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On binarq ope,ra'\-ors and n‘mif‘ de.r“wee\ re\::)rioﬂs

This note contains é.bod- \wo\? o dozen C\"no\'mins
\lithe Yheorems, none o? which 1 expec\r Yo e new.
Tk has een written because *koujh Yherr \omo?‘s

are ver Sim‘o\e, Yne Yheorems gre wot \nQI? os welllenown
as T Fee they deserve 4o be, 1 hoFe Yhe reader will
he as p\eascm b Sur")riSQC\ \9:) the '\hde\oenc\ence cf

e links loelween perirs o? well-known concep}s &S
1 wos w\ne.n 1 c.om»?osec\ )r\n‘zs Cc.”ec}ion.

A g)e,w no\-o\)r'\onc.\ remor\(S @rs}‘.

(D T sheall use (v @ 4 = A Vv = = n) |

here \isted in Yhe order o? decreasin3 \o‘md'ma power .

Gi) Tn Yhe \Oroo?s, e Yint  “Lebriz’ reXers Yo the
focr thal we moy “subshilute equals E)or equals |, ie.

X=y = (OF €
or, egquivel ev\)r\tj)

X =4 A LGY S ly)
Gi) T Yunts, Yhe sgqmbel = is used do dencte the
‘ms%.n)n'a]-‘mﬁ subshitution.

x* * 3
TN derms c;? some Infix c\oero}‘or‘ e \we de?ine
Ye relotien < b:j

(*) (VK,U:: XQKO = X‘:j-"'-x.)

(Emep\e: ‘\€ we c\noose uarec}es\- CarmMmmun d‘nviSor"
Ht

@w e 4 becomes d’nv'ndes" ) The remainder

o\? Yis nole ecroblishes links belween T)ossilo\e.
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PmPer\\es o? e and ]’)oss\\o\e \Pro]oer\‘iEs O? 4

) =

(O is o lelr-hand zero element o
(O is o e hand extreme of <)

e

Theavem O

M (O s o \eﬂ-\r\and 2ere element o
{de@nﬂion o? 2ero eiamen}?j
(Vyr Osy=0)
£ with x:- 0}
(VS:: qu)
{dc?‘:ni\*‘uon o? ex\'reme}

(O iz o \e?f-\nomc\ exYreme o? Q)
(End of Proof )
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—
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(I s & T“\S\'\“ﬁ\nc\no\ wnit Q\Qmen} o?‘ﬁ =

Theorem 1
(1 s o r'.g\\\-- hard extreme 0? 4)

'Pro«:»E (1 is o r'\a\\“-\nc\nd wnit element o?o)
= {deﬁﬂl}im og unit e\emen}s

(VX:3 xel =X
‘i (.*) with 3:: ’S_’S
(VX_ N XQI)
{deﬁni\‘im Qﬁ ex\reme}
(I s G ri\cj\nlh ol ek\feme, Q? 43
CEY\d o? ,PT'OQ?)

)

|

_“z\i\eg_rem 2 (0 is 'tdempb)len]‘B = (<\ is regex‘.VQB -

/\-Dmog (@ is idem orent)
{degrni\'icjf\ o? 'tdEmPc)ence)
(¥x: Xex =%)
6O with yi= %3
(Wx: X4 x)
{de?‘mi}icw\ c_.,? re@ex'\v'\b%
(4 s reflexived (Evg oe ’Pmo?3

n

—
p—
———

—
p——y
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Theorem 3 (0 S &SSOCEQ‘HV&B = (Q s )rrons'.}‘we,3

/Proog B:j C\E%hi}im\ Q-? stocio.“ivﬂj
(e is ussocahive ) = (Vx,tj,'z . x-(v-z) = (x-v)oz)3

\ov c\egﬂ‘\)t‘\cm 0? )irc.‘ﬂs'nhv’n\:j
(4 s jH“c\v\si\-’we) = (Vx,v,z w K4 y) N 34 Z = X4 2) .
Yhe ontecedent

We shall es\o\\o\.‘\s\n Ye c:mseo‘u\en} , us"mj
To Yhis ehd, wie o\Dserve ?Or O\N\tj X992

x<Q A \‘jqz
{ *>‘, (*) with }(,tj:: U’Z‘S
Re :j = A M~ lj"?. =~.:j
{Le\bniz}
X‘tj:){ FAN X‘(‘:)'Z):X
1= s o\ssbcio)r‘we.}
Xey=x A (Xey)ez =X
{?Qﬂon‘tz}
AKes2Z = XK
{(*) \An“\') 3::‘-‘2?}

A QA4 =

n

J

]

)

]

( End 0? /\)\"oa?)

“Theorem 4 (0 s s‘cjvnme‘-ricv =3 (<l s anhstjmme\'ric\ .

Praof By defirition of sy mmelry

Ce s s\chmelTic) = (Vx’tﬁ"‘ Xey = 5"‘3 :
by deﬁn‘.hcm o? O\‘r\}‘isbmme_\':-j

(4 s o\n\is:jmw\e\rric) = (‘dx,a:; X<y A gax x=3)-

We sholl estoblish }he comsequent Using Yhe ante-
CQer\}. Vo H'\'IS end,we Olo'serve Fw O\ﬂ:j x’:j
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Xﬂb N 4 x

{(*33 (%) with XY = L\j,){}

)(.,13,_-: L AN lj.x = tj
‘[- S svmme\”r'uc}

Ke = X ~ xo\j = 3
= {?ei\oh‘rzg

K =\3
(End o?’?rao?)

n

n

For o umou:«j ?re@x c,npero}or &  we ‘Vove

Theorem 5 Cen distnboules over ‘B =
(em s monoronic With resT:ec.\- Yo 4)

M ’Bj de?"“"\io’“ 0? e\'\s}'r'l\ou\}\vﬂ'\j
(e disthbules over .3 = LVX,U:._ C”(x'fj) = wrXe m3)5

lo:j degnﬂim\ o? mcmc_))rcmici\‘j
(o s W)cmo)tcmic with respec} to 4) =
(Vx,:j:: qu = mXQmj)

We shall esyoblish the Ccmsec‘uen)r ,usin e ante.
cedeny. To Yhis end we coserve ?crr' WMy Xy

cox q en
{(-X-\ \«n)ﬂn X,b = %, m\‘j—s
o7 X & D = w K
= { «» dis rilboutes aver o}

L] (X.:j) = X
<& { Leibniz}

X‘& = X
-

w4 \3

kil

(Bnd of Proad)
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Theorem & (' 1S idempo\'en}, C\SSQCic}}VC, and sﬁmme}ﬁc) =
(e is monotonic with respec;\- Yo 4)

’Proog ’B':j de?im\—'\cm oP muno)rcmicﬂ-j

(e is manctonic With respec)- Yo Q) =
C‘v‘x,:j,z-.-. xqb = Xe24 \302 VR L 4] 2.53

L]‘:-,‘n-'a\o:j Pre om*&caden¥, wWe o\oserve ‘o \Oe&m with
()cn" Crnj u;x,'\j
ue (xe P
= {e }s&oss‘:.cic.}ive‘ﬁ
Cuex)s
= {' Vs '|dempb}en}5
(Cusudexd ey
= {e is ossocictive §
CueCuexde y
= {°* s sbmme)-hcs
(Cuex)sw)s
= {‘ \S stoc‘acg'lve}

Cuex) e Cusy) ,

Le. Yhe ?re@x o‘:ero}m‘ ue diskribules over e R

ond ?rc:m Theorem 2 it now g)o\\ows Yol e :j'ie\c\.s

o ex?ress'\cm -]-\no.} s W\onoxon'\c Wl)r\f\ res\ced 1o

4 In i\‘s ri \’\\h\nane\ oYer‘Gnd} S:jmme}rj exxends
?Q ks \GP’V\nanc\ oFeroncL‘

(tnd o? (_\"rcoP>

i *
>

man o)ror\ic‘.}b

T composed this colleckion of litHe Hneorems
w\'\en —i Y\o\"\cec\ W‘jﬁ?\? &??ea\'snj *‘0 sSome o? }l’\em
with 'mcreo.s'mg ?Fequencj wnd )rMEre@re F@“’ ’lr\f\o.)' the

Yme hod come Yo ex?\ore this orea wore exﬁp\ic:n(j.

The Q.X‘)Er'uence r)ro?ounc\b i xed my ()ee\ihas. On
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the one hond 1 was, ?or mstonce, hckled bj the
o\c»servo\';cm )f\ﬂo} }r\ne_ r\o\-‘mrn OP \mono*onic%b \m)r\n
resPec\- ‘o o reloaton s *oxa\\j '\nde\oendevx o?) "
¥ne O‘Mes\‘lcn o? w\ne\'\/\er }-L\c\\‘ T‘e\o\\‘iov\ S }roxﬂs'. e,
or nor. On the other hand it mode me Onnobed with
.Hq?_ mo.\-l'\emo‘\-‘ncd cu\\ure in w\r\ic\q T had Srcwn u?,
bul in which Ye Aec.c\n':nfj o? (gc\mi“‘ec\b \oeo.m\r'ngu\
but Q\So) e\oboro-xc Mreories had lrc:a)rc.“xj Suﬂ)ressec&

'\-\ne )(-EO\Q\/\‘W\S og S‘IM?\Q re\o}‘:ons\n'n’os \Oe)rween \oas‘.c
CGY’CQ‘P}S s collecked n Yhe chove. Maj Ye chove
are Mhe next genero«\icm c('“%im{\ar dis-

C.O“ ec\won St

O\\Q‘r)cin} ment.
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