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On o ?rob\em transmitted by Doug Mellroy

:Dw-'m3 the recent mee}-'mj o? TIF1P Wor\rins

group 2.3 on ”’Prosrqmmins T“len-\oclo\oﬁb , :Dou.a
Nc’Ilrc‘j (AT T) told me +the {’o“ow'ms

“Theorem et o \033 rﬁcn?fing\e R be diled into small
rec\'ang\es r . Then

(B"*'P-") = TR . where

'P.ot a‘-.(redcms\e q hos o side o? 'm}eﬁe.r \en3¥\\).

N:j qu'\c\( considera¥ion thal this m‘rgh\- be o
theorem was as follows. Let each sick of each
small rectangle be o mukiple of 5 . Then
(o) ho.v‘:r:j oan ‘m)-ejer side, each small rec\'ang\e r
has on oreo. tha} 15 o mu“-ir:)e o? VP
(1) hence MR hos an area -the sum arecs
o? small rec¥om_9\es ~ +hot s o mu\\}‘;‘:\e oP 7\”
(2> each side o?’R -.be'ms Sums o? sides o?
small rec}ansles—- is G mu“’:l:le o? '/P
(3) Cam\:'m'u:j (1) and (2) we comclude @r‘ F
a prime Yhot R has o side o? 'm“e:iet‘ \En'g“'l.

So lor so good. Butl even the considerahiom

-\hoA- with su{?e’:eﬂ}b ]oa:ge Fr'qme P eoch T“eo.\
velue canm e o meimo.\-ecl Qrbi}rarib c\oseb

o mu“-iP\e s VP does not moke Yhis a proo?.
Belore T had cles‘aanecl a Proo?, Daoug *o\d_yp__e’_
the ot:gumen& Yhot T sholl now deve\oP.
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The Qrgumen\‘ tokes {)or 3ron\'ec\ Yhet each small
rectangle has sides ?o\ro«“e\ 4o those o? Yhe b‘:ﬁ one.

How clo we @rma\b express thot the lilHe
redons\es r \oc\r}ihon Yhe \0'13 one T 7 Jus}‘
S\"o\\-ina thot the sum o? the carecs o? e LiHle
ones equa]s the areo oP Yhe b!fj one does not
surfice -R:r Yhen the Jigsew Pu'zz\e need not Pﬂn
the claim +that Yhe liMHe reclandles hove been so
Posi\'ioned w the T:Jome as to {orm o \-i\inﬁ oP T
\s equ‘nvo.]e% Yo the stotement

(0) CS‘_{_\‘j r::ﬂ?.x.j dx &5> =<SS ()x"j dx ct«j) E)or ony g) .
v R

Remark. This choracterizotion o() the ¢'s -?orman o
Hl‘ma o(? R Moy surprise Yhe reoder ot (?rsl-
s‘:shi‘ bul it is Yhe on\':.j C.om‘.?o:c}‘ woy in which
Y con characlerize thel ’?Qd-. Thet Ythe )ri\‘ma
‘;mP\ie.s (0) s e direch consequence OP Yhe
definition of ¥he integral -we kvow it wmore
Se.nero\\b as ”sP\E}HT‘j the rongeh- , bul (0) s
also o Sug)@c'u@r& cendition. With ?:O inside N
and ?:‘\ oulside R i} expresses }ha} no v
lies outside R . Wit ?:1 inside R bu} oukside
al t's ond (=0 elsewhere, # expresses thet R
15 covered Bf:_’) }he rt's , eke. (CERd o() /\?e\mo\rk)

But i? (0) s the characterization of’c. h\'ma

there is on\:) one \-h‘ma we con do-

@rs“a. we must Yhink o() o conshraint such thol
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o sum meeks the comstrant '|€ oll summonds do, ond

sec:mdl:j, we vnush E’}nd such an ? Yhat ?or ony
rec¥om3\e 9 with sides horizontal or vertical

() (q has o side o? integer \cngl-\-.) =
C (Sf F‘X‘S dx dDB meets the conshraink )
3 |

Lel ws -()ocus on nwe cms\'r‘o\‘m¥ ?‘nrs)‘. 'Be'ma
Pos‘u\-'we works cm‘fj ()or ‘ncm-emrb Sums, Pu}
being 70 would do. ’.Be‘mj cW.Sruen} O mod p
would do; bul meehna lhe comstraint should
soy Scﬂne\-\ning cbout one o? Jhe sides. "B:j
c\noos'ma Pﬁme . Ol c‘u.ic\c comsideralion
\ed ¥o Some sork o? Conc\us'\cm, Ybul we saw
Yot Yhe} o.r‘sumen} wos o dead end: the
wes Yoo o.r\oﬂro.r‘j. \rJ\'t\uj dem'} we Fru e
s‘um?\es} ceonstraint we con Yhink of, wvie. be}rg

ecual o zero ?

This choice pins down r‘equ‘.remen} (1) on P:

for any rectongle o with sides hormzonka) or
vertieal, ? gaou\cl sa\-‘nsgj

@) (o| hos o side o?in’rejer \enam) =
(5§ Pxy dx dy) =0 ,
9

or, Q litte bit more ex?\if:i\'\n
2% Co's horizontal side is o? integer len ) v
(q's verhical side is oP inreger len3+h\3) =
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(SS ?x:) dx da) =0
9

The labtter Pormu\c\)rion 3u.33es)-s Yo rvewrite
the r‘lg\ﬁ'-honc\ side as o dis\unchion o? hwo
-l-erms, dePef\den\‘ on 4he hor'\zor\*c\ ond the
verhca\ dimension oF 9 onb. Pecauwse o Produc\-
1§ 2ero 'l?? o -Fxc\nr o? ¥ s zero, we would \ike
Yo write the double 'm\‘ejro.) as +he ‘Dmc{uc} o?
| ¥~oﬁs'm3\e 'm’te_gm\s_ “This we can ochieve bJ

} ci:.oos"“j {)cn" Px’j the }oroduc} o? }wo F&c\-ors,
c\e,Pe,nc\en\- on %X ond Y res?ec:‘r'web. 1n order
Yo wmointain  the sgmme‘rr‘j we choose Far P

with some h
(’-xg = hx* h.ﬂ

Then
© . (\S‘S -fxb dx dﬁj) = (5 h.x c\x)" th:j daj
ond (2) 18 now So.hs{%ed Prov'tded +h Sa\-isges
|}
() Cb-o is \n\'eaer) = (5 h.x dx)zo
a
Con we vﬁnc\ such om h 7 Wik h=VW
we can rewrie (23) os the conJun::Hon oP

(o) (h-a is 'm}-eﬁer) = Hb = N.a and
“4hy (bh-o is in’feﬂer) < H.b=H.a

Relation (o is s&ﬁs?‘.cd bf_’j ony T with
pericd 1 . Becouse we wish o detine Wb
h=H R should clso be d]{?eren\-’: cble. S(;Eif‘
H.x = sin.(2rx) would do the Job, but {oils Yo
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SO\\'TS(?U (4b) , which requives oll values in a
eriod Yo be diskinct. B moments reﬂexxon
lells us +that no real d‘.ﬁ’ere.nha\s\e, ond Perioc\‘;c
-?unc\-‘uon meers that requ‘:remenh but Ahot
‘' Yhe comrﬂex ?\ane ihere 18 no Pro\o)em:

?or insyance

Hox =e‘2mix
meets all our requirements. ( P\rlj d\%ren‘r’no\\:\e
{)unc\-‘uon with Taer'noc\ 1 w\\ose 'Per':oc\ )erc.eS
ca nm'nn¥er‘sec\-'\n3 c:jc\ic Po}\n in the com‘:\ex
P\Ome will clo_)

A x

*

The obove ):n-cmf> desisn has been recorded
for o number oF reasons. Doug Hcl\rod showed
me Yhis Froo? 0s & Surprising exomP\e o? howo
efkechve comrlex numbers con be in so\v‘w\p o
Pro]o\em 'n real numbers. He Puned e 2RITxY)
our of’ o hol. TThe obove des’Bn mokes i} guite

clear w‘nj o detour via the chP)ex ?\ome is

so QFProPri o‘} e,

Another reason Yo record Jhis de.siﬁn is that
each mnext s\-ep o? the des\&n is swee.H\a:’ rea -
sonable 0921" Yhe decision 3o characterize the
H\inﬁ b (0) . T am convinced thotl the e\esance
o? e ?)

O€ its desian are an immediate Con Sequence oP
Yhe choice o? (6): it s noncombinq\'or'na\ and

inal o\rgumen\- and Yhe ComPe“ing nakure
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\ends ;\-se\f do manipu\a\-‘uon. 1 am also convinced
tha} this is an Instance o? o Very 3enero\ ob-

serva\~30n .

Rustin, 21 November \q87

Pro? dr. Edeser W. 3)5\«-5\'1‘&
’.DePo.r\-'men\' o? ComPu\'er Sciences
The Universib oP Texas of Rushin
Rushin, TX 38712~ 1183

USh

PS. This was o semester o very @uo EWD's, TThe
exp‘ano\\‘mon is very simple : gve months GO T
started on the manusc:r'n)o} o()o\ book, and that
Fext  was given Yhe highes\ Pr';or'n\b. Untl o month
aop , 1 Proaressec\ so niceb Yot oF cme wowment
T "hoped ‘o have the ltexh essen\riq\\a compld-e.c\
‘Db ‘“1? end o? H’le :jeon Buk T_ wUn"‘ ?Y\Q\(e )—ha’r
Somewhere in the course o? nexr Seme.s¥er 1
hc]oe Yo resume Yhe wr'u"mg.s o? EWD's o} its
horma\ ra\e. ('\: O\Po\O(j'ize Yo a“ ‘H'lose. -\-\'\o.\'
started Worrying cbou} my heaolth {)or not
hqvinﬂ onnounced thotr T would be otherwise

eﬂgqsec\.) WD



