Yrot we shall re?er ‘Yo the E’ormu\a
Yo which dhe Rule o? Trnstontiohion i3 o e app\iec\;
i? necessor wﬁ\'\ }\ne Su\os\-i\‘u\ion Yo e Pergormed:.
instead o amoeo\in ro (), we m‘ng\rﬁr aive ¥he
hint “on account of (0) witn K.Y, 2:=0 B, C ",
the lodrer \oeiné o code FC)‘(‘ Prhe subshitution o

be per ?or’wve d.

'ﬂne q\'aove Ccmve\q\-ions 6reo}\3 reduce \-\we,
\ens)-\ws o? our Pr‘mf}s —T‘Educ.ina \rxo.\? o page
or so ‘\'O Fer\wafs o Sihg)\e \'me.-—- W\\'\\e ne'uh'\er
'lmFQiV'i'ﬂS “}\ne. Tisour’ of *\ne, argumen}‘ nor TDOS‘mﬁ

& \ouzzle. Yo Yhe reader.

/\?emo.r\«. _In Q“ \eu\' *)'\ne. Sim]o\es} O\PP\iCOA’]OhS O?
e Ruile oP 'Ins)'o.n\rio.\-iova, Pne owthor is clrmost
Vnorc\“:j o\o\isec\ o men tion 4\'\2 Su\os\-'l\-u\-ion Yo
be *Fer?or‘med. Tn the presence of opercYors
de?med on Baas o? o]oerands, which occur in a
hence irre\evcm-} order, ’r\ng ques\rion o? w\\e\-‘ner
one 3i\ren ?ormu\& is & SSh)ro\c\*ic d.es‘cendqn¥
o? another S'wfen ?ormu\c. seerms in 3&1’1&:‘&\

not eosb Yo onswer o\‘- o.“ (Ehc\ o? ’Qemo‘rk-)

Remork. There s hH’\e )';o‘m)r n S}o}ina ex,:\ici\'\ -Hna)‘

'“ne. ec‘u.‘;vc:.\ence S "\‘ro-ns'n ive n e sense '“v-.c& or

eshoblished [A=DB] and [B=C), [A=C] s es-
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-}c.\o\'ls\r'nec\ as we“: ‘WIQ- ?C-c} ?o“o\,os —~ ore “’Ian ane

WGU‘ — ?rcm Yhe Rule o? Lebniz. (Ena o?fﬂemc\r\t.)

T‘\Y‘\O.“:j, we derive ‘m de\'cni\ 33)— Ywo ?ur“ier consequences

of 6.

\Js“} FZ o? H’Ie ?c:rm [XEZ] , we conclude
From (6) and Yhe NRule o? Leiorniz Yhel ?.X 'S as
established as ?.(X':—: Jrue) ; since Yhe loMter veduces
Yo e es}o\‘o\ks\\ed (6) noﬁmn! ~ we have es}a\a\is\xed

?.X , Le.
@ IXx=X)]

Nl\'\'\ ?.2 of’ Hhe F:btm [23 , wWe CO\'\c\ude ?“0"\@
(6) and Yhe Rule o? Leibmiz thod ?t}rue 1S as
established as ?(X =X) ;.  since Yhe lodter reduces
Yo the established () . we hove estoblished

(8> L¥rue)

So much For' Yhe &o‘u'nva\ence.

3 »*
»

The }ime has come do mircduce our next
in fix o‘oera¥ors: A4 —hc:o“ec\ Yhe #dis'unc\'ion“—h
ondd A —caled Yhe ”Con\')unc\"mn"—-— . 'n'\eb,}oo,
ore s:jmme\-ric, ond associotive , and in the sequel
Yhe reader s So\‘o]oosec\ 40 Yknow and Temem\oer‘

'H\is, e, we ?ee\ O\.SQ'W\ ?ree }t) omi}‘ su,]oerﬁuous
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\porenH\esis Pq;rs omnd r}o reorder ona TE9MuP )r\'lesr
oPeromc\s oS we see F-\‘

With }he introduc¥ion o?c\ second 'm@x oper-
otor —the c:)\‘t%')umc\‘scm say~ we ore '\mmec\io.)re\:.)
Paced with the queshHon what 4o do oboul expressions
such as X v Yﬁ 2 . do we admit i} , and, |
So, S]"O'-A‘\O\ i} be T;Qrseo\ as (XVYB = 4 or
as X v{(XY=2), or is the distinclion irrele-
V&n}?

Tn this case, '-Hne dis\'mc)rion \s re\evcm}-,
and we introduce ‘Hﬂe conve‘n)'non 'Hf\o.\- XVYEZ
s}flou\c\ be T_)orsecl Qs (X V\’) =7 , & conven-
Yion 'Hm:} 15 ex“oresSed |3} S\-o}'}h& Hhot T hes
o Sra:\}er \o'mdins ‘Dower :gthom = . (No“e Hhot
“Bindin power "\s o P“‘re\j sbn}ac¥ic notion: iks

‘m}roduc. on Q\\ows 'Hoe QOMISsSion o{? some o}\'\erw‘:se

necessarny Foren}%esis T.)a'irs )

S'lm'l\o\rb we introduce '}-He, c:onven):ion )r\'w&
AN has a Srecﬂer \oinci'ms power Pon =
e. XAaY =2 shodd be )oo.rsecl as KaA=2 .

Whoat cboeutr X AYVZ ? Scme authors
ac\mi} ﬂ- omd Tesolve Hhe san}ac\ic Qm\aisu'.\-J
b:j gwing A o Srea}er \omdinﬁ power Phon
Vo, We shall net do so since such « no\a\iona\
convention would des\ro:j an otherwise P\easirB
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S:jmme}rb.

@_;*’."_"_____M‘~ gmchﬁ '\lne F)ormu\ae 4\'\0\' can )De es}a\o\‘us\wd

s, {)or 'ms\-omce,

L XY AYVZY ACZVX) =
XANY v rAZ)Y v (Z2v X))

2

o ?orm“\os Fhal wodld lose much QP'\\S ”\oe&u}b"
'u? we removed 'Hne Fo.ren}\neses ?rom s second
line. Qe o\o\')ec\-‘.cm is,\ﬂoweuer, ynore Proﬁmnd.
E\ec}rrmic engin eRrs u«suo\b Sive comyuncBon c.
grieo\}_er‘“ bindin power Yhan éis\)unc‘ricm; we hove
Me} Ynam:j u‘R\o “— N -Hne‘ur ho)l‘o\}‘\on\.—- wou\O\
equo.*‘e XA(YV23 w‘r)‘hou} \ﬂesﬂo\ion Yo

XAY v XAaZ , bol were very wncerrain whether
XANY vZ2Z coud be equo.\red Yo XvZOACK2).
v other words, -H'\eu did nor know Yhal Yhe dis-
Junc\ﬁon dls}ﬁ‘:u\‘es oS ‘we\\ over the Ccm'unc\':on
Qs —nne CCJ‘Y\;)LAF\C}‘IOY\ dis\'r]\ou\'es over ‘he d‘is:)unc\'mh.

Tor this s}mnse o\oservo}ion, Yheir as mme)‘ric noha-

Yo is a F\Qus}\g\e EXP\QY\Q\"&OY\. (Enc\ off\?emar\ﬂ-)

ﬂs Q re:Sun' OP Qur re?uso.\ 4‘0 wve VvV ond
VAN d‘aWeren} Binc\‘ma Powers , we qu“ not odmik
XAY v Z Coror its S\cjn}o\c}ic descendants ),
* ¥
¥
A nex¥ San\'c\c}ic comvendion 1S required ?or‘
unary opero\'ors, o? which we inlroduce one,
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viz. 1 ,cQ“eo\ the "YIQSO.X'IQP:". We use it as

Preﬁx operc}or with Yhe ]’\‘15"123\' ‘Oindina power,
te. T XVvY L aXAY , and 77X =Y shodd ke
\Oo\rsec\ as GXOVvY | (XDA N, ana (1 XD=Y

mspec}‘ave\b :

For Hhe scke o? ComTD‘Q;'Eﬂ€$S we menYion ﬁé,
the ”nonequwo.\ence " Like the equivalence, it is
sa\mme}ric and qssecio}ive, and we 5\\1:_ ﬂ 'qu
same  low \oind‘mﬁ Power asg M‘ue equivo\eﬂce
becowse F ond = are odse Wlu\'uo\“\b ossocia-

Hve, e,
ICx=Cv22N = ((X=Y)£2)]
1S an es‘}o\\:\is%ec\ ForMu\o... In coww)ro.s)r }c:; }-\ne

e.quu.‘wo.\ence 5 W\'\ic\'\ s Y'EG.u'.reel For Hhe C«.P{)iCQ-

}ion o? the Kule o? Le}\omz, +he nonequiva
s used rare\:j.

Z2nce

/\'?emar\c. The conven]'ior\ 'Hna; hego\\'non hos o grea)fer‘

\Dindin wer Hﬁcm (hon)?gu'uva\?.ﬂce. s 0? \‘lm\)recl
9 P,

“relevomce” in the sense that ~as will '\roms]:'.re

loter —  the unor:) L and Yhe \Dinarb = Cond i)

are mu}uq“\zj assomo}'we, le. we con eshblish
['\ (x=Y) = ("xX)".—::Y] and
[CX#ED) = GXY£EY]

’Desp)re Yhis irrelevance we shall conlinue Yo Eorse

A1X= X as GXD=Y . (End o? Rermark .)
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The 'm‘frcduc"non OF& noame PGIS& Sob ’ €or
Yhe eXPressicm '7'\'me :

@) L ?c.\se = 1 hue)
conc\u.des ‘?or Yhe }-':me \':eina our ho*c)ionq\ Con~

Veh\"l ons.

*- %
]

Since the poirs oj? Squore brockels pose no
Sbn*qc’\‘ic Prob\ems —-inc\eecl: Qs %\g reqder }\&s
Ioro\oabl:j suessad, oFemns and r:.\os'mg brac\<e)rs
are Yo be voired os Uswal — Yhe reader is Glmost

repored *'o reo.d Formu\qe (2-0) -}\f\rou R (‘2-10)

P 9
rom the Q?Pend‘m o? s c\no\F}er.

Some Pre\’;m‘mar T‘em&r\'ts, \f\owever, seem

QFPro]:r':er. ’B.:) nows , Hne Veoder mo:.j \no.ve \Oe,sum

"

-\o wonder w‘m}r our \orec\l co:‘«es "req\\-:j oare ond

\,\s\‘\a.\' AT Squo\re \orqc\ce\s reg\\e meqnb‘ \Je\\, -“‘iese

we ’r\were%re Pre{’er
Yo leave unamswered, “Bu} :)us¥ n case sSame readers
de ‘m“'-”]'el:j_ \ore?er Jo hove a “wodel” n wind,m Jerms
;w\mic\n *he& can "'m}er?re)f ‘ Oor ()ormu\me, we are

W‘l“lng 10 \orov’lde ene.

ore p\\‘\\osOP\nicc\ Otu.es)rions, whic

o

O iar w';\\inéness o Provic\e Yhat model does nob
im\fa\:j Prot we ‘oromoste b, On Yhe Con}rw'-j, we Scﬁses\'
Yhal, once that wmodel has \ne\»f;ec\ these readers
over '\-\ne -}'\\res}-o\o\ o() un(?o\m\\iar])b, H’leb Fof&e.&ﬂ T+
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as soon Gs ?ossi‘n\e and ¥y to opprec‘.o\re our ProoFS
Qas maniru\a\ﬁons o? Unin)'erpre}ed Formu\o;e. We

have }wo CQmPe\\inj reasons R?cr Hhed Su&g&s"]on.

'The one YeasSor 1S ‘H’uo‘}t we S\\o.“ moanh u\o}e
@armu\ae ‘H’\o& are qvﬁ:\e monaﬁea\s\e w\nen }reo.ltec{
as s\rings o{? characters but \oaﬂ;\e the imagine.
bon when 'mx'er]ore;ec\ in Yerms o? Yhe wodel. The
other reason 1s thal the wos} ceniral Ccmcep} of
Hrok Ynocle\ SHM‘rnac\ out —Somew\no} -‘o our surpr\se\.-—
Yo P\aa no rdle ot all in the mo:‘_)or‘ Por} o? our

-H’neorb: in ?ac‘, we Onb need + in the c\'\a\o}er‘ Fhat

links our \-\neorn lo oPero.‘-iono.\ cgns’.dero\}ions.

The ‘moc\e\ Cons‘\s}s n view‘ma owur Pfediccﬂ‘cs a&s
boo\ec»n -va\ued. E)unc}‘rons c\e?med o Some ndh-ern\o\"j
domain  and \o:j QPF\J‘“S the o‘:em)rors Po'm)-w\se, ie.

~m 4he usual I;o.r\omce.—- :

X=Y s a boolean ?unc\‘uow -“no.\:_ Ts_.i_)firu_e.ibj'\;fgj o
ever X and X have Qquo.\ vo.\ues oancl ?o\se
&Uer:jw\w ere else N

Xi\( 15 o booleon Func;)ﬁcm ol s Yrue where-
ever X and Y howve c\‘a%-eren} values and ?a\se
QVQr\juo\nere e\se 5

AXvY s a boo\zo;n Punc\"lon n\a\' 1S ?o.\se where-
ever oth A and N are ga\se. and frue wery-
where e.\se;
X AYX s o boclean Func\\cm Yhal s Yrue  where-
ever Yooth U and X ore Yrue and Palse

uerywhere else
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IX s o ]Doo\%v- (?unc\-‘non "r\fm\r is Yrue 1uhere-
ever X s ?o.\Se. and ?o.\se euer\vjw\were else.

Tn this model, e ond ?o.\se are used Jo
denole either Jhe booleon constanis or the constant

?unc)"ron.s on Hﬁe. domodh . (\'JE. C:ou\c\ moke © nolo-
Fonal diskinchion bhelween dhe Iwo cCs-nce'F}s, hu) oY

is much wore convenient not Yo do so.)

Tinally, in this model ‘he square brackels
should e ‘ln}er)Ofe)Iea as umversa] quan)ieco}\m
over oll po‘m‘:s o? the domoain, e.g. [A=B] expresses
'“no} QE’B s )rrue n 0\“ }Oo'm\s OE'}\'\Q do‘moﬁh,
2. thal in ol Po‘.n\s o€ Yhe domam B and B
hove equal values, ie. thal} B ond B are the
same booleom ?unc\"mm o~ Yhe (same) domain,

O Qircums}anee Some}'nmes Qx)oressed \ob N=1.

We. shall not do so.

(REGSCM. Tor ?unc\'lcms oanc S o %e SGme
O(O'vnmn “ ?of* &“ K On }he domain : X "

= 4

is uswally, rendered oo, ?-_-_ " Tn thot convenlion,
J 9 9

’i“ne un‘uverso\ O(uo-n"v?'v:a}\m over X% ' h?=3ﬂ

more or \ess 'lnc\ico}ec\ )o om}n'm c\)- \oo)r\n S‘uc\es

"Hne o.re)umcn\-. ’Bu} we ao\ve \e@ | lﬂe orsum-em}‘

unmen Haned %o S)-Qr\‘ wi)rk\. ’nnere go-re, Yo \Sus\i‘?

Q=R as shorthand &x‘ 1R=DB c:{3

. WE WCJLA\
hove Yo shress Yhe difkerence beolween = _ancl
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= ‘93 ao\orhinﬁ the \c.uer with o universol qvwm\'i..
?iea)-%orn, dhe Scope oP which s no} ‘lhd‘\CO&EA. OA\\O\‘
outr Q=1 v Ybrue , whal cboud R =B =C 7)
O’«‘" experitnce  Lath such imp\‘nec\ universal o\uanh?’wm
Hons 15 so un ?or\\ma}e in Yhe case o? booleom -velued
operonds Pel we have decided Yo conbinue Yo write
the perfecly clear [A=B). Who doubls the wisdom
6? $his decision should s\-uo\& ‘he \'\'1\oso?\ners"
hassle about “Yhe ma)er'\o\ i \‘u:cg)ic:rr-al versus

"'H'-e \osica\ ‘1m‘>\ica\‘:tm". (Eﬁd o? @QQS%.)

By woy a? intermezzo | we shall now derive o
number o? Yhe POTYAu\Q.e (2.0) }Mmugh (2.40) . We
C‘Q“ }\rﬁs Gan ‘m}ermeno, ?‘.rs\'\:j, ):e.co.use Hﬂis monosmp\ﬂ
IS no¥ a ’:rea\lse on los‘.c Omd, seconcuﬁ, becouse dhis
CG\CM\Q\S Can \oe Fw'ncleo\ m sSo manb «-Fer\no?s ewen
better - waus that we wmust have sPecic\ reascms

@:r Presen}%n‘s Yhe @:\\owxns derivaYion.

Our wmain rveasom s hnq\- we re.sré 'nwe. %ac\'a;icmo\“:j
C‘@.h;\"Q\ r'é\e -}ha‘; ‘he 'l‘mp\icoA'lc:n P\ovs I Such derivo-
)r'tons,c. ra\e. 'Dr P\oﬂs OA' H’se expense o? }]he equa-
valence o Ythe exVen} Yhat the equ.‘.vc\ence, den oted
\03 <> 'ms\eo.o\"o? ‘°fj = ond Fmﬂouncecl as
* ¥ and cm\:j 3? ,'ls u‘ue.uqeé as o mere o\o“)r'ev'rc‘}'\'ch
0 mu\\uo.l '.m‘o\iccA'aon. “The predominance 0? H’to}
View 1S }ru\:j re renq\b\e hecause it has gven rise
bo whole Sene.rcgicms o? mathemalicioms ?o-r whom
‘n\- has ]oec,c:me, & second nature "‘0 Fmve each

ec\u‘\\m\ence \oa shouﬁng 4%0.\- )r\ne ome side im)o\}es
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the other and the other oy reund, ond whese Proo%
are as o resull oﬁen hwice as \U“f) as hecesscry. (R
SU‘DSequen} ccrmP\ico.\ricn S 'Hwa} )r%eir Proo?s 01? }\nc
'H'\c\'lv'lduo.) imFlica)ricms ore ﬁ’eolu.en)rlb Encum‘Dereai
‘03 Perfec‘b avoidable “Reductiones ad ﬁbsufd.um’.)

Consequences o? Yhe c:en\ro.\ ra\e of 3r)'1e, '|mP\h:c\":on
Seem worse Yhan wmere clumsiness: the discoverﬂ Yhat
almost all o? these ma}]’lema\iciQﬂs are unoware
cf -}\f\e QSsocio)rivi‘:j o? -}lqe equ'nva\eﬂce f‘,rceo\ oY
us +he conclusion )r\wax -}%eﬁr VisSion o? he \ogica
operctor has }m\ﬂ been obscured.

Another reason {%r‘ dOu‘O‘}ing the wisdom oF giving
Yhe 'im]b\i(:u)‘lon such o cen¥ral vdle 40 P\o:) is Fhakt
o? oll Hne, u.smo.l in F‘ux o-‘oem}ors '1} 18 ‘OreCiSela Yhe
Onb one ‘H’\Q\‘ s ’ne'ln'\er' sttjmme}ric nor Q'SSociq“'we)
o circumstance Yhat mokes ?o-rmu\qe, ex]:ressec\ n
+ o less easJ to mmn;\ou\a\'e. As o resull it does not
Seem o ‘Provic\e o basis For o convenient and
?leai)ole calcwlus. This intermezz0 s included with
the 'm\'enhcm o{) '|hcrec\s'm3 Yhe reader's o\\ﬁ?rec'-o.lﬁon

such s‘|m\o\e Y;ror:er\"tes as s:jmme\'!:j ond associaki-
v‘.\:j,- o} Yhe same hime ¥ moy teach him some new
u.se_ﬁ.«' cormulqe or shed a new \ESH‘ on ?orv-nu\che.
he reacb kenows.

The derivoation starts with the inhroduction
og = ‘:os\u\a\‘ec{ do he 53rnme\rﬂc. and GSsocic-

kive |, ond o? the ex]oress'-on nomed Yrue , @3
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M Formu\oe (0) \'MrOu:s\n (8) .

Nex} we 'm)lroc\ucz e C\i.s:)unc\fion v , also

OS}M‘G}E':! '\o \oe s mme}r\c ond QSSOC"ICA}'FVG. "\—ur-

'\'\'\ErMOf’e 'H\e disjunc\'ioh %S \oos}u\c\}'ec\ )-0 \:e
\c\zmpoxen}' , e,

(10) [X v X = X‘]
ona 30 d\s\-r’:\mu}e over }}\e equiv&\ence, i.e.

(1) IXaY)v2 = XvZ = YvZ]

Framn (1) we derive , oy su\os\-i\u\ma X F@f‘ Y,
?o“owed \03 §wo OVPF\EC'O\}'IOT'IS o? (6) —ance with
Xi= XvZ -

(12) [ Yrve v 2 = Yrue) ,
\e. }WG s q\so “ﬁe 2evro e\emen} o? }\19 dis:)unc\'lon.

Nex\' we ]n\'rOo\uc_e. }‘\'me. cgn;)uhc\}ioﬂ N \ob
de?\n‘m& i\- \otj }\12 Pos\u\c\'e -Aano icio.“b \tnoun
as "The go\deh Rae " -

(13) XA =X=Y=XvY)

From Yhe s mme\-r:j o? Yhe equ‘nm\ence and (13)
we deduce 'nﬂa }‘\’ue c:cm"unc\";os—\ 'S Qs sbmme\'ric
as Yhe c\'us\)unc\-ion. Trom (1‘5) with X=Y |

we deduce

[XAaX =X = XzXvX]} ,
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e, '“'le Conjunc’r'non s as '|dem}oo“2h‘} Gs h-le 6\5\')uv\c-

)ﬁOn. Hence, M view of (1)
(14) XA X = X)

Nex’f, we shall show Yhat Moe COr:‘)unc“ibn as
defined by (13) is as associahve as the c\is;)unc‘ion.
We eskablish in succession: ?rcmn (7)) with Xz XAOYA2)

IXACrAZY =2 XA GEA2ZYY

hence, fram (13) with X, = Y, 2

XA (raz)= XAn{Y=2=YVv2)) ;

hence, €rom (13) with Y= Y22z vZ2
XA(YaZ)sXaYa2ZavvZe Xv (22 =2Yv2)),
hence ., From (11) ~repeq)redl:j~ omdl rearranging Yerms

[XA (Ma2)= Xv(Yv2)=
=EY=22=VYvZ = XVYE“XV 21-- -

Since he second \'me o? }\18 c.\sove is S:jmme\ric n
X P \r, and 2 , So s the G’rs} \ine. EXPlol“in Hhis
{)Ouc“ and the 53mme\-r:j °F dis- and Cm;)una\on,
we gek

IXAMAZ) 2 (XAYDAZ =
Xv(YyZ):—:(XvY)vZ] ,

w\'\\c\-\ neasr\:j éxpresses H\a* Con‘_')unc\‘?on is as
aSsoc'u:.}'Nt o5 dis)unc\":cm. (NO“'@. JF\‘\&}' in “'}'\‘\S deri-
vo.\*'a on we neec\ecl '\'\f\a“ A’ C‘\'IS\'T'ILQ)'QS over = )
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We \eaue % -\-\r\e reader 40 ve,r"% 4\10]‘ Hhe ’Ru\es o?

Q\bsw‘ahon _see (Z5)in Qrapendix- ?e“om rother direc.-.\-!j
ﬁ‘ow\ e Solden TRule and }Yhe 'ndemr;o'l-ence. More inter-
eshn‘j are '“ne dis\'ri\ou)ﬁve ru\es.

With (7) and (13), we establish
[(XaY)VvZ = (XaX= XvY)v2) :

hence, with (14) —repeo}eol(a__ and (16) with X:= 2
IXAYDVZ 2 XvZ = YvZ = Xv2ZvYy2]

—

\'\e.nce, Wwith (13) with X,Y = XVZ,YVZ
(15) [XaAMIV 2 = (Xv2Z) AOrv)]

>

ie. Yhe disd'unc\'\on distribuYes over }he Ccrn\')uﬂc"i?n

as well,

To demonsirale o} Yhis s\-o.je Yhet Ccmverseb, the
CGﬁJunc\‘ion distribules over Hhe d'lS")\AﬂC\‘iOh, 1S
possible, bul more loborious. Decause laler _ie.

G@er n'!e 'm“rod.uc.\icn o( 'N'ne, hegcahor\_. Cu w\v«.c\n

shoéer Gr‘sumenlﬁ‘ CGn ‘02 Siven, wie Wnow 3’0“’8 Ohl:j

Q s\rekl\. In
KAaZDdv(ra2)

Yhe con:)mc.\*ions are eliminated with (1) Nex},

1S d‘sh‘nbu*ec\ as wnuch as ?ossiloye over = the

=

resu\“' S an equiva\enf:e o 9 f\-erms, which are
c\is")unc\-ions. F\?}er m‘mP\i Jica Hon o? Yhe Yerms with
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(16) — the \dem\oo’tence o? v - 6 o? Yhe G Yems
concel accordina Yo (€)Y, ond we are \c@ with

XvYz=Z=s XvyYuv 2 ,
w\n‘»c\-\ on Qccoun%' o? (1‘3) eqw\va\es (X VY)/\ Z

'-ﬂng\b we establish .rrcm\ (13) with Yz hrue  and
(12) with 2.2 X

(‘16) [X/\A'rueE Xj

i.e. '}me s Hme 'uc\en\':\ e)emen)r o? e conunchion

as We“. So wuch 13 }'Be \n}mcl.uc;}icm o M‘\e
C‘onjmnc.*icm.

Nex‘ we \n)rod‘uce -aﬁmn in )t?-fms o? Vv
angd = -~ Ye Y'le_gc."lon \ij
(13) [XvaY=Xv>=X)

From (1?) with Yz )frue, B C1‘2) and (6) we derive
[ X v '1 ‘a'rue. = X ‘l ,
i.e. we hove €0umc~\ the '\c\en\‘ub e\ em en} o? )‘\’le dis-

:)unc.\'ion, which deserves o nome | Fq\se S oy.

With
(&) [?«:\se = 1 drue )
we \'c()de derived

(a)  TXv flee = X)
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, and (19) we establish
(20) [XAFGSQ a—.-_?cse-)

L€. {Jo.\se s Q\SQ nﬂe 2ern e\%m&n}‘ o? }\ne Cm\}unc\im.

’From (13) with Y= ?a\se

)

"rrom (17) L.n}\v\ Y::X
(7) LXvaX])

ancdl _(1_0) . We 3e¥‘

From  (13) with XY .. @;\se, X we ge}

[Fa\se vaX = @'ﬂsev X____‘E false ]

}wo Q?P\‘lcq]t'lon.s o? (1q) D’\e\d
(2) ("X =X= Fq\sel

COm\o‘minj (22) ”as is” and C‘Z?) vaith X = '\X , We 32}-
(23) [ X = X)

?

ie. neﬁohcm s irs own nverse,
From (22) Wb Xz XEY
[-XzY)=X=svw= gq\sej

ond (22) once wmore we Sz\

G4) TA(x=Y)=1X = )
With X, =Y, X, (13) b‘.e\o\s
[AYvaX =aY v X =n1Y]) ;

Yhis U‘:e\ds N cm\a‘ma}ion wiYh (1?)
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[AYvaX=z=aYya=s=Xs=s X~vY)

with (24)  we ok |
LBYvaX sa0reX=XvY))
ond with the Golden Rule
(25) [ X v X = 1(X AYD))

I

»

e, one OP -\'\';e. LQWS OE ﬂuaus\us dQ M0f5°‘“3 Whis
o\-‘ner \o»uo immeclic.‘c\j Fo“ows With -“ne aid oP (23) .

“The So\den Rule s sb'mmexr‘ac. i Vv and A
de Morjan's Laws ond “ne P&c} ‘Hno.\‘ Y!eau}icm S
i\'s oton nverse ie\o\ on onner WO o €x P\o\\‘irla
the Sammext) between Yhem. T s, Lo 'ms}ance,
Nnowy 5$mT.>\e ma)r}er ~\-o Aerive ?r'o'm (18) “’m\',

canverse\ , con unc\ﬂon dis}r's)pu\-es over Ccm"unc}ion.
e SEngunc: J

In ocder to prepare the reader E)or onother
oPPrecic}ion o? “The go\c\en /Ru\e, we wmeke o small
2xCar sion a\oou‘\‘ QSScscic.)r'Ne oPer‘o..)rors in Senero.\.
ﬁ)eno)ﬁr’? ....?or Brev‘;\:j'_s sake ~ some o)oero}cr
‘o:j J‘u.x
b

QPQS]}‘(OH R = QSSQCiq}'!V'i\‘\j s ex?resse&

@.?) (abde = a(bc)

The purpese of) Yhis excursion is o Poin}‘ out

Ji‘\mo.} eo\c\n QSSOC‘GQ}'.IVQ o er'c.}m" 3'\\!@8 rise ‘\'0

wo Fromsitive relahioms, Which are identica) lp .

'Hne GSSOC\GA'NQ. OPem}of 18 Samme"ﬁc. Tof‘ 'H'!e
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wrpose o? Hhis excursion we dencte such o
fe\cs\"lo'n b:j < ond c\e?‘me. W -—w\\-\n = ‘hmﬁr\j
the lowesh Bindin‘s power ~ \9:)

@) ask = abzb

(1? tre C\SSOC\O\)I'NG. oPerc\}or s such 3‘\'\0}, seen
GL‘)—.—.\O does mnet have 'm)rereshnb

as equ.o}'\cm,
SO\u\ﬁons, )Hne correslocmc\ihﬁ re\o}icm < s no}'

ve.r:j '\ﬂ"eres\"tna e.i}\wer.v

Trcms}*ivi\:j o? < meons l’ka\' i? Gs\s

and b sc are given, asc holds as well.

ﬂccordin3 ‘o (23)

(28) ch =b ond
(29) be =¢

hove been Swen. \We vrow doserve N successSiun:

ae = clwoc) {Lan oc count o? (‘20‘\)73

a(h) = (ablc § (2623

(cb)c = bc {on occuwmt OF('ZB)S

be =< {('29)}

COm\'a'm'mj VYhese reszul¥s, we deduce ac=zc ., le.
s cC

Note,. Qur conclusions “on account o?ﬂ ('ZS) and ('28)

res,:ec\“nve\\-j are essen)-'-a\\ an o.PPeo.\ l'o '}Jne Qu\e 0?
Lebniz, be W} in < di??ereﬁ} contex}. (End o? Neote.)
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Ex‘:\oﬂ‘m ‘“'Je ass:oc}o.}‘w‘n\b o? -h-.e_ d‘ts‘junc\r\on
we coan de ne QﬁQ\OjQMSl:j +a (2?), ?or edim}cs

the o]:erc}er =  -caled the '\m];\'n cakrom  —
Y
(30) Ix=aY)=s XX =Y

/.B Ty A Y T"A’ com \e\e\ O\nc;'o O s ;c:) &%e
N argume P9 o)
o}:ove., we then &)mc‘ H')o.} Yhe implication s

framsibve im the sense Yhatl i [A DB ond
12 E>C] are estoblished . [Pﬁ = C—j Cow We
ectablished as well,

'nne_ So\dan @u\e s)rc.)es 'H’)c}
(31) L(X=2Y) = X/\YEX] .

W’-“ﬂ K.Y = Y,X oand Yhe Sbmme)rﬁ 0? N, (a1
3‘-9\&3
[(r=2X) = X AY=aY]

H

V.e. \’)u\ Fc_n" N inf}‘ei“é}iamaq OF }‘)Q araumen’ts '

’“'\Q C‘;‘lﬂjunc\ﬁﬂh and «qu. Corn\\unc."nc:nh 6\\:& TisSe

Yo the same Yromsidive re

c}'l o,

\xle Wlen}\cm O @r“ﬁer cemsequence of The
go\den Kule. Su.\o}oose Yhet we would llke Yo
:s}o]o\islql '?c:rr' seme R and B 189=18)
Thanks 4o The So\c\en /Ru\e, Fris  om ounds To
CSI}Q\D\iS\'\}nS [ﬁ /\B = QVB] , \A\r\ﬁc\'\ Lad= NN
e achieved l:b es)ro\\o]‘usl\'mj ?cw- some C  both
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[g AD = C] and Iﬂ vd = C3 . ChOOS'lnj @;r C

?or instanece B , our ‘Proo? o\o\‘:so}ions Yecome

[RAB® =0] ond [Av®=RA], te.. R B)
an o ['.B = F\-_\ resFec_}-‘.ve\n_ n waras: equ\va\Eﬂce
moy be Frcwed BJ Fm“-j '\mu}uo.\ 'imP\icc}icw\.

’_‘Be«?cm: rnakin more  use 0.? +he '|m,3\3cq\-icm
we had betler decide }s relahive B‘mclinb power:
we aive W} o 3reo.}er bindin Fower 'H\o.h = and
—?‘: . bud o smo.\\er b.lf'\d’rhﬁ Fower Fron v AN

omcl i T.r. %erms or -Hw_ 'lmF\lc.o.)'?on, we can
nous rewrﬁe. ‘H\e. ru\es o-F O)'Dsor?l“lch as
[ AAY D X] ond
IX 3 XvyY)] res?ec\"weka.
* »*
*x

We hove wmentioned earlier tha} our Predicq¥es
Moy be modelled }’:j boolean ?unc"icms on Some
nome-mp‘r:) domain and thatl the square brackets
then CeresPond do wuniversal quo.n}—‘.?ico.%on over
thet domain. Since in this model [9] does not
depend on the anonymous  domain variable | o
Fur}\wer- universal C‘U\O\nhﬁcc\\io‘n over thal domain
has no cﬁpec'\‘, i.e. vim»eal-—ﬁs—«mfj—oaﬁe-ﬂe%c,
the squore broackeys denodte o unary oFerq\-or‘
et s ic\empolienxz we need nol c\is}inﬁuds\q
bex-weenn [PQ ancl  [LR1]) and O\nJ exypressian
o? the ?orm ARl s an ‘uden}ﬁb el emen} o? the
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sqQuore ‘Dro;c.\\'e\‘& Iden)r'c‘:j elemen}s o? Ye square
brac\ce.\'s are Co\“ed ”c\omo{m Co‘ns‘}‘Qn\'s ”; ‘Darr'ms
dependance on other Fomarne‘ ers, *true oand

%\se. are -nne. onb olomo(m cons\wm'\-s.

Turthermore , in this wmodel dhe oPem)rors indro-
duced So@:r-l.&.g,ﬁé,@, N L,V Jond N —
do not introduce c\ePenc\ence. on Yhe ANnonymMous
domain variable | ie. 'l? their o?ercmc\s are do-
moin  Constanks s So 3s the re suld . Ccnsequzn}(\’,

we do mot need Yo express the ‘iczlem]oo)rcnce.
0{? -Hae Sciu\ou"e. \Of‘&c\(e}s ‘03

COOX) = [x7) :
Just [IX1) = X il de

Formulae (2.11.b) and C'Z.‘l'l.(‘.) o? the.
3] dix express
ppendix  exp
b) bhald un'av:rso.\ O‘MQn§'tﬁca\rion o? Ca CW;}th\iw

s We Canjunc.\‘ion o? -)-)ne un‘.v@.rso\\ qu.o.nhﬁ-

eo}icms - O e,nera\'t'Zo.)(ior\ o '}he.. associa.§-‘uxf;:j

and Snmme}i\j °§) Phe c.cn‘unc}'ton_..
c)  Yhat Hhe diS\)unc\"lon cl'ls-\'r'l\:)u)‘es over uni\fer‘Sa‘

qmnh i<:c.)r'lcrn —_Q Se.nem\‘uZGA-?crn o? }\ne dis~
:)unc)riCm\s c\isq-r‘u\ou\-‘uon over ccm;)unc}\m.

/Re.mqu Formul o (2.0.‘:) oy be rewriq‘\% oS
tjfrue.] = true , ond

{-’ormulo. (2 0.c ) as

[Ralse] = false ,
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thus exFressin3 tha} ‘rue  and Fc\se are iden’rﬂj
e‘emenxs o? the square ‘oracl':e\'s. Since universal
cluomhgco.!ﬁon over ow emf}? domain c\\wo:‘js
‘j'le\C\s fraue and  existen Hal clwo\,\}'.@ cation ‘over
an e.'f_'n}obw domain always Ui@\c\s fc.\se, emptiness
of the domain 15 excluded. 'fkej would alse hold
ex‘.s'}en}'\o\ CIMO\T\}‘IﬁCQ}\C)h over o non~€m\r\:j

olomin,]oulr %-\nis 'm‘\rerPre\'o\“vch 1S ru\eo\ ou) 133
(211.b) . (End of Remark.)

% *
*
We now Yarn lo ?ormu\o.e. (‘2.14) A'kmuﬁl\ (Q.QS)
of the a\o]oenc\ix, ond Since theu wuse o number
hew notclions, we shall exp\o.in Hhose ?‘lfs)f- (And
We 3uaran)ree }he reader thol}, c.ger these exploanakions,
the Formu\ae. are  much less formidable and over-

]oowerinf) thon 'Hne.b may look o} ?‘nrs) 3.'.3\‘}‘)

We start with our nolatien for Func]'iotns. Be-
cause, m the sequel, we wish Yo do o lo} by the
monipu\o\'ion 0? un}h)er‘orex-ec\ ?ormu\qe, we have
Yo be Ve':j Tarec'-se. cboul Ythe no\-qxﬁono\\ Ccmven\‘ions
we hove chosen Yo chc\o}-. (And Yo choose we hadl
There seems Yo be hordlua another areon of wmalhe-
‘ma‘-ica) no‘-o-)!ion w)\ere Ji—\'\e es\n\o\‘ns\neo\ Ccmveﬂ}'ions
are so unc\eqr,Cangasin 3 Gm)aisuous, and ccmﬁic\--
ing. Ve wrte “sin(x+nd” but are Yhe Farennﬁeses

. ’ " “
T sin(x)” hecessar:j? Does sinix . stand Cor

7 (sin x)" " or gsr “sin Csin x)t ? I? Yo ch oose. Yhe
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fl "

irst one, please remember Phod 'sintx  is u.sum]l:,
deken Yo s\'omci ?or “arcsin x ". 1s ? n "?(X;‘a)
=¥ '?unc)-’uon W'n“»\ }wo O\rsume-n\s y OF & @nc\"lm

with one ar umen}, Yhis '}'r'me [} lied Yo an
: be

argument that }\ovmoens Yo e pair (x,b)?
'TR‘\SS lost gueshon is less Fou‘-fe\‘c\')eé as W ™oy

seevn o} \Grsh 313}1} because, as we sholl see

\ater, o poir o? \oredic,e)les con be viewed as o

single Taredica)re D

We have chosen 4o 3Yreat F,m clional o.]op\i cation
6sS an asymm eic B‘.nor:j 0)oerc}or~ s Yhe le a-- hand
operand being the function ond the right-hand

_ operand be‘ma Yhe WQI;SMMQ;A‘ _and furthermore

Jo denote Yhis gperc}ov )::J on infix \oer‘iod.

So we wou\d wfﬁe. “sin.x ond not merel&,
“ sin x" . Tunc\‘ionq\ O\FP\'\CQ);‘;QY\ 1s 3‘1\/’{7‘: -H'\e.
\'a‘aa‘nes} \o'mo\inlb power, s0 in "s(x+1)  the

Faren)-‘hese.s are no)r o‘»‘ionm\.

Tur-)-\'\ermore, ?unc\‘ioha\ ara\o\icq¥ion is wko}

is called ”le@—ossocig}'uve L e .F.)n s short
?or (?X)b R where ex s)‘o\-ncls F%r G jrunc-

}io'n 'H'ia} CTonr O\CCQF}‘ omo)-\wer o\f‘gume-n'\' — 2. ‘:j...,
Mrol s, ? i\‘se\? is o g)unc\-icm, a‘;}o\ico\\“nm OP
which Go on o.rf)umenD 3‘.@\(\5 amother ?u*ncsriov\.

?emar\& \l'lew'mj ?unc}ion CLVF\ECQ)'IOY\ '\o a. hum\btr‘ o€

oraum gn}s as o hum\:aer o? ar]o\’ac.c;\rions -}o one argu-
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men\—s, one q'} e ‘\ime, s o we\\-\nown o\cvice., cq“eg\
o Cufrdinah (a@er H.2. Curr:j) TuncYion af‘:\icas'\on is
o@en dencted b 'ux)fa]ms‘f)'non, Le, \OJ o spoce. The
decision ‘o ?u» LS‘

ours. The decision \was Pr'nmo.rib 'ms]:'nrecl \mJ Yhe

SFace \93 =Y Perioc‘,houwer. s
desire Yo c\‘\s}\n‘_o)uis\n Phose o..?‘:\'lco.‘iOh sTao\ces”
?rcmn other spaces one m'-‘s)\)‘ w Yroduce in q)ormulae.
(as a visual oid %o T;arsin3>; we chose the Per‘.oA
hecouse -asq'm Qs v'lsu«q\ avd 3;0 Or Sing - }\- s
\Wise '}-o \'eTJY'QSQh} the o?ero\\‘or with '}Le Sreg\-er

b‘mdin& Fowe_r \o‘.j Yhe swmoaller character. (End
o? /Remar\m)

Nek\‘ we )‘b\fh Ao ounr séjn\o.x {c):cr‘ C\uom}iﬁef

emessions !

(& dummD T romae : Aerm) un'\vequ\ quan\i{?im\‘ion
(E_ cl‘*"'"“:)‘ range : Aerm ) existen Hal quan;igm;im

" P

u\r\ere. ”d.umm cou\e\ Q\So ]De. I{d.l&mm ies

~see . @r
'lﬂs\'qnce, (.15, Blc) -

Because s Y\o\‘a‘ion C\e\!'lc.\'es n '\r\'\r ee Wons
?rcm w\f\o} s L\suc\ , We 3‘Ne 4\1@. rea son E-?cw these

deuiq)ticms.

Tirs}\b, instead o? B and E ome o@en sees
Y and 3 . ,.Bu}' uri\‘inj \eners uPSicle. C;-Owh s ho)'
G WwWise wa o? 'm;T’oclu.cinS new c\r\cu'ac\ers: or o

hum\:)ex‘ o? \e“efs - E?c-r '\ns\‘c&nce O » 1,.‘\1, S, X , Qr\cl
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Z — 3} is Yoo hord Yo cbserve the totation, and
“\e. C‘_cmven\r’\on 3rea\‘\:j ccrm?\ico"es )r\ne Pmc\u c\'scm o?
)tbPewﬁ:ﬂen c&ocume-n\'s.

Seconc“:j, Yhe ‘m)rodmc\non o? pne ronge S um-
usual.  We \mmec\iq\e\b o«.:\mi\ "\\f\o} in ‘“'\e. c:m\-ex}
? U\n'wef'so\ and QX\S}enhq\ QU\O\Y\"'I?{ CG".IOY\, Yhe
¥

eeclom o? expression e Tange QwWes us s not
s\-nc\-\a necessary. As we see From (217)

[(ax: C.x: €XB = Cax: _)‘rue-. nC.X Vv Qx)
[(Ex:c.x: {)x) = (Ax:Yrue: ax A (’x)

1e. the Yonge con be subsumed " the Aerm;
and as soon as The ronge s oNwous the
Constant rue | i+ con be abolis ed, and
such is the co-nven\r\on aolo‘oled in }}le s}ono\orcl
literature on losic. “The \ooss\\o'a\l\:j Yo suhsume
'}'\‘re range 'n the '\-erm s, however, eculior }‘o
B and E | gwr which Yhe derm is o Fr‘ed;cq}e.
The Yerms could bhe numbers and Yhe quan\ﬁﬁcq)im‘
could e Yhe O\na\oaue. o? mu\}i‘o\‘\co}ion or
)ra\cins Yhe MaXivum |, or -‘;\1& %rms could be seks
wi-\-\-\ ‘\hxersec}"cm as -\-‘f\e ana\osue. For 'H'\e \cﬂ-\-er
sitwoYions Yhere are ol sorts o? conven¥ions; &
seemed wAser Yo choose a u.ni?orm S:)n‘czx ond
)ro exxenc\ ix f\—o uw'\i'versu\l ana ewis%en}-‘uq\ quxo.-n\‘h

ﬁca\-icm oS we\\.._

The new g’eedom ’\'00‘( hs Some Yime 52})"&3
used o, bul, as hime went ‘03, we begon to
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a\o\ofecic.:\'e + more and more, T Yrned oul Yo be

Cowvehien\‘ Fro*m o Ca\cu\a.‘-'\ono.\ Po‘m} (o View.

We ancoun\'ered. ?or \ns}aﬂce, co\c'.«\q)-ions in u\'\ie\-\
_c_z_!_\_ ranoces were dhe some, and we Yook Yhen Yhe
\'n\oer\:) o? om'u}\‘ir\ Phem —lout mou'm\'q’min‘j Yhe

Ywo colons , as weﬁ\ﬂnue done ?g-r insYance, n (2.22),
so as Yo indicale the omission — . Thus we shorbened
our colcula¥ions wiYhoul \ess o? c\ar‘;\-b. Qdm‘.-\\ecl\s'
Fhe c::mcep-} o? romoe increased Fhe number o
@:rmu\ae we S\ﬂou\Cl )'mve o.‘- Cr ﬁnaer)i\os; at the
some ¥ me W increased Yhe omount o? wmse @.‘\
\cnow\ec\se. o} our immediate diS\:os<:.\. The wmore
‘:’OFounc\ Sain,\nowmr. will "'rc\-ns\o'-re in olread

the next c\no.FXer, where o @amc\amean\ c\'\amgeﬂ
'l?.u}'lcm o? un‘.verso.\ and ex\s)re'n;io.\ OlUt.Oxn.H ica\-ims
is rade n )rerms Q? c\f\o\rac\'efiS)ﬁcs o;)-\ne:r
\"onf\'ses. \J.H\w} Yhe Y\o\‘icn o? romge, Yhe SM\OSQ-
quent Meor would hove beem hard Yo g:rmu\o\e;
L c\ou\B\'/\rw\ne\-‘ner we could have c\eve.\e\oecl

Yhe th eory ot all.

Our pmr‘cl c\e\!ia}.cm c‘cmsis\'s N Hle o\aliéo.)-vb
Parenﬂ'nesis pair: (ﬂx::?.x} in s} ead a? Vx.?(x) .
We are no\ 30'17\5 )ro exp\onn whal duwmies
”reo.ug are ", blA}' ane “’ﬁha =3 Cer-\-ain'. u\e no)r’-on
o? G c\ummn o'n\ vnokes Sense with resFec} Yo
Par} of Yhe Formu\a . and this Po\r}- o? Phe ?ormu\o.
(which is called the "sco\oe" o? ‘he 0\.0\?7\*!\3) had
be)r}er \oe exF\‘uc‘.Hj de\ineo\'ed. The diSac\VOﬂk‘ge



T delineates

EWDq0S -321 o

o? the comvention c? ‘ore?ix'ma ex pressions ~with
Y%. or 3Jx. m the case o? o'ugo.n\'t%Cc\}'ucm, WAk
M. In the case o? \o.m\ocla~o\\os\‘rac ion  or \with
JAx- ?or Yhe m'mi.hf_tg\ Pex‘:o'm\*— S 'H\a\' ¥ {)o\;\s
to ]né'lco.}‘t exP\.'c"}\fj w\nere_ he sco‘oe. o? n\e_
dummﬂ ends, with the consequence Mot om-
\o'asuoms ormu\qo_ are O\\\mOS" unonroin\o\;\e.
Hence our cc'n\'e'n\"ton .\-\,‘Q\. “’»e o\o\iﬁo\\-o:j Poﬁr
¢,€ Po.rEnH'\eseerne. Sc.oPe o? 3‘\'1@. dummies
declared o¥ Yhe ‘Oeg‘mn‘mj, i.e. belween +he
quan}iﬁer and %e ?‘.rs}- Co\oh Fo“owinb ]\-\
The @clf Fhal idenbily and Scope o(;. durmies

are s:jn‘roc\-‘ncq\b de erm‘anec\ 1S an '\hvo.\ua\:\e.
<onvenlence.

’Remof\( . Mos\- YV\G)I'\"QMQ\"I co.\ nc}&“'lcrns ery vosuuz TLOLD
are ol\der Yhon the kblock C'.C)‘nce‘:)i of NLCOL bo. %)
\mqjor ")o\r} QP 4-\'\@. }rc-c\'\)‘:onQ\ s Qu“‘:es N ex-
]o\o.‘mina the clt.Ivnma Vor'm‘o\e. R %—\ne_ novice \s
« direct com sequence of) riow> ‘xc\en\‘ngecl 's\mr}-

Cc:m‘mss of )-radi\‘.ona) ho}bo\\ions. (Enc\ o?@@mo\r]‘.)

TThe s‘-mp\es\- QP‘?mac\n Yo dumma variq\g\es i\s
}0 r’egomd o o\umm’:j \QM degni\‘icm as o %)res\q
variable , never used \De\@rre and never wused
ogoin, o-n\:j used hic eb nune . The ?cxc)r Yhal we
“b_g_ri‘e the saome %X  omd OvVer owmd over agan
15 vo wmore Yhan laziness and lock c? P\'\om‘oub
o owr Far}n T} does nel waker Fmvidec\ we re-




EWDQq05-32
member thal under oll circumshances
() [(Bx:b.x :f.ﬁ = Ayby: Py
and tha} there 15 mo point 1 staling the (usuald

I)ruv‘lsca ”Prov‘lc\eck he\\jr\er A ner 5 QCTCUrs («rree)
n b or V”. f’l-:unc\‘wn ? ,\oe'mfj cle@nec\ ouYside
the scope o? )r\ne o\umm:j N ques\-‘nch . ca.nno) de-
Pemol on b n an WOU: where g) S c\ee’mec\, o}\ne.

dumm\tj N o\u\es Yo Slm"‘)\ﬁ "C,loe?: "ﬂc)\ e)(f5§“l.

""Fof‘W\u\O\ (32) S So Fun&amcn\a\ “\c-x we c\:cl
net include I} in the cppendix. As an aid, we sholl
S\"rck -\-o n\e d\sc\P\ir\e o denc}“ms “\e c\eFene\ence
OE romae ond '\Crm o -\-\'ne. Clumrnfj ‘.‘;o ew?“““j
+

. ma\-}er O 1’0(“()\&\ ‘Su\bbs\‘\“u}'lor\.

We drow QHen}iOn Jo the ?&c}‘ Yot (Bx:b.x:_g?})
does ﬂ‘.’-.‘.} C‘e)ae'nc\ on x . (Bow could 1} 7 Ve could
hove wsritten (Ey:b.y_: ‘Fy) as wall) T} is o
consequence o? Yhe %e} Yot the dumma "does no}
exist  oudside i¥s scepe. This ‘mée}oemq\eywce. is_“’l—\n@
some 'Ta\*\enomencm GS -“we %«:} 'n'\o}, ?cr on ﬂ R
[F\] 's o domoin conston}. Pnother way o s—\ro.}nrg
this s dhed o quom‘r':ﬁer expression does not de-

c.} Tenam?)ﬁ ']-\’I?_ durmm xS , @as n ('.’a‘.?'.)l \ourel\-j

Fc«nc\ an tYhe vo\r'nq\o‘e qu\omhﬁ'zc\ over,

In opneral, (Rdummy: range: term)  depends
on Q-Vefbn"'m\cj e rom&e or the Yerm c\e‘o endzg on 3
" Par\'\Cu\Gf, W} s o domoin Cc.rhs“o"n} i? both
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"'0"“86. and }'Qrm are domain c::nsl‘am:}s. Trn Hus
cchnec\"acm we hove \-o knous n\a} \ooc\EOm EXVfEﬁims
0s W€ now Hrem —Soy: DSV <n~ are domain
constomts . Ps o resull , (9_';-. osi<n: ?l) s

o doma%n COﬁS\o\n} i? M’Ie va\u@. oE g,o.v?\‘\ec\
Yo on ]n\eger, s g W s a Frechcca\'e ’ ? is

. Y No P""S ?rmn '\n}%ers 5;0 Prec\ico.}e-s 3 In
8%9»"0 ¥ s o ﬁ«nc\‘\cm o? noo

Tn most cases in Yhe resk o? Yhis mcmosrwp\-.
’H’le, Y’Gn:_)e. 'S oo c\ow\a%n ccns}a-n} anad )r\"ae x-erm
IS YIO}‘. T....Y'l =N 2> Ccases o 'crmu\& crnb \'\o\c\s
\omvidgd Yre ranae IS o domain co-ns}an\h ’ﬂnea
are essen)ﬁa\\j (2.145.6) —and its derivaYives '('2..175.9/63—-
ond the one-Po‘m} ru\es (2.?.4). Thel is w\b we
hove wr‘\—p: TN tb.x} ?or Hne ‘ronae N (’2.16.0.) 5
w\nic\n \N\o:j Q\So \’Je. O\P)D\iec; \N\Mﬂ O ranSe
such, as O0Si<n (which does not meed o poir

OF SQuare \Drac\'te\'s “}o \oe ;rqnsgor:meo\ in‘ro o

dOYY\O\iﬂ con ‘5\'0\71 )I‘) .

Tn \"eo.cl‘rrs &?ormu\qe (2.14) }\'\mug\-. (2.28)
'l}‘ \'Ie\\as ;Fo remem\Der )r\no.)' univer‘sa\ ana exis-
lertial o\uan}iﬁcc.\ﬁons Cov e Viewed os
Senero.\'nzec\ cmjunc\ims and o\isjuncx-ic-ns
Yes c\-'we.\.:). Ih PQr}*i’Cu\Qf‘, we comn vituw o rc.vge.
Hno.te?s O\ o\ovmd‘.h céns)rq;i} qs' A chu\'q)ri'én in
Yhe dummb; i? }ho} Qquo}icm hos a ﬁn'a\e num\oer
o(? roots , the universo\\lj quom}':?iec\ expression Con
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loe viewec\ as '“ne Ccm\)unc\‘ion OF oS man\\% xerms
as "M'Ie equo\“'icm \'\GS Too}S, ond S'\m‘\\ar‘t) €or
Hhe ex‘ss)ren\‘icz\ quo\n)r'lﬁcq}loh and the disjunc‘r'mn.
The chove Pu\-s ?ormu\ae (2.44) into Taerspec-
}ive G5 scon as we realize +hal F"a\se is the
conanical {%rm fzar Yhe Equq}ion withouF rooks:
Yhe proper volue do be o.l'\‘o\c\necl Yo o con- or
prope
clisk)unc\-icm o? 2ero )rerms is the corresPonclinﬁ
-"\den}i)f:j e\emenl. (Q} Furs} CWFFU?\}CA\'lOﬁ with  Yhese
?crrnu\ae., (Q.M.b) s usucll\zj O\CCCP“QA \Jn}hou}‘
\'\eslxo.\"uon, whereas (2.14.0) evokes roised e\sje\omws_;
W} e same Menomeﬂcm os }'\nq} Peo’rz\e uSu\ol\b
o\cce]p)' ii'nmec{ioﬁe\:j H«;o\} J—\qa emp\r:) Starn s\'lOu\cl
Yoe O\eghec\ Yo be eo[uc\ }o 0 hu) have wore o\iP-
F’icun(j wiH-» o\ccep)'\nﬁ 1 oS H’)e T:roPer \/o\\u.e.
‘&rr -Hne Qm‘o\:j T)roduc\n)

Tormu\qe. C?..1‘5) are }he ano.\oaue o? H'ae_ sbmme\ub
and usso«:iahv‘rb o? con- and d‘:sk')unc}ion ; cluom}i?-
cations o? Yhe same kind ™oy be njerchanaed .

NO;‘Q -H\e aPeciq) 'm}erc‘nanlge OF Ulh]VCf'SG\ quaﬂ‘*'nfjfcc\-

Yien and He Squore \orauc\(e\rs (2.15.@\: W s G"Eﬂ

a{)f)\;co.\o\e Providec\ Hhe range s o. domain con-
stant.

Tor?nu\ae (2.46) express Pr)mar‘:l &-\ne canq\oaue
c? the w\u\‘w:z\ dis}ﬁ‘ouhw\ over QO-c?a other o?
con- and o\isjunc‘im,- (2.16.c/d) are c\er‘uva\"ve.s,
mcluded hecause o? ?rec\uen\ aFPee.\ Jo +hem.
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Formuwloe C?.'\‘-]) express \nooo.,b\ﬁ}% o predicate
as 4err\ﬂ, ")‘\"-e Tomse can be su\oswmeé n Yhe krm.

FTormuloe (2.48) express o di eren} C on sequence
Com the fock dhat the quontificelions can be
viewed as junchons'. So do ?ormu\ae (2.4,

@:rmuloie (2.1Q-¢/d) have been odded since }\wea

Sive. . Cammon Case .

Note }-\no.\ n g)ormu\a.e (Q.Qo), vor;a\o\e
occurs cm\j eonce , and thot oulside the oluan\iﬁa
cayion. T s hc;)‘b assumed thal x and Yy ore
c? H’\e some }Jpe , e rcmae over Hﬂe same

domain.

"FOfmu\Qe ('2.21) exPress VOrious ?(:)rms q?

>

n 3—\'19. nex} c\no\‘o—

whot is colled "monotonici} e CO-nceP} we
shel discuss in vore de}o\\’.?

er.

':f—ornmu\.ae C‘2.22) ex‘o)’ess 'H"e ow\o\oaue c?
de Morsqw’s chws,; g’orvr\u\o;e (‘2.7.3) ore \'m\\j

" ynis ce“ ANEQOUs .

e N cme-\oo*m} ru\es ! (2.24) ex‘oress Hﬁo} -\

coNn-— o1 d‘ls’unc\'ion o? . s'\ns\e. ‘}’efm CO \De.

viewed os ot }erm A% se\?.

&wmu\ ae (‘2.2‘5‘) ?c:r- )‘I‘Oms armin 'Phe dumm
9 V.
are MSMQ‘\J o.‘oP\iec\ with a {unchion 3 Yhat has
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an inverse g" . Tn Mot case Ahere are no spec'-a\
cemstraints on Yhe Yerm, as o ?unc\"#cm c:? X
can then be rewri'\'\eﬁ GS < ?Mﬂc:\"scnn o? 9%
(Wiz. the @anc\'lcmo\ Co‘rﬂ\oos‘a;'aon c;? the cr"&'mo\
?u-n chion and 8“). “The ?&c)’ }\no'}- 9 need not
be invertible is o reeechon o? Hhe ‘lc\erfJo\enoe
o?*‘»\e "Junc\'ucnsh.

"Torw\u\c&e (‘?-26) r‘e?rcsen‘} e} VQriq}ion o?
Le\\om'z‘s Qu\e —a\)au* u»ﬁc\'\ ymore \Oe\ouo— W
Cdm‘t)'lﬁa}'lon w‘:\-\n \mono)ronic‘.}\j o() quo\n\iﬁc.'c‘ion.

* »*
%

‘n'\ov..aa\w '“"le '\mp\icc.‘ic:n N duces on cm\:j Po«f}ia\
order on Frec)icq)res, i+ asks @:n- q&Jec)'wes \"e?rﬂrfs
Yo that order so thal we can use their CcmPc\fd"lVes
omd superlatives; Yhe Qc{)ec\"wes "Shroma” omd weol.”

be\m& in H‘\is Conﬂecho-n h’)"hﬂe QS’\O\\O'!S\'IQQ\ }m-
c\'a\-io'n:

[X%\\’} ~ X =YY s reod as X s s‘m&er
dhon X' or as “ Y is weaker thanm X" ondl

IX 2 \\'3 is Teed as  “X 1a o} weokes) Y ”,
“X is ak ]eo.sl} as 5)1‘01-:3 ag " . "X s o} S‘m&es"
X" o "Y s ot \eas;' Gs weo\« as X " (or smnehmes,

owt o? O\d L\Ol’bi}'. as ”x '\mP\ies Y#>

“The -‘rermino\o&j allows us to )yo.\\« abou} ‘H’ie
s}wnaes} or he weckes} solubion o() equakions

with a Prec\icc}e as unknown.
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We are now So‘mﬁ *\-o c\no.n:.)e Sec\rs s\us\nnb
Cor c{ras)nmzuﬂ R c\e]oendinﬁ on 3ou.r' }o\s}e.)

'To \Oeg'm w‘.\-\z we o\oserve “‘l o} a“ es“-o\’b\\s\we.a‘
@:rrnu\ae are o\oma‘th cons)rc:m:\‘s .’Furnnermore ,

since ‘rue s +he 'Iden\"l‘ e\&nen)r o? 'Hne

?-Olu‘uvo\\Cn(‘e, ?or each es)-c \'\S\’iea €0rmu~ S T_Hj
we con 6‘3}12\0\'!5\’\

A = drue

as wel -and the other woy round — : in other

words , we Moy iden\'.% “heing established '
\m'hq ﬁbe‘:nﬁ ('ea\u.‘nva\e ‘]‘ 403 3n'uue".

La)

Neﬁ we ‘uden}i(? owur f-ee.c\om A‘O ES;'Q‘D\iS\ﬂ - On

occount o? qu lu\e o e‘ubm?_ -~ ?crr sSome

B, ond B fcrrmu\q [?'.B-] if IGE’B] and
U’ﬁ] are estoblished with dhe es Yoblishedness o?

@ [RR) A 10M) = [£7B)

and our g)reeclom o? estahli shin I?QB = [f%—_\
- \al\m‘-e.k 1S otr ex?ressicm o() " [?ﬂ? ond T_[‘)'B.]
oeng Qc\uo\lD esroblished '— with }he established.

ness 0?
6o [(A=1) =(1PA1=1P3))

'ﬂﬁe Se'nera\ ?c:rmu\qe.
)  [X=X) A IfX1 = 1Y) and
Gy [xs¥)l = (X3 =TRYD
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connot be estoblished withouw} Pos\-u\o‘\ns ?vr

inslance ~ see (2.26.¢) —

Gn  [x=Y) = [@Xx =0Y)

(T\’IQ SU\DS}'\]’M\‘}% ?2 = [?.‘2] 13al C‘B'—?) b\e\ds
IX=Y) = [0Ex] =1f Y1) ,

bul since the equ'nro.\ence <p{> o domam comstanis
IS agoin o domain comstan}, the 733}_&” Square
brackeds may loe remaved, :j';e\c\ins (36). The
der“l\ro\icrn o? (35) ﬁ'a-m (a6) will be Pos\'pcmec\

unkl we have described }he @;rmq)r o? such

deriva hans. )

"Fma\lJ, we wou\d \‘l\(e 3,0 ‘uden}‘lﬁj as we“ Qur
Pe.o.ls o Jhe Rule o? Thstontialion o an ess}c.\:ﬁis}fef:l

{Dc)fm uwle.. The (pu\c o ? Tnst Qn};qs‘mﬁ 4-3\\5 ws +that
i€ [.? X, 2] is an estobli shed ?crr mula, S s

[?XQ] ga'r any Preo\icqxe expression . (Here
2 stonds @.rr the variokle 5u\os '))u)eci g)c-r, X

stonds ?c.rr N e oFhers. )

The esreblished ?cn-mu\m we ore \oo\c;n\ﬁ ?cr s
{(2.20.a)

[P = Py )
\,.))nic\n ith Yhe $u‘os\"1\‘u\icrh X,b_, F.‘Z. = ZLQ’[{JXIJ
Bie\c\s - c@r@f“ QM1 SSian o? -]-\ne Supefﬁﬁoué- uu&er

soquare Vorockets —

G  (Az=(PXZ]) 2l0X.A)]
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_'Férmulo. (38) is og;a s\'ruc‘rure i Fﬁren} Fro-m (33)
and (34) | v which Yhe anteceden} -ie. Yhe Po.r}
¥o Hne \e?l- b(’ 2 ~ S ‘Hue CO‘nJU\nchoh o{) es\‘ouished
gnrmu]o.e. For ?orrrw\\a (38D the o«nc.loeicj ’s saved
b 'H'Ie Fo“ow'in }'rEC_\(‘. -Hme ?&c)‘ ‘n’lo.x- in an es}*aL}is\!cd
A, )
?ormla [?.X.?] O\r\‘j ex\aresS‘:on mo:j be Su")S\'i..
\'M)Qd Z s e.quo.]‘ee\ ';-o imy]ic‘:) universq\

aluan\~i CicaMon over 2 - ond over X as well in case

we would like Yo subskhute scme}-\nina ?W X -

T is in Yhis sense thal es\-o\o\is\n‘m\cj o new
resuld is QQua“CQ‘ with esjrqla\‘n.s\ﬂin o@un imP\icc.\*ion
with the anlecedent o Ccm\')uhc\'ion o-? estoblished
@)rrnu\ae and  +he consec\uen}- ~ Yhe )ooﬁ‘ -}_c. the rif})\’t
of D~ e new resulk

* %
*

In Any cose, e_s)m]o\islﬁins o new resuld boils
down o e%hb]ishina that the new result is equi-
valent Yo Phe domain constomt  tre . B beloved
wa:j oP oloinj so is “o ea*o\s\isl\ \o:j e chain o?
'\rounsg:vrmo.\“nons Prok Ve new reru\} s eo‘u'rvo\enl'

Ao an a\readb eshablished ome.

We. Sl\u“ Now) o\escﬁ\)e the @:r‘ma}' o? Hhe
ca Qu\a}im\ Mﬂa}' es}o\o\is\»es [93EID3 b.‘_'ﬁ
es\-o\o\is\ﬂirb N Succession [Al= E’BJ , I’B}EECJ
and 1€Y1 =1P]. We do net want Yo write down
Yhese three “intermediate ” equ.ivo.\e.nces , as 1} would
?qroe we Yo  whte devn the “intermediote Fcrrmvxlae
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[33 and [C] bwice , ond Ahose s'\ch'mj shomes u?

M'Ie Cc«\c:u\cu\'ion m':cj\n} lce. \%34\\3. Hence we Propcse
dhe (?ormo.\‘

£Al

={hin} why W) =[R]Y
[®]

= {hind why ) = 1)}
I<c)

= { \n'tn\ w}u:} [CJ = I’D]-S
[Pl

(the obvious S%QFO-\'IZC.}'IUH "}o shorder or |lonaer
choins oF '}rans?ormq\icms s 193410 the reader.)

We chgl i“us}m\'}e dthe procedure ":j s\'\owmg

f-}ho}, instead d? ?os}o\\o}‘ms (3?) , we could hove
Tos)-u;\ GA‘E'C\

690  [IXxsYI A EX = X=Y) ~ £

and we do so b es#a\o\ls}'\inﬁ thak CB?) oncdt (39) |
are QqU\'IV'G‘QY\} cm\<s \-o rev'mus\\_j QS\’G\D\is\\ec\
?ermu.\ﬂe. TFor the soke og c\o.rﬁ:j ond becouwse i}

s the F‘:rs} Yime we c\is‘o\o:j here such an argu-
ment we sheall o W oin small sle?s.

[IX=Y] A £X = [x=¥] A £Y])
= { Neso.)ﬁon ('2_8‘c)3

X2 A PX) = 2(x=7TA £Y)]
= § de Morzﬁc\n (2.9.%), wice §
['1[X"-:=Y] v 1?.)( = 11X=Y]) v .‘KY]

= {_'.Domoc\n cemstont (Q.‘H.C)B TISSine ’

)i
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A[x=Y) v [1fx = 1 0¥]
:{Neso}lon (2.8.6_)3
A[x=¥]} v (Px = £Y)
= {Im?\ica\ﬁon (‘2.10403
x=Y] = [€x = £ g.e. d.

M_‘ With 3row‘m3 @;mi\iar‘;\v with e ca\cu\us , the
chains become shorker: the ?irs}- Ywo .s)te\os could
be comhined into o sing\e. one , and so could the
last hwwo s}‘e]os. CEnd oF Note.)

Tn & similor vein  we coﬁu'lol establish [Q-_] = ED-)
by establishin I'E;r- 'ms)romce, N Succession
PFI=s1®] , [Blac] ., ond €I D). Such

Oy, mrsumen)t WOM\C\ \Oe renderec\ i -“ne Forma."

LA)

=> { \in} vy 1A = [B1Y
18]

= 4 hint "“"‘_j (Bl = [C]}
[cl

= 4 hind N\D fcl= 2}
[P]

onol b\‘j wa:) QF i“us}ro.\‘ion we s\nc.“ demons\rc}e,
as rom'useo\, thot (36) im?\;es (%‘S)>i.e, with

Q, , ond C For [XEY] » t?)(] ond Y_?Y-_\
respec\-‘we\:j we hove Yo show

Goy (A=x(B=)) = (AAR Q)

]

and we could T:roceed as Fo“uws
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A= (B=C)
= {Imp\icc*ic’n (2.10.0\)3
AR v(B=Q)
= {Equ.ivo.\evmee (2.13.&)3
AV @BVvE) ACBVACH)
= {jDﬁs\'ri\:u}iov\ (27 c)_lj
GAVAR VvEY A GRAVRB vAC)
%{Qbsor)a}iah (z2.8.e)%
“RAvaB v C
={ de Morgow\ (2.9.0)}
1AAB)YVC
= {ImPlica"‘lm (‘?.10.&)3\

AABR = C q.e.d.

The 'lmp\'lcc}ion Tus) derived , &S we“ as Yhe
eo‘qu]ence derivec Qs@@re, are ‘:m\o‘iec\ \OD ‘he
E)-ormu\o.e re?errec\ }o n H—.e \r\‘;n“s‘ ‘Wis 8‘\\{65 WS
ano Yher ?c:rmq" E’cr proving (40) + we Ct:mn\ou)l‘e
Yhot Yhe comsequev\“ Qqu'xvo»\es brue \:’Jj us‘mj

the Yrudh 0? the ontecedent n ome 0? Yhe
"‘froms%rmo.}ions .

’Yo i\\us‘rm}e "“I\?s \f\n}-\a ;%e SGrme exqmp\e,
we chede as ﬁ:\\ous. To stort  with , We
*r&ns?@rm Yhe anbecedent

A= (B=C)
= '{Tm?\ico.hw‘ ('2.10.0\)}
“Av (B=CO
= {’D\S\'r'\\ou)‘im (’2?&3
@) QA vB =R vC
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ond Yhen we pmceec\

AAR & C
= {'Im‘:\ic:o&ion (’2.'\0.0\)3
(A ARY VC
= {de Morjar\g_(‘Z.‘-?.‘o)ﬁ
GA v Clv 3
= { on accounk o?(“'\)_qnd Letbmiz | see NoYe belaw §
GAVRYvVvAa®
= {Ter}ium non datur (’2.4.&)5
A0 v drue
= E—Zero elements (?.Q.O\.)B
+rue 9.e.d.

Nete  Since 9 ,’B , anmd C s\'oncl Fc:r‘ domo\m cunsan\'s

wWe m \:> 3 souwore woro \< \-s
0:.) Surround (41) N ‘oom‘ OF LA ckers,
Fhas ;)Uus)"l ﬁj‘-nb an G?Pea\ .:)}0 "H'\e ?M\Q a Ld\':n'n'a.. CEnd

o? N o\‘e.y

OF H\e }UO wozjs o orovin& Gn ‘sme]iC.Q\"icrn 'H'\q}
hove been ':nus}rc\\'ec\ f\oole, we shall in Fu\'ur‘c Yoke

Yhe \i\oe-rb chE C}loos'inﬁ Yhe one Yhal seems mosh
convenient. e decision Yo o\\ouo ourselves that
\B‘oer\a wes Whotl we re ?errecl lo when we wrole
‘Wlo;\‘ we were ”So'ma Yo c\f\qn'ge Sears S\i 5\\):\3
(or ers\"lco\\\D , o\e)oendmﬁ on your Yoste )"

Scometimes  we prove equivo\ence \0:3 s\nowtnj
Yhe \mu}"uo\\ ]mF\icc.\-icms Se]oqro\}e\ ;@9 u]nen
C\emons‘ro\}mj (?_.13.':) . We Skve ¥ T)ruo as
txam‘,\e o? wor\«ina with quo\n\\ﬁec\ @wr\fnu\o\e.
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true
= { Leibniz (2.26.e0}
Xzl =2 (zax]={z2=Y))
= { (214,(‘.53
@z:Xer]a(Iza2X)={2=71)
= {Diskibution (2.16.¢33
IX=a2Y]=a (AR2:[2aX)=1{2=23Y))

(A2:1z=X)=12=3V))
=3 { Instantiahion (2.20.2) Ywice: Z:=X ond "Z:-.-.Y?)
Ix2x1=xa23Y1) ATy Xx)=Urav))
= {TerYium non dotur (2.4.::)3
[IXa2Y] A LY=X)
= {(2.12.5),(2.41.b) , and (2.13.0)}
[X=Y)
q.e.d.

We s\'\&\\ wuse -\-he same Fw::.e.f> @rmo& ?or es}o\\o\]s\\ir‘\j
[A =D)] b:j , Say, Yhe chain [A=B),[B=C]),
and [C 5D] ,  1.e,:

A

= { hin} wh [Q = 33‘5
2 J

:{\'\'m\ w\r\n iB= <}y
C

= { hin} u\mb {C ":-:'D]B
D .

S\rni\a\r\:j we. m'u&\n'\ demonsirate [F\ =2 D) \oc_..)



EWDqo5-45

A
= {\\'un* w»l:) ]:QE'B]S
B .
= { hink w\-\:) IR
C
D

Thal is, in our Proo? \ines we need nol reshrich

ourselves Yo domoin constomls, we can adwmit cenera)

?redica-}e GXPTESS\OTIS s we“ ?rouidec\ )r\ncﬂ we re-
member Jhal the chain o? recsoning Shll cemuists
oFo\ chain o? domain co‘ns\on'}s,as M'\e relation
et ween om'j Pq?r oF successive \ines has ‘o be
surrounded bj e Pt of Square brockers .

(Since MI=1B) ond [tﬁja[ﬁ:\-] ore Yhe same,
Sur iniYial wse o? bhe Proo? Fcrrme.) - - SPQQTQ)

cose o? owr Pino.\ wse as we \)us} descrived. )

Worning OCur ?ino.\ ‘oroo? E)or\fnc.‘- \eoves pairs o?

square brackets unmenlioned:
Azdhinty Bafhint}C = {hint} D

s not short for
[A=RB =C =D)

but short for the much shromger
IR=B) A {B=c] A [C=2D)



EWDQ05-4€

Tmp\icﬂ- square brockels are such o rich source
OE Po}enho.\ COh?uSiOﬂ thal Por more Yhan Ywo
years we hove Ccm?i-nec\ ourselves n our wWork }o
Froo@ in which 'qu. _\ines were domain con s\'aﬂ}s.

We coulal de tha} bb u.sina e new Prec\t‘co}e

variable , 2 soy , &nd write

” We, o\oserve. E)cn“ o«na 2.

LZ2=0)
= 4 hind w\-b T_PI'-E.'B—)S
1z =B)
= {\"\.l\l‘ \«J»\‘\j Y_’BECJ}
fz= ¢}
= { hind “\‘D L C=D]}
[2 '-':.'D-_\ - "

Since A ,B.C ., and D are in Senero.]
sizeable expressions e introduck om o? Yhe
[2=.....) s cm\\'.) o swmall nolchional overheod Buk
e,ven\-uo\\b we have cllowed ocurselves ho be con.
vinced Yhal i} codld dso be viewed as o nor-
}ioﬂq\ YMMONTIETISrm: Hne f_Z:—-‘_...,} occurred 2o
Prequen}\ﬁ Yhatr i} seemed Jus\iﬁe& Yo subsume
ik rdle in dhe rules as how Y read our Pmo@'.
Frem vnow onwoards the yeoder NMas Yo remewmboer
Yhe unwrilten Square brackers tha} are ?mﬁiecr
)aa -)-\ne \Ioroo? E?ormnl‘, CEnol OF wcf‘nina.)

47
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Constants
R.0) o) [?o\se 3 ~\-rue]
b) [rve)
) 1{\se]

-ide.n\'i\:-) e.\em e.n\-s

(2.4) <) [x = X = drwe) e) [XEX]
) [ X=X fose]
) [X= Xv -Fu\se)
) [X= XA trwe)

Zero e\emen\'s
@2) &) [ X v Yue = hrue)
b) (X A fse 2 %\;e]

Idem?g’rence.
(23> o IXvXx=X]
b) [XaX = X]
TVerbium non da\'ur
(24) &) [X vaX = true) o) X X]
b) [X ANA = Fo.\se-)
g\osorf\-'ncm

(25) o) [Xv(XAY)= X] ) [XAY = X
B) IXa(Xv¥Y=XY)  dIX = XvY)

Complement

26 &) IAVEXAY) 2 X4
b) TXAGQXVY) =XAY]
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Dishibukion

(23) <) 1X=Ydv 2 = Xv2 =Yv2)
) TXXEYD) AZ = XAZ # YAZ)
c.) LXAYYVZ = (XVZ)/\(YVZ)-_\
D [ a2 2 (Xa2) v(¥az)]

Neﬁo}icm

(2.8) &) [13X = X))
b) [A(Xx=Y) = X 3Y] a) [X %X]
) [ X2 = aX 1Y)

de Morgan
.9 &) [(X v ) 2 1X AY)
b) I (XAY) =2 27X v Y]
Imr\'\ < OA"! on
(2.40) o) LXDY = aXvY]
L) (XY = XaY¥Y =z X]
) IXDY = XvY=Y]
d) X=2Y = (X=X) v Y]

e) [XaYX # (X#Y)AX])
.{.’ [ XA = X =Y = X v 1

Domain constants

(2.11) a) L[X11 = IX]
b) [XaY) = X1 ALY)
¢y IXvI¥l) = IX] v Y]
) Ix=Yl= (IX3=LYD)
) [x=V¥) s (Ix)= (YD)
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Expressicms ?cﬂ‘ IX=2Y)
(2.12) ) XY = [XA'\Ya.Vo.\sc]
) [XadY]) = [WXvY = Yrue )
) IXaY) = [ XaX=X]
d) IXaY]) = [(XvY=Y]
) [XaY] = (EZ::[XEY(\Z])
£y [Xx=Y) =(B2:Xv2Z= Y1)
3) [X=2Y] = [(E’I_'Z:['Z%X}: 2Y))

Ex‘oresslcrns ?or iXx=Y)
(213) <) LX=Y GX VYY) A X v aY)

L) [XaY = (XAY) v (X A
) XYl =(RZ2:[23X3=[2YY)
4) x=Y) =(AZ: (X22)=Tr=2))
e) [X;:_Y' = XuY = XAY)
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me}'iﬁc.e}EOn over emp range or o? comshan } derm
('Z‘I‘I) Q) I(B % -Yc. se: ?.X) = }me] f-‘.) [(ﬁx:b.x-. }ru.e) = )n-u.e]
b) [(Ex: Fa\se: ?.x) = Fo\se] ) L(Exor: 10"‘\52) = ’?“\se-}

‘In}erc\wanae oF qw:ﬂ\'iﬁca\‘mns
(2.15) o) [(9.. x:[b.x]: ?x)} = (Bx: Po.x): [{)X])
b) [(E %9 b.x A c.x.y: FXJ) =

(Ex: bx(&b :c..x.}j: ?xb)) ]
) [(Ex,b: b.x Acxy ?.x.b) =

(Ex: box: (Ey: axy: (’,x.b DR
d) [(B_X: b (B‘:J: <oyt .V x.j )) =

(| b:c.bz(ax: o.%: gxb )
e) [(E_x\:)&(gb C.:j: ?XBBB =

(Eb €yt (Ex: b.x: ?x'j))]
’.D‘ls}r'\\bu}i on o€ V,A ond
(2.16) o) [(E x: b.x: f.x v X) = (a x: b.x: ?.X)V X]
h) [(Ex: bax: (’.x AX) =(Exibox: Cxd A X]
c) _(Ex: [bx] [X E>(’x)) = [X %(BXI\DX] ?x)-)
d) (Ax:{b.x): [?x = X]) = [(E.x: thx): CK)Q X
—ﬁ‘qo\'ma
(2.17) o) [(BX: bx Acx: F
b) [(Ex: b.x A c.x: f

“Distri bulion o? & and E_
2.18) o) [(&X:: ?.x PN Sx) =
(Bxx Pox) A (Rxe {?D)‘l
b) [(E_x B (.’.x v 3x) =
(E_)ﬁ:: ?x) V(E)\!I SX)]

___x:\:.x: NC.X v .?x)]

x) = (
x) = (Ex:b.x: ex A f.x)]
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Roance o d\s;)unc\'ion
(‘Z.I‘i) a) [(ax: bx v a.x: ? x\ =
Ax ox: £x) A (Ax: cx: (’x\t\
b) L(Ex: box v ex: fx) =
(Ex: box: @x) v (Ex: c.x: ?x)]
) L@ ogicn: £i) = (Ri:0si<n: Ri) Afn)
d) [(Eirogi<nt: £3) =(Ei.0¢i<n: L) v Binl

17\5\'0\11‘}':@.‘3@1'\
@9) &) T@x: 0Dz £y
LYy L ?3 2 (E x» {)x)]

—

Nono\onlci\b
@) o) (Bx: Th.x): Y_Ex ?-}3,{)) =
[ (AxTw.x]: ?x3 = (Ax: [h.x): S.X)]
b) (Ax: Tbad: WBx x>
CC(Ex: [k.x]- ?*) = (‘_‘_‘:_x: Lh.x): g-x by
c) [(ﬁx Y_?m% 3.:«]: fx) %(Ex: “’.xas.x:}: SXYX
d) [(Ex: [?x D g.x] : (3)0 = (Ex: [‘E’.xe\ps.sz 9. %)

clg MorSQn

@) &) Ta(Rx: Fx)
b) ['I(EX 13 FX)

Miscell aneow s
(‘?..23) c.) [(axtgx] ?x) = }N\e-)
b) [(Ex: [g.x}:’l ?x} = %}\sel
<) [ {’.0 /\(Bi:OS'\m\: ?Q-ﬂ)) =
(Ri: 08 i< na; ?(3-}
d) [?0 v (Ei: 0Sidn: g('l-f'ﬂ) =
(Birosi<ne: £.O)]
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e) V=¢ v [{Ax er:?.x AX) = (B x: xeV: ?x) ~X]
B) V=g v WEx:xeV:fx v X) =(Ex:xeV: {ix)vX]
9) N=¢ v @x:-xeV: X)=X]
W) Vag v [ExxeV:X)=X)

One- Po’mlr rules
(@24) o) [(Ax: x=y: £x) = gy )
b [(AX:X2Y): £X¥) = £.Y]
) WEx: x=y: £x) = ?n}
d) [(EX:IX=Y]: ?X) = f\(-_\

Troms ?crm‘m‘s the dummy
228 o) [@BX:bX: [ (9. XN=
(AY. (EX: b.X: [sx ""-"-Y])‘. ?Y)]
BY[(EX: b.X: £.(0. X)) =
(EY:(EX: b X: [5.7( =Y)). ?Y)-_}

Le‘.\gni'z
@26) o) X=Y)=1PX = [Y)
b) [(Ax:b.x:[X.x =YX.x}) =
(Bx: bhox: [£.(X) = .? GO
<) [(Ex: b.x: [Xx 2Yx)) =
(Bx: box: LRG0 = £.O0GOD)
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Some comments on the Prece.dino\ c\m@ ﬁFCho\p}er 2

This c\r\o\P}'er become much \cmgér }\"lo\n ?oreseen.
1\- wi“ \f\ove }o be rewriHeﬂ,\ou3 1 :s\r\o“ }oos}-]:;cme
its rewr’n\"ms wnkl o} least o moior Porl‘ o? }he
o\ra@ @:r Yhe whole ook has been g)in‘\s\ned: Hhewn
we know n how much delaill we womt Jo re{?er Yo

Yhe ?ormu\o\e 1w +he O»-P)oendix.

T do like the seckons om sbnlax and notraliom
(samme‘rr:), c\ssociq}iv‘n\r:j, ]o‘md'm\a Power, range ond
')’erm} and am \eqsecl W\H's 4-\15 '}erm "olomoin ccms\‘an)-f'
T olse Hhink T wes r'la\w;- In s}*oxr)"ma Wﬁ“\ = .
A} EWDGoS-13 (Weasor) T sheodld hove shressed
thot LQE’.B] exyresses eo'u\q\i\- chr Pree\icc}-es
m the sense +hol Xzy 15 wrifien EXEY_-) n
Yhe sPecie\ cagse thek X and Yy ore ’Pmdico}es: T

was C‘A\ﬁhO&QO\ Fhal . ot (224) T hod Ao write

my CfﬂQ»Pﬂih} rales in clu'f:\o.

T cbstained Pram ’erbew\cma Q ?crr‘ ether
a or _E__ ;00m Yhe ?ﬁnq\ versiem 1 sholl oo sc;,T
HPhink. The cme.)oosn)r rule becemes

[(Qx x::j: ?x) = ?3]

in re\l’fbspeq} Hwene are encmb\n Pofmu\ae 'l-c) Jus-

}‘:% Yhe wnYroduckion o? Q.

1 om less P\eosec\ \::D my rather %rmo\ nhrod uc-
Yo o? w\m\- \uo\(s \ﬂte the Proros‘:)'iono\\ cc.\ culus
—- Yhe inkermezzo- and, yn com¥roast, jus} the Pos}u\a-—
‘\10“ oF -\-\ne ?chu\ue W\H\ quo;n)-iﬁco.}im\. The ‘m}er‘-
mez22oe s ?un. bu\' \o-er'\'to\\ﬁs ou\' o(/‘ \o\oce. T hove
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™y doukts aobou} My use oF "do es“o\o\is\q" and
wander w\']eHﬁer 1 cou\cl hove owoided )r\f\q)r rmnero-
,;.\nor : Hnere\o:j avoidin’j the need "o s\niﬁ Sears".

A S,jmp}m ?01“ W\J annoyomnce 1% "Ye }"Nl‘"
on EWDGos-39, -“cs-P Pamgrm,o\a: Frcrm

[£X2]G hee)
(9.; Lo }rue )

ond

we derive

(R2:1fX2)) .
So-mew\ﬁefe -.I. S\nou}d \'\cwe. S\'OA‘@C‘ 'H'\Q\- }\\e Mn'tve'f‘sm‘
quo\n\r‘l?icc.)icm Wi S Hoere Q“ v)-»\e }ime.

1 hove ‘bwn vetj imP\icisr oo o "SQ\;s\i\u\iw”.
T does no} bother me , bul Tam sure i+ bothers
others. 1 could have solved Yhis problens BD

'Jn"rt:obucms ?-2 ?irs} Cwdh E8) an\.'}'\nen
S}'G}e ‘H’lo} ‘H‘Ie loa‘uco\ Ccfhheo)“wes Fcrm 1 Qe @AﬂQ-—

$ions ?.2 A f"Z b}elc\inj fﬂ A ‘?IH , ek,

1 ?cwmd }\' Vev:j \r\arcl }o dec'\de u\'\ic\-\ ?@rmu\oe
o mmclude in the wppend‘.x. There seerns scrmcl-\mrf)

wrong wWith incdludin

IXaY 2 (XAYDvEX A \f)}
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