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Semankics o|P s\ro\‘:&)\\‘—\ihe Proarams . (’Dmg C\wapﬁ)

’f_r:qggatn__ exe ...c‘i*}l"i‘ _GS c\f\omge_ 3? mac\'\'nhe s\o}e

-~ - T e o e M e e e oy e oy

This Vs o mov\osra)a\w a‘oouj c “"eovb o{? Proamm“—
ming \oanguage semontics. B rogramming \anauaﬁe'
s usua\b 'ldenh%ed with gl programs el com e
bur'lpfeh n 3} ond the ”Seman\rics” re¥ers o what

would happen eoach Jime, were such a Progrom g)ed

nYo on a)a)omy:r‘»c}e COmFu}er.

,\'eemo.f\c \rJe reare} }\ne }ermino\oaj we usec! in Mne
Ffeceéinj P&rogm‘:\n, bul the *Erm‘mo\ow is G Now
so %r"‘ltj eshablished +thal Yhere seems Yo be no
Poin“ Q“b’ﬂ’\bi‘?— n dev'lc.)ing ?rcrm i\n ’In re}ros})ec}r
we Wfou\d hove oeen much Yo er, had TOGr G rrnmMin
11 Frogremming
\angucﬁes never Yeen colled "\an3MQ3es : ﬂdm;n«!lj,
‘nﬂe me‘rap\qur \f\c.s \O'Ze-n he\PgA\ N “Hne VErD \Oeamn‘mg:
the \inguis‘ric omo.\oab 3o\ve a hint w\ao.)r asPecB
Yo dishnouish and crovided o Yerminolo E)or denti-
39 ) 29
?U‘mg Yhem, Our regre\- cowmes ?rcrm Yhe ?ac)- thot, be.
bono\ ¥ho} 'mi}'m\ service, }he \'m wishic anq\ow has
heen more (‘.can)vsinQ than \ne\]o wl. The Yeem "T,m_
gromming \Qﬂsuqse " was ?‘rs\' o sbm)o}'om of, and
—-once es}-q\a\is\aed—- a Arivin Force \oe\q'md "qu \no.\a.}
o? dEScr'noinS Camyu}ﬁnj Sas ms n ann'-ropomurp\r\;c
"'Ermino\ogb, Q. )\o«\oﬂ we have Yo s\ned @;r oll i}s mis-

\e&dinS Conno“a}ims EFQ hno}ure Ccm\‘-;u\"u:ﬂ Science

is Yo emeroe. (End QF Qqurlc.-)
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Now, one asPec} o? clo:‘r\j Science <emsisls n 'tanoring
what is chosen Yo Yoo comsidered irrelevant, and Yhe
quesx‘ion S w\nq} are we 9°in3 ‘o '\8110\"8 ond what
are we So'm 3o \o\(e ih)O a\ccounx whem m%rrinj
\‘c ”w\’la}' ‘wou.\c\ \na\open,were SQc\'\ C. ‘:f'oamm Qa
into o Ccrme}er”?

We are 9eing Yo ignore all )o\':jsicc.) horacteristics
0? Yhe cdm,;u}cr'. irs }ec\rmoloaj, s size, i} wei5k¥,
s Pw.)er ccmSum]o)icm, i*s re\‘co.\oi\i , i¥s maintenance
ccm}"rac)-, and i"s manu?qc)urer, L)UL3)' Yo men)icm N
g%-..o irrelevom Yo, /Presumq\a\:j dYhe wadhine has o vnanua),
but }ha} case we do not Y‘%ara ¥+ as the monuol's

}as\a )ro c\escrﬂoe. ‘)')'IQ maa)n'me, \Du\' as “\e W\ac\'\ihe‘s
\os\« *o Frov'lde a —-\qo]oe@.“:j CQT‘I’EC\‘—- P}‘ﬁsic‘*i,"""&d

0? }he manua\|$ Corn)‘e'nx'S. Tn case oFo\ c\‘lscrepcm..

C‘_'j. we wou.lo\ \o\oume 'Hwe rmochine ana ho\- 'nne
W\o\nuo\\: ‘A is Mﬂe O)OS}“I'GC}' Yho.c\'\'me we COGwn '}\'\'m\(
abou}y Yhaotl mmalers.

Having decided that # is the thinkable machine
Yhat ’f‘ea“a wotters n our heads , we 9o ome s}cp
?urn\er and ignore all sorts o? constraints  thal
are hard Yo avoid ]:]n sicc\ mac\nines, such as
s\-omac size oand word eﬂg}kz n  the machine
we H\?n\« O\.\QO(A}' —.Q\So \amown v RN /'Jr\ne gooc\ LOYC\]S
Mo dhime — any 'm}eaer‘ can be increased ED |
To SimP\i% motters ?mrnner, we ignore all devices
?or inpu} ond Ou}‘]:u)r o? 3ng-)orma§'i0h: the value
Of '“1@ ‘mpu\' ohsor bed \OD c. CW‘PM}Q\"IOY\ is c\eemec\
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o he caP)rwred 1:5 Yhe ‘mi}io.\ s‘ra"e o? Ye machine
-ie. dhe sk}e i which dthe madhine s)'c.r\'s 'Hne Com-
ru}o.\'uon- , Yhe velue o? the oubput s S'nr:rv.i\o\rl
deemed Yo he ca}:}ure.d ‘°3 e [Ana) shole oe—\ e
mochine - i.e. the s\-c\)re n which the machine is

\e@r l.APtM COm‘o)ehcm o? 4\0e Cc'rn}ou}o.\'im-.

Our next s}ep i a \i}-“e bi} wmore redical . 1n Yhe
)De‘g’inn'mj we \were veD PT@OCCuFiGG\ w'n»\ _“'ne \MGQ\'\'ITGQS;
as o re§u\¥ .} wes viewed as the dask of Yhe programs
Yo inskruct our wnachines, and the Gna\ stele was
not only viewed bud achually deffmed as he resull
O€ Yhe COYhTJ\A)’O.\‘iUh evoked under Ccrn)lro\ oP the
Progrom. T Yhose deys , Yhe semoankcs o? Yo -
3mmmin\? \anauqses were de?inec\ in Yerms of Yhe
c:cmnru‘o. iona) s\'er Yhol  would }oke T\o\ce durirB
the execu}'icns oF }\we ?mgmms, 'Hne ?'mo. s\n‘e
rc@ec}ins Yhe Cumu\a.x-'.ve eﬁ{ac} oP o\ Yhe s‘eps
OFO\ co'mpu}o.)w'cn. Suc.\r\ an Q-PqucL 1S oW co.“ecl
”C\n orero.)iono.\ degﬁi)itrm. o? ’H’)e Semaﬂ)’ics.

Nowac\o&s, we are no \cm&er So preocca Pieczl with
e machines; we are wmore inlerested in owr progyoms
and  view 3} as the Yask o? Ydhe mochines Yo execule
owr )orogmms , 1€, Yo \or‘m3 '“mmse\w-s, ?cnr' om.\-j siven

ini\-‘m\ s}a}'c ond S'IVQY\ \orogmm, into o Correspcmo\ins
f’ina] s\-al'e- We are wo} Y \n)reres;ecl o\-n.U maore n

w\qa} \na\o ens durinD '\‘\ne CW‘Qu"O)‘O’h R \Providecl
it eshablishes the desired neht eﬁ’ec\, F\c:cordinjlfj
we shall wo lcmaer- de?me the semantics via the delour
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o? }He ne“ e Wec} 0? ”ne com]:u }c.\i ons O 'P-ro 3ram
m 03 evo\< e, N s}eo.o‘ we s\,‘ c:“ de Bne mare C\'\ recnn \"l v PN
@:rr On"l\!j \orosrwm ™ '“ne \ o\‘nau\ c\ge ihi}‘ia\ and ?m Q]

shiles are connecled.

We do so » becawse such o hdﬂ-d‘o@ro.‘ichax dQGn'n\‘icm
o? semonhcs has clear Yechnical advantooes. For
ins‘amce, M order Yo es‘ta"-'l’ls\n Hhe. equ\vo.\e-nce of Ywo
d':??eren} rograms, wWe can derive ?or Yooth o? them

how ‘mi\‘io;\ and gﬂa} S}O)(cs are Corrmecxec! ond i(-?

these commections ore the some, the TOQrams  are

equ‘-v‘q‘en}. “The &?ac} 'nnc.)‘, when execu)rtcl. “foet) es‘n\:\is)-.

M’le Some he}} eﬁ)ec‘r view ossi):l cli erenl Compena -~
P 9 ?

Jro\icms noe lcmger Ccmw)::\ico}es Owr ressoanin Since

we d.cm']‘ need % Cemsider ‘H’I@. 'mcliv'neluq] Ccrm]ou)rou

)li ens oma more,

(’.Bes\des qssis}mﬁ US In reasomina abowl given
‘oro Groms -?cw ins‘omce Ao es)o\\o\is '})nerr equiVvon-
lence.~  the ncm—crpero.\%onox degn;\ion o? Fmgro.mmanf)
lanauase Semantics olso serves as o basis Gcnf‘

Cu CQ\ Cu\b\s ?or 4\'& der‘:vo\\'ion oP Pm&f'&ms 5 }xﬂea‘r

required nett eﬁ)«ec\-s \oeinj given. DBl Mot s
onother S\Ura.>

'ﬂ'\e C'"lfj —\-\r\injs o? 'm)eres)‘ '“'\o} reymain 70:?_7_
The ‘mi\-\o.\ S\G}e, Yhe ?ﬁ‘ho.‘ stele and how o Progm-m
Cannects thewm. s cmru}ohm\s no lomecer enler
the \otc\vfe . We Coan MNaow ?wge!- abou}l machines
and Yreal meﬁm‘ms as ma)r\ﬁemo\\icg\ obiecks ™

Yheir own ‘{"15\'1\‘, 4€m}oor‘ar}\5 ignoring el Br\ﬂe:j
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adwil  the ‘\n\-er‘)re)rc;\ion c? execuloble code,

'ﬂne Semomhcs QE _& _progrom

— e e wn e P mmes e

One hJO:lj o.(? hbiﬂﬁ Yo C‘GP\‘Mf‘e Yhe Sew\an}ics
o? C S’,ven program S 1S -\o consider the ?’tno.\
5“0)’2 as G Func"\on o? Yhe 'm'-x'lol s;c}e. N u‘n‘nc\-\
S s S\Gr}ec\. This  woe has been ?o“owec] (ex)fens‘t-
Ve\5> , bul 3} suFrers %"om ‘wo c\iso\c\vqn"aaes.

The one c\\sao\vonhaae s Ahat Yhere oy e imtic)
S‘-Q)fes ?or w\r\ic‘w S . w\'\er\ s}ar)ec\, ?a;s % kf-
\minc}e, ve. The 'ma\ s}a)re, considered as g?unc}icm o?
Ahe '\m}ia\ ome , 15 no} deﬁned -for all Poan\rs o?
shote space. We Jhen have Ywo ophions, either we
Pay Yhe price o? dea\in? with  what are caled

"Por\'in\ ?unc"icns - Le. unctions de%ﬁea\ on & sma“er'

doma‘nn )l]ﬂorn }he one U\‘v\c\-e'r‘ Cc‘/ns'n&er“c\)"lm'\— or we
ma\«-z Yhem -\o\o\] ﬁanc)‘\cms \33 ex‘endinﬁ %e_ stolte

space b:j addin (73 sPecic\ "?cﬁn} —uSuo.“J
called “betrom '~ thal con e inter Ffe—\eé os shack
* Both howe Yheir disod-

wn an  endless COmpm\-o)f'\cm
Vav\\‘ases. (’Tke \o.'ner s reo\b C. coé'm A'r'ac\x: '-\

bufjs “‘)Q aévan\-c\be o? deq\‘m knn'\ %Z?\o\\ ﬁanc\aoﬂs
at Yhe price o? des\TOJiﬂj e \r\omosenei}a o?%he

s\ro)re s\fno.ce . )

“The other diso.c\van\'c.ge 15 vnore Serious: H'\e
aPpmac\f\ S l"eo.“_tj 3e.arecl }‘o w}nﬁ are cc‘“eo\ "de-
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\erminis}'\c programs *, .€. »Prog)raums ?or- which )r\ne
COmPu)rc-x}on -w\'\e}-\ner ﬁm\e or not ~ is CmnP\e\eb
determined by the imtial stole in which Yhe
prooram \was-{@n Serded. Tor o variet 0? reasons
— oboul Lohich Pr°\°°\°]:j wmore loder - we would \ike
Yo include ™ our consic}erc.\icms nondeterminishic
programs as well (e.ﬁ. programs Yol could be
'th\emenxed \33 occqsiono.“:j %'oss‘mj o coin ),
oand such nondeerminishic progrems don' ?v\'
Y\ice\s in the @»nc)‘iov\a) g?ro.meuoor\fc. ,?ch")\e have
)fr‘:ed i} N VOriows Wowus , such as 5reo}in3 }\we
%oin" as some sor) of hidden ‘m?xA ~ Ggam o
Cod'm& Yrick: = or b:j 'm}rocluc‘ms Fumc)icms ?rom
s‘o‘es —‘o Su\DSe\‘s OP s)o‘es. 'ﬂﬂe c\eanes} cx\)procc\-\
Q\cmg Yhese \ines 1S \Pro\oo\alb do C.o.)o)mre Yhe semon.
Yics o? o progrom os o relation Yoehween imitia)
and gna\ state; i} has o} least the o\c\vo.nxa&e
Yo} the ’re\a\ionq\ ch\cu\us as Such is ovai\a\o\e.
(Ex?eﬁence with dhe relational caleulus has,
however, ot Yoeen Yoo ovoum\o\e n }\nis c“o-nxex%
?frs}b, "‘oo“c&m " en)ers l-e. T)ic:\'ur‘e cov\s\'uﬂ}‘ﬂ,
Seccmo“:j, Man quo‘ﬂ)\g)icq)no-ns Vov.er }\ne s\-o.\‘e space
hove Yo e writden down exP\i C"H_"J' and ,%\x;ratj,
% hes Froved lo be conducive Yo errors: in the
re\a\‘ﬂona\ cg\cu\us "r\ne )two omgumeﬂn\s o?a
reloalion are JIreated on Yhe same g)oo\ﬂnb ond,

as o resull, the essenkial c«svmme}w b ehween
wnitial  and inal state is insw mmﬂb re@ec}ec\)

“The \cmﬁ ond the short o? } s thatl we want Yo
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Coup}ure ’\\ne Semo;ﬂ\‘ics o?& Proarokm c\i@%ren“&.

Consider & program S ond o predicale X
on the ( F‘mc\\) S\'c}e quce 5 '“'\e Fr‘e.dic::\re X )rhen
c\eﬁnes o d\c\no)romj o? Yhe stcte sPace: ' Yhose
stoYes in which X does not hold, X |holds .
Then e.ac\-\ ]’)oss'n\:t]e exec-u\io-n o? S g:.“s n T)fe—
Ci sel:j one o? 'H’)e f?O“ow‘l nj 'quee - Y\nu“u 0“3

ex'c\usiwa - C‘\ G.S5S5es

"S gets shuck” © he execuhion of S fails Yo
J(ErYn')nOAQ ~does nok \eo\cl o o
ina\ s‘ro}re-

”Sles‘o\o\is)mes X": Jhe execulion o? S lerminales

| ~leads Yo a gnc.\ stclew M o

S‘GA'G. n which X holds

“S estoblishes 1X". Yhe execulion of S Adermincles
-leods Yo o g;‘:na\ stale - in o

S}a)'z in w\f\ic\n 1 X \'\o\cls.

The Yaree classes are c\eor\b mu}ua\\b exclusive
and exhoushive. Nokre e} since there are no
s\-o.){es in \.o\n'\c\m Fo\se. \r\o\C\s, *“'le c\qss
“S eshablishes {)q\se" hod beler be QmT_:\-:j,

We wows \o\te Yhe ViRw )r\».o} we Yrnow euer:j%ma
Yhat s \-o e known a\oc:au\- Yhe Semo\n‘ics o?
S if we know tor any Frec\icc\le X ond ?cr
Om:j ‘m‘n\‘ia\ SXO‘){Q which o? }-\ne Yrree execuhons are
Fossi\o\e or, equiva\en“j, Lo\r\QC]r\ o? A‘\qe -‘l-\*\raa ekecu\‘nms

are ‘1m\oossi\o\e.
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'To gack__ class Corr‘QS\oonds & dic\'\o\-cm\v o? Yhe
wmikel  shete s ace , via. whether in such o stcYe
as sbr\'mb Po‘m’f o execu\ioh o? -\%c} c\as.s s

ossible or not. We choracterize -as a\wa:js-
Yrese  dichoYomies \oc:) Frec\ico)res. “The 6&% one

Corres‘?o‘nc\‘mﬁ l—o éS 32*5 S\uc\« ¥ i) '\ndependen\‘

of X .

TS . holds i Q) iniYial  shates ’For which
"3 Se}s sthuck s ‘|mPossiHe
4TS : holds n all inibel strates ?c:r whidh
"S oeYs stuck” s Poss\\a\e .

-tw\\o*(S,X): holds n all ‘mi\ic.\ stales ?cn" w\nic\-.
“S eshoblishes X s imPossi]o\e

w\P*(S,X): holds in all inidial stales Por' which
“S estoblishes X" is T:ossi\a\e.

Cand simi\o\r\\j ror A X ;)us\- reP\c.ce X \o:j X ).

'ff“mm Yhe @xc)- )r\nc.l- '“'ua ercu}‘uon c\ass "< es}a\:\is\mes
%\Se. ’ \’IO\C{ \De\‘)‘er ‘De QmT:o“D , We deduce @.m }‘.\e o.\oove

'“nc} \AI\P had \oe}kr sc)-':s?:j [w\‘::* (S > ?a\se) = %\5&]
or, Qqu‘.vc.\ennj. [ \-J\p CS, }'rue) = }rue] , or, @;" s\wor\‘

(0) { w\]o CS,__-\rue )]

Moreover , Since Y_W\PCS.X) = w\P*(S,'\Xy_X we
d@c\u.ce.

w\P(S,XB: holds in ol inikie) s\'o.\res {)c'r‘ which
”S QS"G\O\\S\'\QS WX" S '\M‘POSS.I\D\Q
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B} Since the three classes are exhaushve omd

Mu}u\a“b ?XC\{AE&V& . W S Q\SO {?ormu\c\}é

W\F (S,X) : »\O\AS ?or O\“ ‘in‘l;'lo.\ s\-o.)-eg ?c,-r w\'\‘,c\q
&)or wkic\n '\‘\ne Fossi\o'.\':)ies (aX 4- 1 Tes)n'ic‘rec\ .
Yo 'S 3e\rs stuck” and 'S estonlishes X

or

holds @)r ol initic) stotes ?or which S
es\‘ab\is)»es X i? W+ does not 391- stuck .

Since on execuYiom \oe\cmam o both classes S
estoblishes X" ond S eetoblishes Y " \De\cmgs
o e class " T establishes XAY" as well |

ond vice wversa, i.e,

[wp(S. %) A Wwip (5,Y) = Wp (S, %X AD]
the Predico}e Yrons ?ormer w\P (s , ) had beHer

e Con\')unc\'nve, and n view o? (0) even U\ﬂ'lvef'So.\B

SO,

Th -“r\e Seque\ we s\'\o.“ de@ne -‘reCurs'Neb via
Ye grommar — Fc.rr any progrom 154 o? o wmodel
T;roaromminﬁ \O\nguose W‘P (S,?) . In view
0? Yhe obove we G\CC-eT.))' the o\li 30\}'-01'\ Yo prove
{‘70f‘ Qac\n ex}Ension o? %e \o«nguasc }\ﬁax _‘n"eorem
4.0 condinues Ho hold |

‘Sheorem «4.0 For Qn.j “)TOSTQm S . M’le “?reciiccAe

trans ?ormer w\r CS, ?) S umverSo\“J Ccm\')unchve.

I\'S \')roo? W‘:\\ Yoe c\is\ri\bu)l‘ec\ '“'n"ouﬁ\f\ M’\’\s Ynonogra?\n.
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) The second Predit:o.\'e ')roms@.rmer stocio}ec\ \An:}\q
S s wp (6, ?) . c\e@ned \93

Twp(S, XY = TS A Wl (s, %)) .
3 P

Bom which we derive , by subshluling X drue | on
aeccount o? (o)

[wp (S, Fue) =TS )

“The name TS con Yhus e e\imin04965 W} s
Cus)'omo.r& )ro degne -Hne Yredica\'e )rrcwmsformer
WY (S, ?) \33

(1) Y_w]o(S,X) = wPCS,\me> A Wi (s, %))

In view o? the C\egni\"\cn o? TS we hove

wyp (s, %) helds ?or o)l iniYic) skretes in which
S establishes X"
(\96'17'\5 4%? cm\:j c\ass)

Twp (8.X): holds ?or Al inidia) slades In whick
N 62\5 stuck ” or 7S establishes 1 X’

are among Yhe T)ossi\oi\'l\'les, i.e. oll
mikie) shores m which S m‘.ﬁ\rﬁ
? J Yo eskablish X

("“ﬂe names WV§ and w\? ore S\'lor\' ?or‘
di

o wea\«?.s} ")YQCCM iovn . and "weo.Les} \3\06 m\
"

Precond\}io\n \"t-‘s‘:ec)l'we\b. These noames \’\aving \Deen

n use now ?or vore tham a decade , we shall shick

Yo Yhem . )

S 3uo\r0m§ eR c\
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Since S can be started in oy ‘mﬂia\ s\'o\e,
and Yhe ensuino execu Hon Pa.\\s n one c? Ye Fhree

c\aSses, ever w\nere " S‘ro;)re Space exch}icrns ?rc'm
o} least ore o? Vhe Miree classes had lbedrer e
FOSS]\O\Q . i.e.

4TS v WS, X)) v (500X )

should hold. Thorks do YTS :-awy(’:me)l , de Yor-
Som's Low and the de?‘mi\im o? the Ccﬂ\:)ugok)e'
'Wle. a\aove com di}'n on 1S equ’.va\ en\- Yo

[WP(S,}NQ) FaN W\TJCS,"‘X) /N W\F(S:XBE ?G\se-};
'\\r\an\«s "xo N\Fls ijunc\‘ivi\n, Mis is ec\u';va\en§- }o
[‘ﬂ"(sasf“*e) . N\PCS,{)&\&) = ?O\\Se}
w\f\i ch . “no\n\(s q'o (4) can \oe S\'\cn')reﬂea\ *o

[wp(s, ?Q\se) = ?& se —_3 .
"In '“"he s:que‘\ We s\no.“ G\Qghe @:r o.nJ

progrom besides the FrEO\icc\){c }roans Eormer
w\p (S,7) e Precl'.c&re wy:(%ﬁmeﬁ as wel
—and hence (see (1)) Yhe vypredicckre *mﬂs@n—mer
WP (S.9)— . TIn view Og Me chove we o\ecep}
Yhe obli So}'\ on Yo prove

i}ﬂe \o\nbuube "-\r\o.) Fﬂneorem 4.1 Ccm}'sﬂu-es Yo
o\d.

oY eac\n €x§ens'|orh o?

Theorew 4.1 For OmJ ‘Prosmm S >
[w‘o (s, ?&\Se) = ?o\\se’ 3
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Tts T)roo? will be dishibuied )r\nroua\a Yhis mono-
oporph.

Noe Theoremm 44 is better known as "fhe Low
of Yhe Excluded Mirscle . (End o? No¥re .

* . x

In )r\'\e remainder o? “‘nis c\r\oF\er we s}\o“ de?ine
the Semqn\-ic.s OFQ number o? s\-o\emen)fs with w\\‘:c\'x
we can write w\m\ is known as "s}mibh\r-\'me Proamms"
_\orieﬂj: "Wﬁsfﬂms without re\oe\-\"\on or , yore 8e.nero.“3,
recursion— . We shall o\e.%)&ne Yhem \o:j Giving ?w
e the Prec\ico}e aromsﬁ;-rmer W\F(S,?) ond ‘he
Taredicc.}e wp(S,%m@} . in accordance with the
above we s\nq“ Provc ?w pnem “’Ie universc:l Comiunc.
\"\V‘i‘\j o? N\P (Theorem 4.0) and The Lo o?ﬁe
Excluded Miracle (Theorem 41). Tn view o? laYer
am:\ico.\ions, we s\na“ 8'\Ve 'Hﬂeir dis\sunchv'\\-b ?m\oer}ies

as WQ“

- W o e e o o m

Dq{’. : [w?Chavoc,-\rue) = Yrue )
["""P O\cwoc, X) = IX]]
Gms.  Twp (havee, XD = X))

This s\'o\‘emen" s the ?irs‘ arne to  ilustrale o direch
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Consequemnce o? (). (or o stotemen) S with
[wp(S,)rrue)] ) the Frec\'\cc-.)c }rans%rmers WP
anc wlp ore the same. Tor reasons thal will be.
<come c\ear in & momen‘r, mos\' commerciq\l Gvo\]\a,]o\e

programmino \“"S“Qﬁes do not include 4he statement
havoc ) \eas\ V\o)r ‘m}en\imno\“:j); '\);s execu\"\m

s\nou\c\ brinﬁ 'Hne mac\n'me in an ar\oi}rarb s\ﬂo‘@. i.e.
should assiﬁn Yo each varickle 'SPO\nnin Yhe s)cde
sPo.ce an un“;redic}eb\e VQ\U\e. et 'u)" 13 500:5 *0 l(nouo

e stolemen} havoe , @S i} Prov'ldes an im]oor\‘an“

counter ?xamp\e.

’Progga(.q ﬁ-;r havoc .
w‘p('havm,?:? is hniversu]‘(_tj c.mdunchve-. (End o? ’Proo(? 4.0

/Pl'od.? 41 '?or hovoc

wp (havoe, fc;\se.)
= {0}

wp (\no.voc, hue) A wl,: (hovoe, ?c\se)
= {de? of havoe 3

frue A Y_?a\se—)
= {Pre dicale CQ\CH\U\S}

()G\se (End o? /PT‘DO? 4.4 ?01‘ »lo.voc )

On cxccoum" o? Le\mmc. 3.40

’-B?fmg, univer3q\\j co-n\')unc\-'we, w\\o O’\G\rqc, '7) s
wmonotanic , bu} Pral 15, In Senerc\, ts omly disjunc-

}‘wi\b Proper\b since , \n Senem\ . w\P (havoc, 7) s

heE’r\ner d'lSJunc\"Ne nov gr-con\'inuous_
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Tor o shrate spoce \arge Gﬂou&\n Yot Yhere exishs
on X sudh thel X} A abLX) _ie o shote
spoce OP 2 \ooih"s, 1-e. sPomneé \o\xj o sina\e \ooo\eo\n

variq\vb\e SM%CQS— we O\OSQ\"VQ FCJI"' SMCL\ Oy x

w\P (havoe, X v~ aX)
= { Prec\ico.)re cal c'..\\us}
W‘P (»\avoc . ‘\‘rue)

= {de? o? hovoe §
[hruel
= ‘[ Preo\ica‘? cal CM\MSB
Arue
= {stumr;\‘ion about X'S
AlX1 ALY
| + {C\e NOT‘SQnB
Xy v 1)
= {de? oF hovoe }

w\P (havee, XD v w\\o Chavoc, 1 XD \

\qence ]ﬂOVOC iS in Senem\ no\‘ d'l‘sdunc\‘\ve..

Tor o stale s poce spomneci \DJ c 5in3\e in}eaef
vo.ric\O\e X , '“qe ]oreclicc.\es X.i S’Nev\ \oj KZN ?orm
a mono\‘onic sequ\ence. Solwo.re br&c\te“S correspcnc\m‘f)

Yo universal quon\‘iece\'iw over X , we have

w\P (\no.voc, (E\::X.i))
= { de? a? \'\ovoc’s
[CEi X))
‘-‘f= { de?. o? X'S
(gix IX4))
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= {Q\EE OF hcwoc's

(Ei:: \A\Ya Chavoc, X\))

hence havee is in 3enercx\ not gr-chX\nuous.

]\_’c_a‘_'i. n \-\ne \')c.rgon, havec is o nondelerminis-
Yice stotementy . (1} is even Yhe most nondetermi-
ms}ic one o? G\\) IY\ an ih?‘un‘.\e S\n\'e space ‘n\- 'S
un\::ounolec\fj v\cmde}erm‘m'\s\‘ic, oand Yhe ohove orgu-
men) s\oows Pot unbounded hcmcle)ierm‘mmm ex-

cludes gr-con\*inui\b o? w\P . CEnd o? Nete.)

S= abork

R

’De?- [wf)(c.\aor\', }me) = ?0-\523
[w\)o (Q\)or\ . X\ = \‘Tue }
Cors. [wP (Q\oor\‘, X) = g)q\se -3

TFor reasoms +hal m“ Voe come c\ ear N a momen}',
a“ commercie" ovai\c\o\e Progmmmmé \mﬂ5uc\5es
wclude Yhe s \lemen} obort  in ome Eorm or on-
o%er (So-me\"lmes qu.';\-e, un'm)en\'iona“u) So)'. ix‘
correspands Yo dhe shclemen} w\r_\_ose_ executrion 1%
Suo.rqn}eec\ 5:0 {)o.i\ ):o -*ermmcﬁe FT‘QTDQT'\U-;; ’1“ 1S "

Scsme}irnes ‘»(nown under Nnoames such os S}QP”

)
i

”Q\Grm . Yerror messaoe h; as we shall sSee \&}er

we howve deened ':\ )ﬂ:.) lC-"e Seman)‘nce‘\\b equivo.\ev\} 3ﬂ:’J
the v\on)rerminq\r\nf) repe)ﬁ\'icm.
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’Proo'eéo ?or ochort . On account o? Lewima 342

N‘P (o.\oor“, 9) 3 univefso-\l:j con\')unc\'ive.. (Ehd o?
/P"DQF 4.0 ?or' o.\oor“ )

’Proo? 4.1 g)r o\\oor\' .

} TLE

= { consequence oP de? 0? 0‘\9‘“’}'3
B X: bop Cobort, X 2 Pale 1)

5 {inshombiahion
[wf’ (cbort, ?o.\se) = ?o\se] .
(End o? /Prooe 4.1 g)or' abort 3

Furthermore we Cc-.nnc\ude on o ccount c:-? Lemma 342
'“"OA' N\p (o\aor\'-, ?.) 1S un\oounc\ ed\n c\isdunc\ive. and
’an} WP (c.\oar\r, ?) s umiversc.“‘j dis\‘)unc\‘ive.

Note ﬂ“'erno\\"nve\:j we could have de?'mecl Yhe semonlics
o? o\oor\- \OD Pos\u\o.\"m& 4’%0; s TJreclicc-}e \rrans?arme_rs_

Se.\'ls?b —n'morems 4.0 ond 4.1 » p\us
IN\\O(Q\Dor\‘, ?o.\se ) = \rue -)

w\nic\w s -“1e ?ormo.\ eKFfeSS'lCM o? 'Hne circumstonce )I\r\a}

a)l execulioms o? abar} %1\ Yo derminate. (Bnd o?
Note. )

S=skip

’.De? [w?(s\cip,}w.e) = \'Tue}
[N\Y) (s\ciF, X)) = X
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Cons, [W\OC?:\CiF,XB = X]

% S}o\‘emer}

S\h’\o s known under momy nomes,

P ]
such os  "dhe emp sk‘emen} ', ”no-c\o #, “continue .

in Yne S\'jn\‘c\x o? HLSOL 60 the mis\‘o\«e WGS Mmade
o? re?resen}inﬁ ik \ob no c\norac}er o} a\\.

Since erJCs\ciF, ’\rue)] . 'Hn?._ Preclim}e. }rans@:rmers
w\ocs\dr.,?y and w\‘:(s\ti?, ?) are Yhe sowme.

/Proo?-*{.o Pcnr‘ s\(i& . On occount c? Lernmo 3.44 5

N\P.(S\G‘P, '73 Vs Mhiver'sa“b Ccrn\_')unc.\-'\ve. (Enc.\ U?
/Proof 4.0 ?cﬂ“ s\«r;. 5

/Proo.? 4. 'eor S\ti‘!: .

Yrue
= { onsequence d? deE oF 5\“\93
(E\_ X:; [NF (S\\'i‘), XB = X‘_D
= { instontiotion §
[wf: (s\d‘o, ?&\se) = ?G\Sel .
(End o? /?roof 4.4 g;or S\t'.\fa D

Turthermore we comclude on occount o? Lewmao.

341 +hot N\YJCS\GP, ?)  and WPCS\c‘n‘p,?) are  uni-
VErSQ\\S dis\')mnc}ive. .

EP_‘?_‘ For Yhe c\eFin'.\icm d? 3—\02 semo*n\‘ics o? s\cip
3} owould hove Sug?ioeo\ \-O \Oos\-u\o.‘e
[”P (5\«?, XY = X

b

w\'\ic\'\ s H’Ie ?ormo.\ e?aaressic:-n o? )-\'\e circums\'omce

‘\lmﬁ' eac\-» execa\‘xcm o S\tira \ecwes —]-\ne Ync.c\'\ine

Fd
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sto¥e una ﬂ?ec}e& . CExd o? NoYe .)

F4 "
5: X::E

- - —

(DQQ IWT.) C”X'.: E ,; \‘Tue) = )‘ru.Q-_B
1“‘? ("x=E", X) = x’é}
Cons. ‘_ wWp ("x.= € “, XD X:_:_ 3

]

’\'?er\: o) no\‘o\"icn ]_? }-\r.g s\m}emen}- iT gre Com P\ico.)--

ed )fhom C Sina\e. 'lc\en\":‘?ier ano\ s\nou\d be Parsec\ ):o

reYrieve s Ccm?cnen\ﬁ, W oS Cus\om&r Yo surround

'n\' Vou, & ooir O«F uo)IES So as \"0 mo\te c.\ao\r H’\o}
9,5 | °l

e (—Jo“owins comma does hot \De\cms o W “Thouah i}

is Not o custom we would ke Yo de?eﬂo\, we gm“

s)‘ic\( Yo b Yhe ?ew )rimes ‘a\' s QPF\';CG\o\e.. (Enc\ o?
/\Qemar\c an ho}o\\‘\on)

'“ne o.\oove Swes -Hoe. Semonn‘ics o? Mme GSS'\Snmen;
shalemen} n iYs 5imp‘es} ?orm. On occount 0?
[w‘o ("x= €, Yrue) ) , its w\]o oand wWp are again
Yhe some ?red}cc\\‘e %o\nsggrmer. “The de?n‘;\im« c?
WT)("X-.-.:E, \rue) QC\QP}@A here exc\u des Yot Fhe
exect Yion o? x:E geks shuck | ie requires B Yo

be o ‘torc) expression . T ois 'kmp\*-ns Yo reP\ace ihs
de%ni\’ncm \OD

[w‘a(" X::Eu, )trues = de?.E-)

where Q\Q?. E  doees naY necessor 'y so}';s?:) tde?E ]
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and hdds \areciselj n Yhose sholes ?crr which £ s
degne&. We hove resisted Yhel )emrg‘ro}'\cm since Yhe
intro duchion o? c\e?E . the &egni\im °? the
assiopmen} stalemen) does nob reo.\b solve the

Pro e o? Po\r\‘nc.“j deemed ewjaressicms. “For ‘ms\c\nce,
whay would the wvalue o? XE be where E is not
de?ineéi? And d\so, EF we wish Yo CQF\VFE Pk
eua\uo\)fim o? E miont \eod Yo o hcm\'erminax'mg
Com {.\\'Q\“Icﬂ'\, S\f\o'u\dn:? we also '\‘r-:) Yo ca‘o‘ure Yhe
‘oossi\o'\\'s\:j Yol dhe evaluakion o{) "B leods Yo

=% nanc\e)rerminis}ic pmcess?

We wou\d m“‘\er \'olce \nere H—.e o]orxn-‘unis}-ic
view thal Yhe use o? Por}ic.uﬂ defined expressions
s Yhe resdlb o? not caring Yo debire them \'\'0\“0“3

f)in}crcﬁ h), and Hhotl te

Pro\O\Ern oF how Yo Pr’even} M}at loziness -or *shorbhond

(ie. “oubside our domom ol

i(bw prefer- ?ro-m Jeeding ws oashrow in our Yeason-
‘m5 1S Q. more Se,nem\ Pro\o\em OF ?orrnq\ MG"\)chAiCS
'\'\'\o} S‘nou\c\ ho\‘ C\uﬂer wp our deg?i'ni)icm o? Yhe
Semom\-ics UP )}\ﬂe assiﬁhmen} S\‘O\eme\n\". Houo no\-
Yo c\\oplj deﬁni\ﬁcms ou¥side their domoin o? vc\\ic\'nb
s a Senem\ Prob\em ‘Pro\oo.\o\j ourside dhe sCope

o? nnis Ynchosrof\o\n n w‘r\ic\n, o} \Qo«s} Eor }'ke }'lme
be’mﬁ, ol ex)oressions wall \oe '\ro\‘q\.

’T"rooP4.0 gur "x.= € . On owccount o? Lewme ?3.'26,
w\‘o (”)K:-_-E"J 7 s universc\\\‘j Ccm\‘)unc\'we.. (End

o? /})roo? 4.0 E?vr “Xi=m E".‘)
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’proof4.‘\ ?or "x-.-.-. =

W\D ("x—.= 1= 4,) ?c.\sej
= {cwﬁsequence oPdeP., with Xz o.\se}

\se 2
= {de?. QF SM\DS\"!\LA\‘ICN\‘S

&l

€ * ‘ (E“d 0?(?\“‘00 44 (?U\" "X'.: E”-\

We ,,,PQ_F“} ou¥; *\-\nq] e x  n Yhe chove
heec{ ch)\' be one o? -\-he ngroms J"".:‘cmc\"e}e ’ vario}:«\es'
b could be « ponir o? Hhem , Sowy) (t:),z) . The

assianmen\' stotement  could Yhen he wrillen

332 r= Eo, E"

2

Qnd XE wou\d \'\owe -‘o \De re‘:\c.ceo\ \OD X;:ZE“ )
‘H’\Q mu“’lF\e Su’bs"i\-u\'\cm (Scrvne)-‘tmes cc:.“ec\ Hng

“Simulloneous  subshYuhon D “Tus is extendible }o
n-fuples.
F L'D?S‘)'vm c\rivi\'b mﬁ‘i'mm%j

S= "503 St"

’De? 1 WPC'SO;S«-. " Arue) =
WP<SO > WP (1, Irwe "M

[""\T’ ("‘50;31", XD =
w\\o (SO . w\T) (S, XN

Cons. ‘.\NP (ﬁ So; S1 “’ X) =
wp (S0, wp (51,XD))
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’BQCM.S& 'H;e CUhsequence, I} no\' ‘;mmedio}e\:j OBV'IOUS

we ojive {’irs\- the

q’mo? O.? Con sequence

wp ("S0; 517, X))
= (1}
wp ("50;51 ", bue ) A w\p ("so, S ", X))
= {de?. o? *S0;S4"§
NF(SO’ wp CS‘I, Fued) A w\P (50, w\F CSA, %X
< { (N}
w}:(SO,)frue)/\ w\p CSO,NPCSL)me)) A N\P(SO,W\P <S1,X))
= { N\TD CSO,?) VS ccm'unc}’we?)
wp (So, o) A N\P(SO, wp (S‘\,)rrue) A w\\’) (S“aX))
= $ (O}
wp (S0, hrue ) A wip (S0, wp (S1,X0)
= 40%
WPCSO, wP C‘Sﬂ,)()) .
( End o? /PrcchF Ccmsec\u\ence.)

Comypoared Yo our previous c\e{?&ni‘ricms OF Yhe seman-
Yics o? stalements , our de?‘mi}icm C’P Yhe semontics
OF the semicolon introduces o novel} n the semse
thel Yhe Semcm\"lcs o? S0, 51 s Given Yerms o
Yhose 0? SO and S . e pro rhes 0'1-0 Yhe
\orecli cate &roﬂsgnmer wip ("S0;81°, 7) dePenc\
on Yhase o? W\FCSO,?> ond w\PCS‘I, ?) . Se
we cannok prove Yhot N\P("SO;S‘I T ) s "c.lwaas"
univerSc.\-Lj Ccn\)unc}ive: ]OC‘Q“\!:) Wwe Con oy 3‘;ve

¢TOG€ 4.0 ?O’f ”50.'. S‘l" On occoun? o? Lemma 3.14>
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N\P (" 50; 51", 0) s un'\verSo.“b Ccm\')unc\live i? \Dm\'\q
w\‘: (S0,7) and N\P CS'i,'?,) are . Cend o? (Proo?4.o

g::r' " SO_‘, S“ly .)

We are in a similar TJosi\\cm with

“Theorem 4.1 ?Crr 'S0, 5. "S0,S4” so}isﬁes Yhe Lows
o? the Excluded Miracle i() both S0 and S1 de.

/?mo? 44 ?or ”503 SA !

w_P("So;S‘\", ?o\se)

= {ccmsequence. o? dee "S0,51" with  X.= ?q\seg
w‘o ( SO, WP <S1, ?Q\SQ))

= { Theorem 414 holds ?cn“ 5‘\3
wp CSO . ?c\se)

= § Theorem 4.1 holds g-"" 503

F’G\SQ ) ( End o? /Proo? 41 ?or ! SO; SA " )

The abowe are owl:) e induckon steps. Nowever,
For each s\o\‘emen) Infrodluced all \Ob i\‘se]P we
shows the vali oli\*b C)P TTheorems 4.0 and 41 ; F"o-\“
each S}QXQmen;- Composed o? o“ﬂer s}axemeﬂ\S
We showd —aGs we ‘us)r c\i&-—- 4\10} -\-\ﬂe "“'\QOfems
406 and 441 are valid ?qr the Comr:os'.\‘e Yprovidec\
ﬂ'le& are valid @w‘ Yhe Ccrmvf:omenxs. Vi ‘nduckom
("over ¥ne grammar’ as Yhe Jergem sabs) we are
then Q“ow@c\ "‘CO com clude H’io.)r “Theorems 4.0 and
44 are valid ?or G“ s\-o}emenls o? Yhe Frojro.m-
‘ming \qn&maae.

TIrom  Llemma 344 we  furthermore Jderive Yhal
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“\P (" So 5 Ss ”, 9) @n‘)o&s c.“ dis:')unc\'n ve TJ)”OP@I’} es
shored \QJ u\F (S0,7)  and N‘P (S51,7) |, and
<) m'u\ 'Y r\n E)or wP

S= 1F

, Thn Yhis m:moarca\o\w, 1IF 12 used Yo dencle
altlernahive conshrucks | o? Phe ?orm
W PBo - So E
¥ Bo+Se | B1-S1 K

i Bos>So | B1>Sh ) Bz>S2 (b

n Senem\ iﬂf(“i:: ’B.i—bS.i)ﬁ . Where Yhe 1
are }G\<en @'mm g\ usmo.“ ncm-e.m\- R usu\o.\\

3 P’ v,
?‘mﬂ‘! \oo.a

With }\ne c.\o\)revic\\"\an

515 Siven \oj
[’BB =CEix /BI)]

. we \mo«ve.:

’:Deg [w? (IF. hree ) =

MpCIF X)) = (RizaBa v wlplSi, XMN)

{wp CTF, X) = BB /\(ai:: 1B v w\O(S.i,X))]

BB A Q@B v wp (S, ned))
Cons.

(In Yhis case . +the VeriﬁCG}’ern Mot  Ihe Cemsequence
ﬁ;\\ows Prcrm Yhe (De@nﬂ'iﬂ'ﬂs is again \ep- Yoo Yhe

rec.der.

We hove Yo prove
“Theorem 4.0 g)or' 1F  "Predicate Yransformer W\P(-IF,?)
\S un‘uversc.“\j COT\JDW\Q\"NP. i? ca“ Yhe W\]O (3.'1,?> qre.
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KPT'DO?“O %r I__F . ’Beco.usz dis\_')unc\-‘:cm c\'ls}r}‘ou}es

over universc.\ qumn}iﬁca\ﬁo—n F 5wem\bj
I?X = S.X v Y] em'o‘js each cw'unc\-‘wi\a ”"f:ﬁed
b ._No)re-. s\noud H’n‘ns ))uve geen c. ‘Qmmo\ u€
D 9
Chopler 3, .. o replacement OF Levnmeo. 343 7
P g = rep
ABi v w\\o<5.i,?)
';? w\}p<5.i,?) is. TFrom lemma 345 )} now
Po“ow.s thalt W\P(‘IF’ 7) s “
i? o.\\ N\PCSI,") cré..
(End 0€’Troo€‘{‘-0 or ¥ )

2

s un'nversa“b cdnjunc\*ive

niver sq\\:) C mn\')un C\"IVQ

Theorem 4.1 gor W . 1IF sg}is?ies Yhe Law o?
Yhe Excluded Miracle i? all Yhe S do .

/PYDQ?41 P;;r 'Ir}:

wp (TF, (olse )

={c¢msequence o? dee TF with X:= ?o.\se's
BB A (Qi: aBi v W?(S-i,?&\SQ))

= { Miracle Excluded @;r ol 3.1‘3

BB A (ai:: '1’3.i3

= f deP- o? ’B(.B'S

BB A BB

= 'E ‘Prec\ico.\'e <ol Qu\usg

?a\ se

(Ehcl 0??\"00?4.1 ?or I‘F 3

From lewma 3.25 i} Fo\ OWS H‘na)r N\PCT.‘F, 73
s or-conhinuous ?mvidec\ al Yhe w\‘o (<S.i,7)
are and their number is gni\‘e. PAdwmission OP
an \nFFn;\e number o? alter nolives behween i and A
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n senem] destroys or -COn}‘mu‘\\‘j \ Since com junchion
distribates over exislendial o\uo\n\i?i codtom | W“JCB‘-, ")
S or- ConFinuons i? N\T) (TF, 7D s

F]no\ f\-k:s Ccrnc\ucles aotar }'T‘QO\}MQﬁ} Q?
S\‘mia\rﬁ-\ine Programs.

gom‘me-n‘s‘ Tn Hhe Previous c,\na)o‘rer, Yhe %rmu-
lohon of Lewmo 325 should have bze

extended with “(Exlendible Yo n—\-u\\o\esy'.

’E)r Lemma. 3.4% T ‘oroT.)cse
Lemme 313 | Let ? be given \93 [?X = %X /\\‘r];
?or O«r‘\o':\‘rosrb Y, F em;)obs each \)unc\“\v'\b e:n\“)cbec\
\93 9 > univerSQ\ C‘Oﬂ;)unc\-'\vﬂj che‘s\rec\.

/Proog 243 We observe ?c;r hcn’\-‘ZYr\P\:) Y over w\r\ic\q
5 IS Cm\)unc\’l\fe and O\’r\:j W over w\«\ic\n 3 1S

diSJMn < hve

@AXXN: X)) (B X: Xe W: X))
- facf of 3 - {aeP of 3
g @X: XeV: X ) AY g (EX: XeW: XD A Y
= {3 Con\')unc\"lve cvevr\l} = -{3 d_is\‘)unc\*'ave over \,J}
BX:XeV: Q.X) ~AY (EX: XeW: o X) A Y
= {\f \no\-emy\b:lj = { dis\‘ri\ou\ion?}
(AKX XeV: 5.)( ~AYD) (EX- XeW: g. X AYD
_ §acfop P - {aef o ¢
(AX:XeV: ?X) (EX: X eW: PX)

CEnd QE’?roo? oP 3.43)
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This dm?-} s s\ﬁ“ Youn omd sO T owm reasonc.\olj
P\eOSeo\ lm“m W} 1 had o lew Pro\p\ems, e.cy. how W\ucl'\
‘o e\a\r)oro.\'e e remark of the borom o EWDqo-0:

T know Cu“ures N w\'\ic\ﬂ Ne owount 8 e\q\oorc\\'wm

would suf’ﬁce,\cu} alse CU\}ures m N\’\iC\'\ Yhe remark s
Stper ?\uous.
/?qae 0-5 ¢pve rise Yo a leckure Yhat was 9m}\'j

a-PPrecic.\ecl \"ﬁ the audience , which ccm(}'.rms Yo me
Suc\n ccmsic\erc\\ims slqov\\d ‘oe ihc\ucled./?aaes
6-16  hed '\‘0 be dome Vefj S\Ow\\j , othervsise people
Se) u%erb Ccm?,.sec\ aoouy i* is imT’OSSR\:\e l\nix
Smne“nins w;“ no‘* \'IQ’I)\O% ' “The ne c.\‘io-ns 3e]- C.
\inle \Ol\‘ Over‘oowerins; ‘.\' s %ere ?crsre Sooc[ x‘\no}
these comsiderations are Co-n?'MEd ‘o o ?M Poges.
Cls Mn'.s H"e Yea sem H\",_‘j '\\ne r‘e\a\ﬁcha\ C‘cx\ Cu.\uS
\nas 'mvi\ec\ M\s\a\(es?)

On F.H . Subc\nqp}er %Qadinﬂ 15 miSSinE)_’The
rest is o \o-} Qnumerc.)r'nve, b Yot seems Yhe

hO.)'MfQ 0? %e *ow?;c.

Aluskin , M March 14985

‘Progdn EdSﬁef w’}&ks\‘r&
/De?o.r}men} o? COMPM\‘Q'F Sciences
“The Un‘.verSi\rD o?'—\"exo.s Q\ ﬂus\"m
Pluskin |, TX 78712 - 1188

United Shales o? PFymerica



