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The prob\em o? the di-'ﬂ.?iCuH‘ dartboard

The Prob\em 15 how Yo o\fro\nﬁe Yhe in-i-eﬁers «Prom

0 —H‘n—oujk 19 in o circle S50 as Yo maximize the
Starn oP the cbasolute values o? Yhe cli-ﬂ?erences be-
‘}ween ‘neig\nbours in ‘]-]')e C:jclic o.rranjemen}_

* *
*

1 we Jabel the verhices oF) the Comp\ejre. ’ZO-SraP)\
with Jhe in-}-eﬂer‘s in o,ues)rion and deﬁne. Yhe ]en_c,}h
o? each edge o be minus the chsclute volue o?
the d‘aﬁ?erence boetseen the lobels oF) the edﬁe's
end}aoin)rs, we are asked Jo solve on thet movp the
Travellin Sa]esman's /Prob]e»fn, wh'«ch s no}orious\a
untractable. TThe conclusion is Yhat our Prob\em
can O”\J be solvable thanks Yo the very 5Fecio\‘
Way in which the edge )eng}hs have ‘oeen given.

The Tro;ve"ing Salesman’s Problem is so hard
because (o\monj other -H'\'mss) the Veriﬁcalﬁof\ o]()
< Pur“)'sor*}ecl solution s no easier than so\v‘m
the prohlem o\g‘esh. Kﬂow‘.rzj this, T asked mﬂse\f
how T could veri@j N Purraoﬁ-ecl solulion 1o the
Pro\o\em 0() the d}fﬁcu”‘ dortboard.

With -?(i:OSi A i<20) o Permm%-c\)ricm oF) Yhe ﬁrs}
20 notural numbers and f.ozfzo . we are asked

Yo maximize S g\ven b,_‘j
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S = (SUMi: 0€7 A i<20: obs.(@i —--g(l'ﬂ))) ;

ﬁ-om now on T Jeave the range _()or i understood,

The claim that seme § | fm soy, solves the
)’)roh]em boils cdown Yo Jf‘ﬂe C\Ct')m that Yhe COrres-

Pondiﬂs 5-\/0\&@, Sm .So:b, i on u‘aper‘ bound
for S . So we ﬁncl ourselves interested in
wper bounds —?or' g ; Since

(o) abs. (a-b) ¢ ahs.a + chsb

2

Yhere is }'\ope. We observe ~ﬁ>r‘ any X (see Note)

I
{deﬁni\ion o? S%
(SUMi:: o.los.(fi -—().(i-l—'l)))
< {Fr‘oPer}J OFJ o-]osa
(_S__L_J_Mi:: cﬂos.(ﬁi ~x) + o.bs,(?.()-ﬂ) -*x))
{?.0 = _ff’).o}

Qe (éL_J_[:]'I‘-: obs.q‘?i —x)) (o)

A

d)

Note “The inkroduckon of x reflects the \Pac}
thar S is expressed in cliﬁ?erences of’ f{va\ue.s:
cyclic Oxr‘r‘omgemer\}s o? }he integers ffem 10 to 39
fj"e‘d the soame oo o? S-velues. Once x hes
heen introduced, we con ﬁdc“e with i+ s0 as to
minimi2ze our expression -for‘ Yhe wpper bound.

(End o? Note.)

Owur next task is o @nd the ”jl:?wéf.:_}_"wupper
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bound that (¥ con \xjie\d. Since

d 7o -1 f Li>x
Ix (P' ~x) 2{_“ iP (?f"()(

(x) tokes on ils extreme —oand indeed minimum -

value i(‘)
(__N_l Ci>x) = (ﬂi:: $1'<x) R

hence we choose x= a5 , ond the corresponding

Yo west upper bound s

2. (suM i (Fi-9.5))
= {de? o? F,S
2 (suMi (- 95
i c-ri”xme\ic}
200

I

The next queshon is whelher lthere exisks an
? —@')l‘ which S =200 . This rcises the clues\ion
when in (0) dhe eo,uo\\‘w!j sign holds, it does
i? c. and b are o() oraposﬂe siﬁn, i.e.

abs.(?.i -](?(iﬂ)) = o\bs.((’?i-x) + oJ:»s.(CCi—h)-x)
'\€ ﬁl'—x ancl {7.(31-1)*-)‘. afe c;.—{> oPPosH'e S‘iﬁn.

For X = .5 dthis can he achieved iF N ocur
circwlar arrangement  the Small’ values (fam

[ ),hr'ouah 9, in arbi}l‘o\:j order) occur interleaved
with  the "\cmaea values C {rom 10 ‘\lqroxagh 19, in
any order). There are chout q!+10!  most diﬁ?ﬂ.«“‘
dortboards  (which is « \nuge numloer ).
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PS. T nokliced Jhat +he inkroduchon of the iden*iﬁers
@Y\ and Smo is \f\c\r‘c:\]j Jush'ﬁed, bud Yhet is
what T wrote! C(End of” PSS

That (%) dckes on its minimum value ?or
Ggx A~ % $10 , 1 cid no}' cderive in Yhe W&\t-.j s\wown.

L

By “saw thet as o Ph\‘jsicis¥ i ono\]o&j 1o the
,'Ync‘c.hine" ‘H’TG'\' C_Dns}‘r‘u\c¥s 'Hne S%Qiner‘ \Poin} c?

o -}ﬁansle, e, the Po;n}- TV such dhot
PA + PB + PC

5 minimal. Place 4 ABC on o horizontel F\cme)
end  drill three holes o} A, B, and C. Let three
Yhreads loe \')o‘meo\ otk VYV, Pw)‘ e other ends oP
the threads -HWOugh the holes and oPrach “under
the Yable” equal weighls to them. Tn the case
oF the Steiner ]Dom% Yhe device is used o argue
that PR, PB, and PC meet of anﬁ\es oP 120 ° .
T could not ]ne\P no)n'c‘mj o one-dimensional
%ug- of— war.

1 'H‘\omk /Rav'l Jain {)cr‘ df‘avJ]ng mb &'}'}'er\}-icﬂ Yo
-}he P\"Ob‘em
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