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The \ongea* }?\o-.xeau. M\J OH'\er' S\'()\"les

For a sequence ?G 05i<N) we call
Rli:xsi<xsk)  with  Ogxsxrks N
Cr Segmhﬂ' o? \Ens-n'- k (No’re 'Hno." qu &m?\-n
Sequence -je. N=0- Ccm\ocms 198 Seamen" o€ )en\cj}\n 0)
We Gre in\'ereslreo\ in Proﬁ;ro.ms ms] - @’r M AXiIMum

seqment length - Yha} delermine  Fhe maximum Jenghth
ot & seamen} s«a\-?sﬁbinﬁ sSome Cri}‘erio-n B

With Yhe abbreviakon b defined by
bx.y = B. ?(i:xsub) v x=y

the ?unc\'ior\&\ Speci icahon o? ms] is
IT N:ink F(i:osw ND):array {N30§
; ILe: ink

; ms) {R: <:=(ﬂ_9}_< x,«J:OSxSBSN{\b.x,\j: \3-003

1
)]

I_\]_g_l-_e. In H‘te de?ini‘ﬂor\ o? b , e c\.is‘unc} X-...-"lj has
oeenn odded So as YO @nsure Yot I)R Hre riﬁ\n"—-

hand side i1 dePsned. From c=0 we com comelade

Yhal no nmﬁ-emyb Sé’&men" Sc\hsﬁes B . (Bnd o? Noke.)

Tor our ?irs\' a]oproxim&)r'ton we o\o\-o.in “\e Ihveri ant

Yo \ob re]o\o\c'mg m R e constant N \DD o variable
ond res’rric\'nrb s range :

/Po; c:.-(]:\_‘a)_(x,b'.OSxS:jSh A b.x.<3: b-x) A 0sns N
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with the relevant ro]per)—ies 1Ce,n) = (0,0) 2 Vo) ond
Vo A naN = 1];] . “This leads Yo our E’m& QPmei-
mation 0? ms)

][Y\'. 'm*‘; c,n = 0,0 {/PO‘S
. do ngEN = {Vo A ntENY cniz B onet {T70Y) od

{/\)0 AN n=N, %ence}

A ARY
where E  should be such as Yo \‘)us\i% Yhe onmokation,

@ewu\’\c N‘l\'\ﬂou} a‘oo\oaj we omit the jus}iﬁm}‘nm\ ?c:rr-

our decision ‘!o nerease n  each Yime \Db 1 . (End
o‘l? Nemark.)

T order Yo derermine € we observe under Yhe

va\ic\ib o? Po A ni N
wp(fcf,nﬂ-z E, n+1 V0
= {QX‘IOM o? gssijnmen}, de?i‘ni}ion 0? /Pb}
E-= (?_1_9_)_5 x,b:05x53$n+\ A b.x.:): \3—-x3 AN Osnng N
= { Proper}'les OP MQXS
E= (MAX *.%:0$Xxs9sn A boxy: y-x) mox

(MAX x: DSx $ Ny A o.x. (n1): N - x)

AN O0€ny g N

= {PoA niN ; properties of MAX cnd MING

E=¢c max n+1-(M\N x:0gx gnet A box.(ns): x)

= §{ since [b.(hd-t)\:(nﬂ)]g

E=c mox n+l -~ (T_'ILNX: DX A b.x.(n-\-\): x)
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This Suases}s Q Prosram with o Pur}‘her vo\ﬁ&\:’\e_,
h say, Yo record the value o{) e above MIN - ex-
Pfe_séibn, ond with Yhe invariant Yo A Vi where
Yi s a‘wen \ov

/)7’1: h:(m X: O X /\\D.X.h: x)

Qur second a)oProximo.}ion Yus becomes -TW

being initichized oy virlue o? h.0.0 —

Inh:ink, ¢.nh=z 0,00 {PoA™]

ydo NAEN > {PoAPrAnEN} h= E9
{Po AP ANn#ENSG

-?c.,r;:; c max mi-h | n#1 {Vo AT

od

1
mn which E1 s de@ned as Yhe solution o? P

N4i
or , QO‘LA'IVO-‘QY\)‘\% ) as \-\'xe Smc.“es\- ha\-ur&\ So\u}icm

o? e b'x.(m-
We owserve }\na\', wilh, T2 given \D:j
/PQ : n-h sc
('l) WP (”C,r\ = MG X Y\d"\-\’\ , N¥I "7 /P’?_)
= 5 Bxiom o? stianmen“, de?ghi}rm o? /)7’2‘3

"Mi-h g ¢ max n# -h

= { \gm\oer\ﬁes o MS
Yrue

(i) [Cc,n,h): (0,0,0) = V)
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\nence, H’ee invariov\\' Po A /P‘l o our Second c«)oproxi—
mao ticm Moy be reP]aaéd Y YVoAr P A V2 . Noke
l—\'\o} , N generc.\ , Pz s Fé\sf%‘i,ec\ \o:,) h:= En

Tn view OE -\'%e de ini\'icn 0? E‘\ Gas H’)?_ SYhO\“'ES\'
nolural solu hien o? x: b.x. (n+1)  the Linear Seardh

“Theorem Yels ws to 'im‘o\emen¥ Y= B9 \’;D
h:=0 ; c_:i_o 9 b h (ni) = hizhar od ,

w\r\ic\n, not COun\rin% the ?vc.\um\-‘acrna o I , would
lead Yo o quadratic o\sora Phom | ]F, however, Ei
1S On QSCQndanS (?unc\ion o n o, hi= B4 could

e im)olemznsred \03
co 9 k. h (ne1) — h:zhiv od

which , not Cov\n}ir\éﬁ the evolue b ons a? h ; woal d
lecd o o \inear Q\Sor'u%m. This observaqion s o
s}r‘cma Sus)f)es\ﬁm % exP\ore Hne Ccmsec,uenc.es OF
the

Monotenicity Assumwplion The smallest nelurol

3
5olu\"|on o X: h.x.n is on O\sceno\mg ?unc.\"lcm

(,*7 n . CEnd o? Nono\-on‘uci\-:) (‘\S'SL.\mF\"\cm.)

v ) \‘\r‘\i's m \'\x‘ \QCAO\ Jto Crh C\C\SS OP g’is} G\ or'n“‘tms.
Tn%er‘es\- o??'\'\‘us hoxe, e Nono\'onic&‘-v QSSu?n]o\im

$ node,

Under Yhe mono*onia\-j quumP\‘.on ., = €1
never decreases \'\ ; \nence h:= B4 mmn\'ains ’P‘z!
So, le} us ihveshgo}e who} }he precWoli\-‘;w\ Vo,
te. n-hge alows us Yo conclude cbou} the

odjus)men} o? c ., w2,

€ iz ¢ max N+ -h
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The adJus¥men¥ leoves < uﬁc\naﬂaec\ i? in‘;\‘\e.“j
n+i-h ¢ or, equ‘.vo.‘evﬁ'\j, n-h<ec . In view o? Yhe
mitial VG\ic\it‘j o? V2 N n-h=c s Pre cm\:j yémaoin-
'mS ’tni‘ic.\ chsi\ol\'u\-:j ., In w\r\‘nc\n case C S increcsed

bj 1. Hence. \'\ﬁe ad\)us}men\- Cou\d Ve coded
(0) ._g nh<e — s\ﬂ‘;

B n-hz=c — c:i= et

&

T s nice Yo knowo ther ¢ wall Ve increased b:j
1 o} ¢ hme. ler us now Yurn Yo o Possi\o\e op-
)rim'\‘zo.}-'mn: Su)O‘Oose we Con }k\n\& o?a Q such

ok
G) Q s S“o\a\e, Le. 1S waintained \OD Yhe Y‘e‘)ec.\‘-

ed shlotements ond , \hence. when once Yrue,

remains tue | and

G is such thel Q '\my\ies i conunchion  with

with  Yhe Tarecmdi\'tcm o? (0) the}l n-h<c holds.

‘—In *\qo,\' cose, < \r\as TEc«c\ned "\‘S ?inc.\ vo.\ue as
somm as @ hads and, hence, we can S}rens}\nen

the gquard nEN Yo nEN A Q| )r\nere\?:j
?ossﬂoj Coms’mS -\ermina\ﬁm a@er ?ewer '\\rem\‘;crns_

From  Yhe Precond‘.\‘\on, “Yo N n#:N "\m]:\aes
n<N , hence @O c\e?med \o:j
AQ: N-h <c
vnee\s reo\u;remen\- (iﬂ . I} q\sc \MEe\'S reqmremenl-
()  Since, Yhe rePeo.\-eO\ storementys den} decrease
c oand under Yhe mov\o\'on'lc}\-j assum“:}icm den b

decrease h  and  hence, dont @x\si(—) Q . (Che
sh\o'.\i}b conclusion ve @ s our \as\ﬂj exp\oi}c.é'.m



EWD942-5

0? \'\'\e mono\'onic;\? assumF)ﬁon.B 50, wﬂ\nou\- i -

ﬁluencins }\ne (-)‘m.c\ \fc.\u.e o? < , We 'ma\b re.P\o«ce
e 3uar‘c.\ \ob nEN A N-fse . Bur Yhis can vow
he s}mp\ig}iec\: in conmnchion wihh invariont %!
—1e. n-hgc — N-hsc ‘\mP\ies n7':N . u\r\;c\\
Con’ wunck can Hﬂere‘(?ore be om';h‘e&. (’T\ms s our

\Qs)' usaae. o? /?’2_ )

Co“ec\-inﬁ e above, we come -under the wmonotoni-
ciy &SSumP\'wn- o owr \'\'\irc\ QP‘)\"O}(]WO\\'\OV\ Por

sl

[ n,h:int 5 e,nh 20,00
;éc_) N-hre - h.= &4
,_\_Q n-h<c - s\c‘lP
| nth=zc = ci=cs

a

Nn.:= N+l

od

———

A

ComMen\ T bhove \he'si}a\-ec\ Q\C)ou\' }he order in w\'\ic\q

o introduce P2 ond the Monotramicity RAssumplion,
hecause 'l\ s ol wnder “\e \C.‘H‘er -)llno\\r \\ne %r‘mer

loect,mes ‘|n¥eres, ’Because (_P’Z does Y\o\' deyenc\

on the m{mo\romcl\-:j ass:.Am\o\f'ncrv\ T hove @no\\\
decided Yo inYroduce it Grs\n (End o\? Commemb\.B

- *
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“The mono\'omc;\ 0. SSUMm Yom 8 mow '\ﬂ\'eres\in
enouﬁ\ﬂ *o be ex%ored a iH‘\e ?ur“\e,r, in \oar\'icior
we wou\d \';\«?. \-o \nme ymmon o ea\o\e cri\*erim Por‘
de\‘ermmins whether 3% s 53"\5 ?’:ed. 'TOrluﬂo\\e\:j
we have o S\’f‘cma *heorem,e,asi\j efo‘essec\ n }efms

o? our oria‘mc.\ \Orec\icc.\c B on s)ffinas -now with B.g-~

Theorem 0 The Monoxonic}\-:j HSSumT;\‘nrm =
GRAE B.(XY): B.X)

Proo¥ O

-—e o W e M e =R A e =m

TIn bhe ?o“omnb, quomh?i&hms are cemsirained \33 -

Dsx<ksn<m s N

The Mono)ror\‘nd\-:j QSSUmPhcﬂ-\
= {deeni\iml
Ihe m'm'\mq\ ‘na\'uf‘o.\ So\u\io-n o? X: hxn 15 on
GScenc\‘mS unc\"mn o? "
= {de?‘mi\‘icm ol winimael notural so\u\\icm.s
(RAx,nm: GEER b.x.n) A b.kn =2 @x: 2 bxm ) )
< {Predicc&e caleddusy
(B\(,n,m:: (Ex::-:\o.x.n) ‘—%)(9__)(:: '\\'D.X.m))
<= '[Predica\c CG\\Cu.\usB ,
(A¥x,n.m: (Ax: “bxn = “1\'3.x.m))
= { redicate cc«\c:.,.\uss
(J': Wonom s (Ax: hxm S b.x.n))
< {de?»m\mm o‘? BY
(A XX BAXY): BX)

(i) _ 2 LHS & A RUS,

A e e

—

From 1 RHS we Ccmclude, Yot we can choose om
A onwd Y such +Hhal 1 B.X ond ’.B(X\/B
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Choose no ,n1 cnd g) such thck
?(."-Os.'i(h()),-_x ‘O‘hd\ ?(‘l:nD‘Siﬁn‘\\ = Y .

Yrom 1 BAR A ‘B(XYB we Ccmc\u.de. - on occount o?
Yhe degnihan o? bh - 21hond A L.ont | and Yot
Y s nat an\o\':j, i.€. ndD<Nl . That s, Yhe yoinima)
notural soluyion o? %x: bx.nd exceeds 0, Yhok o?
x: ooxont equca\s 0 . Hence the Hcmo\'on';ci\-b (;\SSumP-

Yien 15 no¥ 50\-.5?@6. (End o? /Pmoec)

Commenl' 1 don'\- \i\(g Yhe obove \oroo?, m\\ic\n cowmsed
me o lob of Yrouble Yo write down. TThe ?oz\- Mot Y
hed \-Q Prove an equlvo-\ence \03 mu\-u.o.\ 1mP\icq\"|an
does not bother we, as Mis s not wn swal when
dealing Wwith winimol solulioms . Whot Sormehow annoys
yme Vevb W\uc\r\ 1% an,\- l\ne \‘W‘O \r\o.\ves are wri“evn
in such very dit¥erent s\-:j\es. (End o? Commen\-.B

—n'\ou. h 'I \nave. \'eserva\-icms c.\DOu\‘ \"he Q\'sove 'Pf'cmg
1 \i\te R‘e Yheorem verty wuch . hecouse G expresses
v Qqu'avo.\ence y W O icu-\o»r‘ Q\So \'e\\s s w‘he-y-. Png
T’lcmo‘onfc;lj F’Issum-\a}im S not SG\’isged, and (i) irs

ri aNr— hond side
() @X.Y: B.(XY) : B.X)

15 so neot that there wmust be some nice ¥\nem3

G\DOLJ- Predicc\\-es So.\-is?a‘ms (1), nice encms\-\ Yo be
wse Fu)

Letr ws call rfedicq)res a=} sa\is? ingy () " ris‘h\-

L

S‘rensn\enins . ‘n’\e-n we coen POT'Mu o-\'e
Theorem 1. 'D‘tsdunc\'ion ana th\)uﬂC\‘iOn 0? hro
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rigm-s\-renalhemnﬂ Predic:;"es are bo‘-\'\ ri\j\n\‘- S}Fev\&-
Hnen'n
\ 3

(PRJOE A

(BX%,Y: Bo.(X ) Bo. XD A (AXY: B BLX)
= {‘orec\ica‘t CO.\CLA\M-S

(A X.Y: Bo(XY) v BL.XY): Bo.X v B XD

CAXY:BO. (0N ABLIXY) : Bo.X A BLX)

(End o? fP"‘OO?'\B

Remark. f 3ejmen¥ s CO.“Ed o "s\o‘oe" i? ) T
ascendin or deSceno\inﬁ. EVGB‘DQJ.D w\no ewver made
C. WI€SS O 'l} N\nen \'th'lr\ *0 SO\VQ NHJTQ- en's
Pro\o\irn (o} c\e\‘ermin\n‘g -\22 maXximum ‘S\o?e \?engn\
_ and Yhere ore mo.n:j Such \oeoP\e_ will a Pf‘eCio}e

Yhe 'mSia\n} ca\o\‘urec\ \93 Yhe cbove theorem. (End
OE ?emor\f.)

VAN

Tor ris\\\--s}rma'\-henina B 3 s}rinﬁ X and "c\namc-

der 13 we canc\uc\e @'cnm (1)
B.(Xy) = BX

Yaok 15 there exists o boolean %nc\‘io‘r\ d o? o
s\rina ond o character such Yhat

’B(Xtﬁ) = DA A Xmj
~ “’le wmkes)r d ‘OQ‘mS

dXU = ’B(XBB v WB-X — .
’B.b induction on Yhe lengih o-? He s\'r‘ma we conclude
Theorem 2. .  Consider

() (@X: B.X =(@Yy2:¥y22X:dYy) v X=9);
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“nen (IB ?or anc:) 6‘wen d . \-kere. ex'ns\'s Ca ris‘h\--
‘5\ren¥heninf) B So-\‘is?n'mg (‘23,

and (i) ?or' Omuj Wen T‘is\\)f-s\'\'eng)\-\\en'un3 . x\werve
extsts o d  sakhs 99 (2) .

Mso Theorem 2 ojves much sotistechion; i} is
use?u\ Yo know because , in cose o Prezdom, iy
mokes sense to choose ome's d  wost cunveme-n\-\:j.

E,] #
*

A} last we should be rec.otj ?or the ?amous
“Prablem o? }he Lo—naes\- Pleteow . [1 must COT\?QSS

lo observe with arec.‘r P\ec.‘:mre Nouo \cn'\& T hove
Ynonaaed to \oos}pcme Hhis s\'oﬁe.]

A wlateaw is degneo\ as o segjmen\ all whose
elements are equal . We recommed @rr d

c\.Y.S = D:\nead. <Y33 ,
e, we write b.x.b o8
box.y = (EJ xs)<3: ?.x = ?J)
From our Yhird cpproximalion we derive
\[n,h: in¥; ¢,n,h = 0,0,0
; do N-h>c
=@ Phalbrnsakip ] Phglfn o han B
S n_€ n-h<e - skip ] n-h=c - c=an g_

; N= Nt

od

m————

3
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Let us s}udb our so\u}icm o bit ?ur\"‘ﬁt:r: what 1S
the 'm'u}ic.\ Conc\i\'icm under w\\ic\-\ an i}'Qrc.\'\c.m increases
o ? To Yhis Furpose we evc.\uo}e.

wp ('n_f €h=?‘“ - s\mpB ?.h :ﬁcn - hizn £ ", n-\n=c)

= { Se»rnanxics

(Ph=Fn A n-h=c) Vv (f.h:ﬁﬁn A 0=C)

“The Ct.mc\'\)non O=¢c 1is so s\rons )r\f\o.\- q’\'\e Se.ccmc\
di.sluncl- never occurs: in Fack, Vs ~Yo oll

intents ond purposes its ne.so}son_.
Vs P.\'\-.-_?.n v 0<cC
is a Qurdher inveriant . (Pa is implied oy
(nahc)=(0,0,0) v 0<c Rt
Yhe invoriance o? which is s‘rmis\n\-?orwarcl Yo estclalish.)
The ‘nveriance o? P2 allows Mhe annotodion
PP = {0<cd Wan {n-hccd
and hence the ophion o? ad\)us\'ms C con e con-
fined Yo Yhe First clernclive.
I n,h: int; e,nh:=0,0,0
; do N-h>c— l_f g?.\’\a- ?-h—-b l_f n-h<ec - s\ﬁP
I n-hzc— cizcen
0
10h£Pn o hi=n
@i L NN

A
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The condi Yion ()or' increase o? -
().\n-_-.‘?.n A n-h=c
is equivalent to
Pn-d=fPn A nhac

ancdl we cou\d ask ourselves uwnder w\nic\'\ circum-
stance the irst Ccm\')unc¥ ~which does no\' Cem¥Cuin
h — im‘;\ies Yhe second, ()o-r' Yhen He Yest n-h=c
1 no loncer needed and we oy be okle Yo
dispense with h allogether . Tn TViews of P2 i

suffices +o demonstrate Yhe weoker
(%) P.(n-c)-:?.h =2 n-h3c

The righ‘r—\ncmd side 1S equ\vcﬂeﬂ)r ‘e VN gn-c '
ondl 1 ‘De'ms the smollest nalural solulion 6?

X: b.x.n | we con prove (») vaic\ec\ WE Comn

show
?.(n-c)-.—.().h = \o.(\n-&).h
—_ 1\-C>,O 'oe,r:B )lrivi&“\-j '\T\VO-r'\GW\\"'——- ' V.2

P(n-c)nﬁn = (BJ n-c s:)<.n-. ?(n-c):@})

This \mp\ico.\‘uorn \no\ds 'For on ? n w\nic\n equ\
volwes are nowhere seporcled \:’:j di %Feren’r ones.
Llet ws coll such an F}J nequc'.\\i\‘n cdm\oa& "

Q@P\ocina Ve word N-h>e b Yhe oriainc.\
hf:N , wWe coan eliminate ?or g ua i\-b—Ccrm?ac

fr;' Yre variokle h a\¥ose¥\1er:



Ln:wnt; ¢,n.20,0
> c_\_o n # N — 'f Q(‘n-c);—.fn - C,I\-: T+, N+
1 P.(ﬂ—c3=l=-ﬁn ~ Ni=Nn+

4

od

p——

dl

TJH\S s M’\e Program /Dovic\ gries WESs o .203
o "he Science o? Yro ramming " Rée res\r'ncR*s
h‘-mse\? ‘o ordered —ascenc\inq or descending —,
w\r\ic\n IS & sPec'\c\ co.se o? eqwa\i D-ccrch.c\~ F-,
F@r unc\eqr Ye€asuns he }\as c\nose-n -‘o res)rric\-
h‘nmse\? Yo Yhe case Nyt )

So Muc\'\ ‘?or -Hne Prob\em o? "ﬂne \.crn&es\- /P\Q)reo.u.

Tn re\ms?ec\- T shodld \navede%ed e gunr.\'lo'n
b

3 ’j C_»].’n = Pne smm\les\‘ qu\’ura\ s:.:\u\icm o? x \D.x.n )

an\ ms}eac\ QP ! h::: [=} ! ru\'»\er h\'\:z 6.(7\-\»\3" . TcPou\c\

Pren hove wused 9 n Qrgumen}s as well. (End o
Tn re\-ros\oec\-)
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