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The colculus 0? boo\ean_§¥ruc}ures (’Pcrl- 13

Uriversal oluom}i{?acc.hon \s c\‘senera\‘:’za\-&on

0? the Conjunc\"lo-n. 1ts ?ormcﬁ' 18
(B dummies range: Yeren)

Here, "duwmmies  stands \qot‘ an unordered \ish o?
local Varia\o\es, whose scope is delineated b

the outler Paren}\vesis pair. Tn whak {-)o\\ouos.

% oand Y vl be used 1o denole duwmmies ;
}‘/\23 ma\? be 2:? oany “L.\ﬁd"e.::s¥ooc\ \JFe, Com-
)Donen\‘s ronoe ond “Yerm are in Senv'alro.l
expressions o? }3Pe "Yoolean structure ,Hﬁenr
po’ren\ric\\ c\epenaence on Yhe dummies will be
indicaled ex?\iciﬂb b:j us'mj e {)unc\iono.l note-
Yion, ie. ‘|€ & ronge has Yhe Yorm rx A S\,
Wt ois o con\')unc“'lcm og) %, which does mol de-
Fe.nd Moy, and 5.4 ,w\n'uc\q does wot c\e)oeho.\
on X ;s‘umi}ar\ , @ wou\o\ s\‘a-nc\ @;r’&.
Pr'ec\ico}e el depenc\s o Vione of’ the dummies.
I'l__ :\-}ne. -’(’)o“ow'm ., we sholl use r s, ? ond 9
Yo denote ?unc%ons ?rc;m (the \tmes o?) Yhe
dummies Yo boo\eom s}ruc\ures on Yhe Hmp\icm\j
un derstood space or on Yhe }rivial ome. (Tn Yhe
lodter Ca se, -u'l(’:j are Jus} ‘ooo\ean Fv\nc"lms.) \?
range and '\‘er*m are, boolean express'acms, Yhe whole
Olbto\n\‘i ﬁ——ca}—;o';—_-__i s o boolean ,,,,e{_i)regs.' en, other-
wise it is & boolean structure.
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FTor Yhe scke 0? bre.vﬂ'j , the ronge rue
will Yoe om'l‘H‘ed . The (”o“ oWl nj aXxiom '\e“s ws
how ronges c\‘;g)eren} {)\“Om Yrue con e elimi-

naled
(s4) [(Eﬁx: rx ?x) = (axz: ArX v (’x)]
(H-PPeq\s ‘o Phis axiom wAll be S'N'en \D\D ’i-\we

"

colchword ”}rc.o\inj , be‘mD shorl g)o\- ”’rradins

betrween ronge ond Yerm )

:D3$‘:)MY\C\'.IOV\ cl'ls\r'rbu}es ™ Hne. S oame wo»:j
over u.n'uversc.\ quqnhﬁc_q}ion as W} cdoes owver

c:on;)unc}'uun, l.e. we Pos}u\q\‘e

(60) LA v(Ax:: fx) = (E\_X:: Qvg).x)]

Bul now we observe for any Q, ¢
Q v (a X TX: ?x)

= 4 %rc-\c\in37j
Q v (Bx:: arX Vv ?x)
= {62y

(Ax: Q v arx v ?x)
= i+TQdin3}
(a)(‘. T'X Q v g)xj

Hence we '\ncwe Yhe wore Senero.\

(6!) i.@ V(BX: X" Qx) = (Bx: Y. X Qv ?x)]

An Omo.\oswa o? an;)u:nq\-]w's C-.SSoc'ac.\-'w'.\:j
o‘“dsa?‘meh{j is mlroduced by \oosh\o.\-'mj
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(6 L(@x: ?X) ~ (Px:: 3.x3 = (Bx= ?.x A gx)]
which  inviles us o observe For any T‘,gs

@x: rx: fx) A (E\x: rox: cs.x3
= {-\rrc.dins, hwice
Bx: arx v Px) A (Ax: aex v 9.x3
= {06}
Ax: (rx v Px) A(arx v 3.)&)
= {pred. cale’
(Bx: arx v (Cx A~ 9"‘»
{*ro\c\’ms}
(Ax: vx: f.x ~ S.X)

Hence we hove Yhe wmore Senera\

(€3 [(F_\x: rx: ?x) A (ax: C.X: 9x)
(Bx: vx: Cx A gox))

i

)

';ormu\ox (6‘) re\o}es Ywo qu&n}igcqhms
with Yhe same range, (63) rvelotes Yhree
quom}ig)ico.\-'lcms with the some range. T+ s,

n €ac\-, not uncommaen thal &l '\“’\FOM‘B\'\ o \crnjer
mqn'\\ou\o.\r‘xon a Gven dumMJ has o.\wo-t)s the
Same rnn323 or brew\js soke , such cemshant
ranges are stated omce and ?cn* all and sgé-
sequen\-\:) not repeo}ec\ over ond over again.
(This o)opor\-uﬁ:\:j ?or o\o\orev'uo.\"lon wWos , in {?o.c.]-,

one o ‘\'\'\e. recasons ?or '1n\‘roo\uc‘m‘3 'n'\e ho*‘ion

o? the range n the E)rr‘s)- Flace.)
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This last Forvnula. has « Par}ner,'m hintks

n

re()erred Yo as "sP\iHins the range

(6 L@x: rx: €x) A (Ax: sx: €x) =
(Bx: X v S.x: fx)] .

M We chserve ?or ony r,s,{)

@x: rx: £x0 A (Ax: s.x: Pox)
{ '}ro.c\inj, 4 }'IMGSS
(Rx: 2 Fx: AEx) A (Ax: -\f_'x-. N 8.%)
{(63) wath r,f,s-: '1F7,'1r,-133
(Bx- w(’.x-. TEX A T S.X
= { Aradin , Iwice §
(Rx: 1A A 15 P
= { de Morsav-.}
(ﬁx: X WV S K: GXB

-—
-

(End oF ’7r<>o?.>

ArnoYher mnni?es‘ohon O?QSSOC‘\Q}'IV\B

ond Sbmme}ttj s the Fos}u\cﬁe
(65 L(Bx: (ﬁ:j:: P‘x.:—))} = (B:j (Bx:: ?X.j))] ,
wk'tc\n nvites ws \o o‘oserve ?or o\nj , S,?

(Ax: rx: (Eb Sy ij>)
= {*ro\o\'\ns, Ywice §
(Ax: qrx v (&3 1Sy v ij)>
{ v dishributes over B;S
(Ax s Byr 1ex v sy v ?.x.\a\)
= {(6’5)?}
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(ij:: Bx: 1rx v A Sy v J?xb))
{ v diskrioules qver BS
(Bys: 8.y Vv (Bxw anx v {).x.333
= { ";rc.c\ing, Ywice §
(B Y: S.:j: (ax: LI O Q XLJB

Hence, we hove the wmore 3%9:‘0.\

]

(66D [(Q X: X (E}U: Sy ?.x.b) =

(&3: 5.4 (Ax: rx: ?'X‘fj) ]
Tn hints, Yhese formulae are re?erenced by
”'m.}erc‘/\oxnje OP C\uo\n\"lﬁccx':ons ". NO\"\CQ "r\nn"
in (86) each dUMMj corries with i} its oum
rOnnSe; ‘nehce we dor\'\‘ Y tAan “|h‘0 )H"Oub}e \'\ere.

W\ﬂ@n we leawve ranf)es unmeﬂ}iOﬁEd.

Of3en we don't care which is Yhe ouler
ond which s Yhe immer quan}iﬁco}}m. We coter
o Yhel \03 ad i Yhin a list o() dummies g)o\low'wﬁ
e S ’B:j de¥initien

(67—) [(a x,t) ' ﬁx.bj = (B xu (a \3:: ?xb))] .
w\'\'\c\ﬂ C-c\ 'm‘n\‘s “’le ano\\o&uus Sean“o\'l'ZC\\"lm\
(6&) [(aX,bt | 1 SN 5.3: ?xb) =

(aX: r.oX: (9.3 S.&az ? Xb))]
'_Ln hir\}s We re?er- Yo '\-\nese q‘ro‘ns?ormcﬂ'ions
b,j "V\%\rinﬁn or "unnes\\nﬁ ". The Prco? o?
68 s left Yo Yhe render.
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"'Fina“tj we men\'lon o sPeciu\ Case oF _ in}erc\no\nae

o? um'uverso.] quan‘-iricqh on
(69) [(_ﬂ_x: \-.r‘.x]'. ?x)] = (Ex-. tr.x}. t?x-j) :

rote Yhol in Yhis case, the range is not alowed
Yo be Ca Pu““"blokm ‘ooc\ean s]ruc\'ure.

From (61) we derive with Q= true
(30) [ ¥ue = (Bx: rix. Yrue)]
and {rem thal with ri21f and rading
(7 [Thue = (Bix: {alse: Cxd)

Trom our {)ormo.\'nzc.\'ion o? Yhe un'\versc.\
o\uon\'iﬁca\-ion. SOMQ\-\Nm s shill \ac\t‘m : 0\“
our os\-u\o.\es would be 50.\-'|582d i€ each
quo\ntlﬁcq\-ian were ec‘uivq\en)r o frue | This
s Temedied bfj the Pos\'u\a\"lbn OP whot is
Wnown as Yhe "Ov\e-Pmn\' rule ", viz. that we

have {)or any {’ and 3
('1?.) L(Bx: [X:_\j]: (’x> = ?3]
Su\os\"l\u\-‘mj 112} “qe o.\aove g)or ? nﬁe (-:AOH‘S]’OAY\}'
E)unc-\'ion ?c.\se . wWe 3:“
€LY (Bx-. T.X=tj]: ?0\523 = ?o.\se.

Nemark An ollernctive would have been lo Fos‘ru-
lode (33) and Ythen Yo derive (F2). The exercise



EwDloo2 -¢

s lefd do the reader. He may also wish do veﬁ?:}
thol another Possi\oi\ib would hove been }o Pos\u\o.\fe

(7") (9)(:: ‘I(XG.V)) = V=¢
(End o? Remark.)

Next we observe gor' any Y
(9)(:: ?x) M F:j

{ one- point rule §
(Bxz fx) A~ (Ax:lx=yld: ?.)O
{‘"0\032. SP\;HﬁnS}
(Bx: Yrue v Ix=y): Fx)
{ Prec\ico}e Cq\culus}

(BX:: ?x}

n

"

n

Hence we hove for any y

) s Ox) 5 0y

and , becouse of T[1% Mono\omc‘.\j and (69),
(36)  Bx: X1 » [0y]

1‘- S '“'\is (Jormu\o. '“qo;\‘ o.“ows wus -\~o '1den\-§%
Yhe p_.]_nre_zse “We '\nouve,?or' any X, trx] i with
"We have (Rx: \‘.ex-]) " both allow us Yo cov\c\ude,
?or cm:j :_‘)' \'\no} we \ﬂcwe [()3] . 1rom vy QPerc.-
}i onal Tao'm‘r, Yhe dwo P\\rases are equ‘wo.\en\-, The
reac\er ™oy Senerq\‘\ze (?6) "mito

an (Ax: Lexl: EQP&-}) = (\_.T.tj] = IPU:\)
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We hove For ony ?,3,\'\
(380 (Ax: [ﬁx:gix]_) S Px:hEx) =2 Ax:h(gxN] .

This ?O‘rmu\o. \s o"? 'nnpor\-o.wce Vecouse it shows
how Leibniz's Pr‘mcip\e con we GPP\‘-ecl o quanti-
f"ned "‘erms.

Proof To begin with e observe -?csr ony) ?,3,\\

(38)
= $(44); (583
L@x=: [€x= 9.x])% ((Ax: \'\-(f-x)) = (Axah.(goxIN]
{ IXa2(X¥=22) = XAY = XKAZ]; (62)3
[ij‘-= [?X = g.x] N h.({’.x)) = -
(Axs Ifx=g.x) A h.(gx)) ]
= {lla=bla ha s Te=blahb]l with ab:= Px,gx}
[Rx: IFx =c3.x3 ~hBx)) =
(BX:: [sza.xj A h(?x))]
= 4 Prec\- cclcl

true ‘ Cend o? "\71'013().)

And now we should be ready Yo show thad}

univer sc) quon}i?icc.}'lcm is mono\rcmicl l.e.
(795 (Bx:: Y.f-x %s-xls = Y.(Ex:: ?x) > (Ex:: S.X)]

?roug We cbserve ?0\" DW\\:) ?,3

[(Ex:: rx) = (9_ X 3x)]
= 9 Pred. cale.d

[(ax:: ()XB /\.(Bx::ta.xy = (ax“ fx)}
= {06

)
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[(&X‘.: r-x ~ %x) = (E}x:: ?K)]
<« {5

~ (Bxs Lfx A gx = £x1)
i Prec\. cale. §
Bx: (Ox = g.x])

)

(End of Proo)

On impor¥an¥ momi)ou\o“-ion re\ies on
(80) ?of' Gﬂ:j inver-\-i\o\e Fur\c\'"lcrn "' ]
[(E\x: r.X: Fx) = (9‘3 LR (“'3) f(‘\'a))]

In ]'\'m‘s, we re?er ')(0 M'\'ls mom'iy.wu]c.)f’lo'n as "4roms-
?orm'mj the dummy “in the s)::ec‘m\ case Yhal }

is the "de“\'.'\;j uncheom, " T‘eaninj the e\u\w\mb“
'S the usual hink

We prove (80) b“j mutual '|m\o\‘:cc\\io-—\ f’ram

the -Fc-c} Yhel we heave {?or Gy Mot 'necesso.rib
‘mver¥ible - }

(8!)7 [(Bx r.X: ?X) =$: (Bb T‘(*J)? (}5))]

w\n‘m\n we s\no“ Prove SUBsequen“:j‘ U:s'm *rac\inj

we see “na)’ '\\- 5u??‘.ces o ‘orove. Yhese orrnu\oe
with the range frue

3

fﬂ-oo{’ o? (80) We prove (80) b Mu\-ua\ imP\icc}im.
Tn the one direcHon Yhe '\m}o\icc}lon s stalted by
(81). For the ’ImP\icw‘ion m Yhe other direc\-'lcm,

we observe -?or any ? ond inverhible
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By £ Gy
= {(Bl) with X,:j,?,‘\' 1= v,x,?o}" 3;‘}
@ x s 0.7 HON

= { el s the iden\i\:} ()unc}'ror\?S
(BX:'. ?x)

(End of ,Pro.:«f o? (80).)

’Proo? o_? (8') We observe Por' any F_,}-

= {"Qe;" distribules over 93
[(B,fj“ (B_x!: VX) = ? (*D)ﬁ
{ (?S) with \d:-.: \'j"&
[(Qy: trud)
§ (303

}rue

)

i

(End 0{) ’\)roo? o? (sN.)

\JQ c\ose (o198 of c\'\SCuss'mn o \-\ne un’nversn\

quan\'i@ca\ion with v}-wo Mono“ohid\‘j Yheorems.

We hove ?or ony rmonotonic Frec\ico}e -‘rans@rmer‘
€ ond OmD bc.j V o? Freclico}es
82)  [@ (@X: XeV: X) = (AX%: XeV: £X)]
’\_"roog We cbserve ?or an mcmo\cmic F) cnd any V,
Yre rance XeV \oe'mj wnderstood

= '{"Qé;” c\is\-r'l\:u}es over B}
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= {'\n\'erc\mq"‘ﬁe o? c‘uon}iﬁcuxio"\s‘s
(EXZZ [‘?‘(&X?.X) % -F.X])
€ {fis monokonics sois A}
(AX: L@X=X) = X
1 (35) ;5 (3o)}

*‘T‘ wue

n

(E\N-‘:\ o? /PT‘QO?-)

“For Gn ? with o ha\-ura\ c.rﬁumen} #-\\'\e ?.i

{'orm G $}ren~5 }L\en‘i n3 3Qquence YyYneons
| i,J:__Qi§ri<‘): [fl é?)])
TO\" {? and 3 Suc\w }\10" -Hne ?I an\ SJ ‘rorm

s‘rre.ns’r\ne_nins sequences . we hove

(83  LT(Airosi£i) v (Rj 05y %J) =
(Bi:osi:(’.i v i) ]

’Pr‘oog To bes'" with we observe ?or‘ o‘fb {? and 3

@i ogi: £33 v (Byios): 9)
{v distribules over E}%_
(Ei-.o i ?.i v (B_} 0 s_}- 3.,)))

= {v dishhibules over 83
(Ri:0gi: (By:o¢j: £iv 9y
{ Uﬂnes\'\hs }

1l

1

(E\_i,J: 0gi A O&J: F.i VSJ)
{Prec\icc.}e. colculus}
@iy 0sisy v osjsi: ?.i Vﬁj)
= {5P\i-\»‘-in‘3 the T‘Omge}
@iy 038y i vgid A @iy osisi (ivgy)

"
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?ocuss\ns our atrenYien o Yhe \e@- Ccm;)unc\-

we 0‘3 Sevve

\eP} cm;\unc\' cbove
L Prec\ico.\'e caledlus

(8,5 oss-s") INCESE f.\ v3.')
{hes\"mj the quom\-‘u?ice ‘.cms71

(B,) 0gj: (Ri: Osisgy: F_i VSJ))

=  { v dis¥ribules over BS

(a.} bs:): (Ei: 0 S'\SJ: ?l) \V 3._3)
{ ? s\-renﬂ}\wen'm.a’s

(Ajos<y: QJ v 3.33

—,
—

H

n

For recsons o? sﬂmme\tj, -}-\ne. o\-\ner CUﬂJUhQ\'

hes Yhe same va\ue, which combined o\bserva\-ims

..-.HHQ?CCMJMV\C\“BOT\ \:ve‘mj ic\empo\en\-—- comclude Yhe
preer (End o{) ’Procl?.)

E e s\' en\‘iq\ C\U-Q'n"'lﬁ co\\"\ on S %e Senem\i‘Zm\-i o
o? Yhe d‘lsi)unc\-im and con now be de{’gned b.j Yhe
Gﬂa\ojue o? de Moracm's Low:

(84) [ CEx:r.x: Cx) = (Bx: rx- 1?.x)]

1‘- \nc.s 0\“ “qe ?ro‘-;erhes 3cu WOu\d exrgec" \‘ %

have. The derivaliom 0? the ?ormu\ae Yol are
‘\-\ne c\qu o? Yhe omes we gove ?crr universo.\ quo.n}i.-

(?IQQ\"ICN\ S \Q(A' }'o }\r\e reader.
Rustin, 1 Marh 987
Fm? ar. E-dstger N'DSLs\‘ro\
':De.\our\'men} o? COMPU\“G\"’ Seciences
“The UV\'-vef‘s'n\b o? Texes o} Rus\-ﬁh
Auskin . TX 38912- U8 | USH



