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EwDio20-0
The derivation of’ a proof’ by J.C5P van der Woude

In the following

¢ Pand @ wil be used +o denote ?T‘edico:]-es on
some space,

e X and ¥ will be used Yo denote {’unc\-'nons F‘OM
the natural numbers 4o predicates on +hal space;

acf.:ordinjl_j, Xi (Oii) and _Yi (o< denote Prec\i—
cale sequences,

. will be used 1o denote a Precl‘uco'}e Yrans-

?ormer, i.e. o (’unc\'ion From Fredicql-es 40 F:red':—
COL"QS.

e squore brackels will be used do denote universdl

qunn}i'ﬁca‘\"uon o? the enclosed Fr“ed'anJre over Yhe

SPc.ce. n ques’ﬁ on.

With he above no"'&)ﬁonal convenlions we.ﬁ‘we

the -Po“ow'n:a delinitions

n
® “sequence ¥i (0<i) is monolonic

meons
u
“sequence X.i (0<i) g weca.kening or s\-reng)rhenir:g

¥/
Y "Saqu.cnce X.i (ogi) s WGO\\(Q!\'IY\S’ meons

@i oxi<y: IXi= X351

#
° ”Sequcnce X.i (osi) is shren “’:ening '

meoans
(Riyj: O<ix<y: IXi & X._‘)]) ,
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n

”
) redico.}e 4rcms-Pormer p 1S mo:noJron‘m. Ieens

(P=>Q) » P> LQ) {or ol P

(] !,
® 'Prec\’rcc}re. ~\rranrx:s.-f)r.nr-mer ? s {"mi\'e\b con\')unc}ﬁue'means

[rC’P/\Q) = ?’P A -FQ] ‘?or all P @

o ”Prec\'ncc.\‘e *rgns{;ormer -F 18 of- con¥Yinuous wneans
[{) (‘_‘:_\:OS'I: Xi) = (Ei: O%i- {)()(l))] -For' any
mono}omc sequence X.i (Os’a)

] "
® ”Pr‘edicc&e '}rqns-pormef' 1S ond.con}tnuous meons

[£@iiogi: Xid = (Rizosi: LOGNY Dor any

monoctonic sequence X, (0<i)
We can now -formuJo&e the
Theorem For any Frec\icc."e 3rroms-?ormer P
0 ((¥is 'ﬁ"""e’}j c_onJunc\-\ve) A (s or-continuous) =

(£ is and- continuous)

'\-\ere, we 5\'10“ 5\<e’rc\1 Jhe S'im)':)e Por}' o? n'\e
Proo? ond shall derive 3he exc‘ulrinj Por\' ( which
we owe o JC.SP von der Woude ).

’Proof Under the Y}rubh o{) the antecedent of (0)

we have lo show {)or rmonotonic X.i (OSiB

(> [0@iesi:Xid = (Aioci: LOGM]

To \oeg‘m with we recall Mol —~not T)rovec\
here — because ? [5=) ini}'e!j ConJunc\"lve, P s
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monodonic. We now dis‘rmﬁu’\sh }wo coses.

X‘.‘ (OS.})-"?’. -.‘A.'..e?.“‘.?"_""_‘.\g BEchsse ? \S mono\-on}c,
also the Predicc&e‘ sequence ?.(X.i) (ogi) s
weokening ; consequently - not shown here -

both sides o? (1) ore ec‘u‘uva\e-ﬂ- ‘o {)‘(X.(ﬂ
™is concludes Yhe f‘;rs‘r case.

— — —

monolonic —mnot shown here —~ LASG) =RUS()
and we are \eﬂ with the Proog) o\ohgcﬁion

2> [f Ao Xid) « (Ao POGN)
{’or s}renjlf\nen'mj X3 (Osi) ond on -F) Yot is

f‘:ni}e\J (‘_oﬂ\')unc)ﬁve_ and clr‘—COn"':nuous.

X.i (Q_Si___).__isl _§3r‘r_er_13£hgn"1qg Because E’ 1S

Hee\-‘mj the obligohon 0{7 showing (2) s
the exc‘ul'mﬂ F&r\- of” the Proop Reduced *o
its bare essenhicls, i+ consists oF one deﬁni’rmn
and oboul ¢ dozen simp)e s)reps. PBul in pr‘esen)-
'ma yust thot ‘n“refu}c\b\e -ﬁ)rmo\} ar‘gumen\‘ . we
would Pu.ll several rabbils ou} op the mag‘:co-\
hal. “The Proo() S EXC'I"lnj because o? the
ex stence o? heurishic consideralions that
c‘ui\'e e?-rjcc\-'we}j bu-ﬂ%r -\—hese shoc\(s o? in-
vention. Tor that reason, we shall C\eve\oF
his ?f‘cm(? instead o() \')u.s} Eresen"ms . To
atd Yhe recder in parsing the interleaved
Presen\-ahon o(’ heuristic considerolions and
Proo? {’rqamen)rs, the lodter wil be indented.
Here we So'.
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Tor Yhe soke o? brev‘n}b we sholl omit ﬁ'o.m here
on the ronges 0<i and Os’j R which are 1o be
understood. We bej'm with ajeneral remark obhout

'W!e, C*F\Oi\'o"ioh o? 9_‘"-con)r'l nu-‘»\-b. The g_r.con}iﬂu~

W\sj o? «F’ s‘-c}es
(3D [f(l_:‘:l \'.i) = Cgi:: c(\fl))]

-For“ any w onotonic sequence Yi . Tor o s\—rens\n}-
Cn'nnj sequence Y.‘. , Tusk mono\ronicib o?

(7 Su?ﬁces ?o\‘ (3) ‘o ho\d, ond -?or' ’COﬂS}Gﬁ“
Sequences Yi  (3) holds {ér ony ? The
re\evun\- conclusion -From the se observalions
e 'H\a\', i? ()':s g_r-c.on)-’unu'-b 1S ‘jo‘mj ‘o be
exP\oi)ted —ond W+ s g SQ{)C O«SSum"DhOﬁ Yhet

“ \nas '\'o-—- G '\'rub weolcen'nnj 'sec,uence )'IGS

Yo enter Yhe Fid-ure.

Brmed with this 'ms'n\gm‘, we rerurn o ocur
demonstrandum (2) . The s'umP\es)- wa o{)
Vdemcm s}ra¥'|nj- an '\mp\'nccﬂ'\on is Yo s‘ec.r} ot
one side and 4-\'\21'1 -‘:o r‘eFeo‘}'eAb m&ni‘ou\c\)'e
the €xpression (w\\i\e either MEQ\(en'm or
s\*reng}hen'-nj is allowed) wunti)l the oMer side
IS reached. So, \et us )rr\-j thal . Thol decision
be‘mg token, a} which side should we start?

$OH'\ sides are bult -ﬁ'om Yhe #{,Oum;‘io.r”
un'lver‘sal quon}] T‘CGA'.]DI"‘ CAY‘IG\ }he ”unf)om‘\\io.r"

avp\ico\)r’aon oP , oboul which our \cnow\edge
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15 limited, e on\b difFference being +‘hal, ot

the two sides, -l-heb ocCcur in o‘oposi}e order. In
such o situakion, the side with Yhe "un{’mmi\]ar"
op‘-‘f‘ahon as the outer one counts as e more
comp\ico.}ed one and s -\-\ner'e-?ore Hhe ?ref?err'ed

s+ou+in3 Poin\‘, Tn our case, it is the con-
sequen\‘

(4) _?_(é‘_xt)_ ! T T T

2

50 \E\‘ xS S"’Qr}' {)r o ‘Hnere. _fhe {)ormc\\ c.\f\o.\-
\enge of mqn'npu\ o\}“mj (4) while exP\o‘n\"mS
whal we ¥now aboul ? should Provide

the heurishe ju'.domce as Yo 'n which direchon
;O Proceed.

’Rewr\\-inj (4) so as Yo exP\O‘:\- ?'s or-
con\-inu':b would require Nrgwfj_%if"j its argu-
ment  (Ri: Xi)  as on existential guantifica-
Ho\n over o '\'rub weol:en'\nj Sequence | out
how 4o do thal ~ _T tried in vain— 15 not
Aear ot o\ So. let us hij Yo Wéi%\bi\'m&\' ﬁ
s s}-aje F"s Gm}e cof:‘)unc\-‘wib, e, let
us intfroduce &« VP and Q  such Yhet

(R Xi) = PA @]

For one o? Yhe Ccm\')t.mm:}"s,J Say g , wWe mo

choose om Pred‘.co.lre imp\';ec\ b (A Y.i) .
Yhe law off instantiation lells ws o} any
Xi) would de. (Note Yhol this choice s
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less vrestrickive than ik m'\s\'\\‘ seem. becouse
Xi 1s o shren ¥\nen'm3 sequence, any ﬁn‘.)e
COT\J\ATO chon o Some Xi's :j‘le\ds some )(J )
We could %ere(’ore consider -?or‘ Some J the
introduction oPa Prec\ico.’fe. @} constroained by

(Ri= XD 2 Xj A Q]

But the introduckion o? one Predic.o}e Q {’or
one speciﬁc_ J s un\i\rre\:j Yo do the Jo\o: -?or
one -Hninﬁ, +he universal oluan¥"ﬁco~l-ions n Fhe
demonstrandum don't c\nomge_ their value 1%
the rarjje 0%i [E] reploced b.:j _"<,_;, . This
observakion suggests , instead of ‘{he inYroduc-
Yon o?& s'mﬁ\e Predic:o.’re. X, a Predica}e
Sequence YJ , constroined b:j

(5) (BJ [(ai:: Xi) = XJ A YJ])

The inkroduction o? }he Sequence YJ wil)
furn ouk to be the maior invenlion oF Yhe
Pran under c\esijn. For the }ime be‘mﬁ, we
don't de?‘me Y -—as would be done ymme.
a\io\}-el‘j N oo "bo)r\-om-upn ?roof)—- bul on}_cj
collect cons¥rants on Y QF" which  (8) &
the rirs’r one. We do so in the hope Phat,
even’l-ua\lﬁ, we can construct a& M Yhol meebs
all Hie. con s\'ra‘m\‘s.

A minor Prob\em with Yhe use o(? (s>

as o rewrite rule is thol it equotes an ex-
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pression not depend‘mj on ._) with one +that
-?ormc\\b does dePenc\ on .._) . The F’orma\) de -
Fef\dence on ._) )('hc.’r would +thus be inhroduced
can be e\immo'\'ed \.::3 quo‘n}i%‘mj over J ,
because we are rewnting o consequent, we
wuse exis¥en¥ial quom)-‘;(?ico\ ion because Yhet
:_«)'\e\c\s o POrmo\" weoker expression — Yhe
range be‘mj non-emp\'\b!- Yhon un’nver‘sq] quom)ri-
ﬁcc;?‘;on Cand  the weoker the consequent,
the \'*3""‘3" e Yask chead o-f; us). 1In shorl,
we propose Yo start our jprc-of) under des'uﬁn
with -
p(gi:: XI)
= {(5) and range Of\) nbﬂnempb?l
- {)€ is {)i)hi}eb conjunchve}

(6) CEjy= f(XJ) A (’(YJ )

So {pc-f‘, So 3ood! We \no.ve no)* Jel‘ exT;\oﬂed
?ls Ea_r‘-COn\"inu'lb ond we Co‘nno}' C\O So e -
-Pore we have an exis\-en\"rc.‘ quan¥3€ica}'1on
over a ~\-ru\3 weo.\(en'wlj Sequence. In (&)
we do have an exishtential o,uan\-iﬁcc\}ion
(albeit , as be‘, over o con stant Sequencc) ond
with  Xi (‘\'T‘u\:j) s)rrenSJrhen'mj Sequence,
there 15 « -?oﬁr chance thol (8) ermits o
(%—ru\:j) weaken'mﬁ sequence YJ . So et

us Introduce Yhe second constroint on Y

N Sequence \’.J (OSJ) s wea\(en'ms
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as o next 5\'ep towards the use o? F)‘s or-
Con’r'mui}d , v.e. Yhe use 0(7 (3) as o rewrte rule.

Comparison o? the rish\‘-hand side oF (3)
with  (§) s}\ows Yhol we can use (2) as
rewrite rule onb aﬂer we hove succeeded
N removing n (6) 3he ﬁrs\* cor:')unc} ?(YJ)
b T
-n)o‘\‘ WOu‘d wea\«en —\%e ex])ress'\cm Qnd,‘nec\c\'ms
-{-’or an oantecedent, we are not allowed Yo do
Jhal.  We moy s)rreng‘}hen ik i Par}iCu\or,
s}ren3¥\f)en'|n i"' —“0 Some\-\ninj indePenden}' oF
VW would allow us Yo Yoke the conmstant
Covl’)unc\- outside +the existrential quqn\‘iﬁco\}iown
o? (&) . TIn order to s\'rengnwen ?O(J)

Yo 50me\—\1’m3 Mot s independent o? \) ,

we propose do guonh universally over \ |
'n‘lc.%-P 'lsf k % 2 )
our Proo? under c\es'ngn with

CEjx LD A PO
< i'!nsl"cm}'uc\l-‘]on, mono\-onidb OP N, ES‘
CEj= (Ais LOGD A LGN
{1 A distributes over E}
{1(3) and P, re. the use o? c,a__r-con)'\“u"\:gi
(8) @i LN A LCEyY

erm. We connol ‘just omit ‘v, as

ot () we propese +0 conhtinue

i

]

So Qo.r‘, so veU 3ood\. No’re H’\o} ‘“16 \eﬂ con-
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Junc\- of (8) is Yhe antecedent ot? (2) we are

heo.cl'mﬁ ‘Por! Hsmn, we cannol Jus} omit the
second conJunc\‘ in (8) aGs Yot would wecken
the expression; the second conjunc% has Yo be

subsumed - i.e 1mp\iec\- b.b the ?'1“5} one. ’.B:j
the looks OF 1+ we can equatre (8) with its

ﬁrs} 'c'dn;)unc\- on ‘just the mono)ron',db o? F)
and some '\mP\lco\\{we re\o\-‘toh between K Gand
Y  — which wil) emerge as our Yird oand \ast
constraint on Y= . But be Care{)u“. 1? Yhe
ronge o? i were emF\:j, he F\rs}‘ COY’\\)U\'ﬂC"
of (B would uield true | whereas (R)
would J'ne\d GZ:ZJYJ) ond Yhere s no
reason +0 assume Yhese equiva\en\-. Some-
where a\onj the c.om\o\ehon o? our -ﬁ:rmo\\
o\rgumen\-, we have -\-o exP\o'\‘- -\-he non -~
em‘?}'mess o? i's range. fs we can do it im-
media*elﬁ, le} us do i+ immec\io\e\g. In short,

we Ff‘OPose ‘]‘0 c:on‘-'unue owmr Fr‘oo under

des"jﬂ ot (8) with

= {Y‘Omf,e o() '\-hon—emP\'\j!\
(B\ ? (XD A ?(E\J Y))

= {mono"onicib oP and CCi)’S
(Ei:: ?(XI))

w'u\\n, as our third ond \ast consirain} on \(,7

@ @i DXi 3 By YN
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Bul -Por the demonstroation o? Yhe existrence

o@ Y , we have c.om‘p\e\-ecl Yhe Proof) tn seven
s\-elos (s o{’ which are equivalences). Now {’or
the existence o? o Y Scﬁisﬁjmj (81, (D), end (9).

Tn order Yo eocse 5&‘-‘:5{)0&-'10'0 o? (IQ) , we
de@ne Y as the weokes}t =olubion oF) (s),

e, we de?‘me Yl) -For* oy J \o:j
(o) [\’.J = (Bi:: Xi) v —1\(.3]

Tr\ order \-o Ver'lﬁj )l'ha)t' )f\n'ts Y indeed
SQ“’ISFES (5), we observe {)o,- o..,lj ‘_)
X1~ Yi

J

-{(10)5J
Xy A CCR:XGD v aXi)

J = J

{ A distribules over v 3§

(X.J ~ R X)) v (XJ A —\Xl.))
{J wn i's rom\ge} ?f‘ed'\co\\'e. (‘_Q\\Cu\us}

(Ris XD

ll

n

H

Tn order *o Ver\?& +hed concl'u}'non (?3 is
me\-) ie. that \\’..') (OSJ) is indeed \de&ken"“ja
we obhserve {)or any J and &k

[\"-j = Yk])

ECTYX
[(Bi:: X.i)_\./r 'IXJ = C_Bi:: X.i) v *!Y.k]
< {monO‘\‘on’yc;b o? \/3 o
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['1XJ = '\X.k]
{ COun}‘er‘PoS'ﬁive }
LX) « XX
<& { X5 (o53) s s\-'t‘eng—“'\en';ng}
L § < % ] -

H

T'ma“&, ‘N order Yo verif}b Yhot Y <cakhis-
?‘ues (9), we observe

(E { :: Yj
{?)10)} J
CEj= (Ass Xi) ~ -lX.JB
{J"s range 1S not emp}\j%
(R XA) v CEJ . XJ)
{ de Mor_gom}
(Fj'\:: Xi) v '\(BJ‘:: X,))
{ Excluded Hidd\e}

Yrue

)

i

'l

And ‘H'\'ls conc\udES '\')'Ie eXC')\-'rnﬁ T:.oc.r\‘.
CEnd 0(7 ’Proop.)

Von der Woude's Proo? 'S very \oeo«u)'ifu\ and
T Fhink i} worthwhile Yo ponder over the cuestion
u\n:) this 1s so. Tt s beau\'igu\ n the way n
w\'l_ic\'\ -‘r\ne ?roo{) has been divided into +wo
FGAS, with Y and its three Fro\oer%es -g;c’)rm'mj
the ‘m¥er-¢oce bel-wEen ’H'xem. 1\' 'S G meom‘mﬁ-
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Qu\ division n Yhe sense Yhot our deo\]nﬁ with
s enkhirel con?med Yo the ?irs“ )oc.r‘r.
Also. +the n er-chce belween the lwo Par}s \s
the right one, void o{) ony ouerspeclf’ica\-‘nom *+
on}j mentions the exislence OF e Y with dhe
)oroperhes relevan} ‘()Or‘ the tirsh Fo\r‘r. 'T‘;no;“J,
the second Po.r}, whic_:\m no longer deals with
? bul 1s concerned with Yhe existence 0()0\
Y . is pleasingly construchve. Tt is recll
a be-auhf)u\b \2\‘31‘uc_\'ur‘ec\ &rﬁumen‘. >

T Yhink also our derivalion o? Yhe Proo?
Ver:j \Oeau\'i‘?u\. “The deve\opmen’t o? *\'he F‘ars\‘
Fo.r\'_., which deals wilh ?, s -Fu\\:j driven
bb ‘e need Yo exploib that ? is given Yo
be ﬁnile\\j comyuncY¥ive ond or-continuous,
and the 'm\'e,rfol.c.e. wos construclted os we
wen’f q\ons. ':\-:ur“\ermore, Jr)'!e second Po.r\‘,
which constructs o Y mee}inﬁ Yhe Ythree
requirements does so in Yhe wmost s}raish*%f‘—
ward monner without Pu\\inj & single robbil
ou} o? o ho}; ‘ﬁno\“ it contoins three mu}‘uo.\\\j
\ﬁdependen\‘ Ver"{)ico.. ions thot the Y constroched
meets Yhe Yhree requirements indeed. very

nice dis en"o\n‘s\em en}t ‘

M‘ 1 would like 4o draw ottention 1o the
second s*e‘: o{? Yhe -ﬁna\ QO\\C(A\O\"'IOY“ which
estoblishes [(EJ:: YJ') = Jrue | . PBecause this
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connot be established i{) he ronge Forj s

emptj -.ex'\s\-en\-';c] quo.n‘riﬁco\\'non over on em]o\:j
ronge :j';e\ds -chlse ~ . Yhe calculation has Yo
EXF\ow Yhat Vs ronge s not emphy. TThe
knom\edje Jf\'\:\ disJunc\-‘.on distributes over
existental o,uomhﬁ-c:o\]-'nor\ onb in the cose OP
o non-emp\v range -and this belongs Yo the
Senerc\l know\edﬁe the Predico&e calcuwlator
should hove ot his c\iSPOSQ\— all but dickales
thot second 5¥ep. (End o(“ Remark. )

'F'mo.\\:j. T would like 1o Poin* out -I-hq)-,})wouﬁh

carried oul in Srenﬂ‘ dehki\, -\-\ne whole -Formc.]
Froo{’ con__;f:s_‘_s og_) P&_;goer‘ thom %wenb s’re]os'.

Yhe w}'\o\e co.\cu\c.\"non --'\Sr f‘e.all qu'&e. s\ﬂor’r.
1 bej the reoder Yo remember Hhis whenever
he s {)aced with o de'()ence o? in€ormo‘\i\~ on
the Supposed grounds thot -@rmql ]:w-oc:n?sj are
joo \enj}h:j and too Yedious to be oP ony

Pr‘acHCc.' vaolue. This SMPFosihon is wrona.

Austin, 23 So.numr;j 1Ga8
me' dr. Edsger W. '_DS\cs}r*o\

‘:DeFor}men} oP Com]ou\-er Sciences
The Unwersib of”i‘exas o Pushn
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