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Fibonacci ond the 8{‘6&)'63‘]‘ COMMON qd.ivisor

Let dhe -(amc]‘ion jC <€rom naturels o ﬂal‘uro:ls)
he aiven b:j

(0) f.O:O , {.)1:.1 » {’.(nw.) = P.(nﬂ) + f—n
'ﬂ'w_n, 'fjo)':]o\icQ']'ion diS)rri)Du’}‘es over
(1) (X ga¥) = Xgd {Y

X % ks

ged , €.

Our inlerest is not in the above '}Lleor'em,

nosr in irs )’DT‘OOFS- We wish to exp)ore. how we

could c\esign G Proo{) {z)r i+,

We know the ged 'For Posﬂ-ive. oPefmnc\s
os the oulcome o? Euclid's pﬂgori—nnm'.

(2) X5Y = X,
; do x>y > Xi= X -y
[] 9)3(-) Uz:tj-x :
od {x= Xgd¥Y A y= Xgud Y

b

anc Puis khow]Edje raises the c,u.es*Hon o{)
whether we can T)f‘oUe (1) b&j c TDr‘DPeH:j
chosen invariant for pregram 2) . Which
\ﬁvar"\om*, rue be-@;f‘e -Hue TE.'PQCA‘O\}:J&
S'}ocl'EMQn]-, allows wus Yo conclude (1)
u,)ocm —}ermino.}'lcn 7 We pbserve, S o\rf}‘ma
with the lef-hand side of (1)
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L{X ged YD
= '[ gc_d 'S 3d€m]:>o)rer1}: —Zgg:j P :Z}

P Xgd YD gsd 1(X ged ¥
{ x= Xged Y A y= X ged Y§

(% ged 1(-)3
e { (), see be\owj

CPX ged Y

wﬂ-\n -qu Suagesa‘ec\ '('ﬂVCsr'JOn’\} ('5) S‘nJeq \03

) Pxoged fy = X ged {IY

S'\r\ce (3) s o\:)v'i ous]:j es+a)>\lis\nec\ B& ‘\-He
'tn‘xhc\\\zajr'nor\ OF (‘23, we Oﬂb' need 1o show
“Hno.} () 15 moin)ro{anec{ > (2)\5 f‘e,Pec&o.b]e.

sx-o,)remen]-, te. we have Yo show
»\j(x-j) g_c_c{_ 'C,j = Fx gc._d ?3 rF)of‘ ><>:j A 3>O
or, more sdmme}ri c.o.\\:j written:

(4) AP.Q ggdfb = -p(a-rb)g&d ]Q\o \()c_,-rmo,b)o.

1t s o\ov'lou\s\:j Yime 4o toke ir‘.)ro o\c:c.oun‘}
what has been given obout J‘? :

h

The —F)irs;’t step 1s o rewrite (0) o litte
wit wmore e\eganlr\a as

(5) Cﬁo,fﬂ = 0,1
(sh) (P.(n-rﬂ,?.(nwzﬁ) = f(ﬁﬂ), ?(n-n)-t- Cn

TT\ terms o-? PC-.H‘S o? successive ?-VQ]ULGS,

Le. pn o= ((.)n, {.)(f\-r'\)) , these cquehions have
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the ?orm
(6" P-O = (0,0) ]’D.(ﬂ'l-’l) - F. (Pn) ;

e o\c\vc\n*\aﬁe op (6) 15 *Hno\} -}'he in]‘r'oduc-
2 . - » .

Hon of Yhe -&uﬂchon r --\-rom Pc:urs o

noturals  to poirs o? noturcls— enchkles ws

4o wrire —Hne So\uf}‘lon N C\osed ‘Farm:

pn = T (0,1)

Tn view op our remaining Proo? ob\igo.)r}on C4),
we shall mow )rrb Yo exp\oi}- the associo\)r}vib

0{3 @mcHon Composihon, in Forhcu)ar’

(?) -FOL.“O = —F‘C\° Fb

e

This ex \oi*a}ion recluar‘es ’H’\o} 'Hne speciﬁc
? F  is teken into account. \,\Jri}’mj

Sha\oe ]
PN as c olumn vector
pr=
C(ﬂ+1) ,

we see F‘om (‘S‘b) +hat T-Qpp\icQHon is
‘ranslated into Premm}ip\ic_a}ﬁon BJ e X

T=O1‘

1 1

{?‘om wkich
(8) F° - REGEMIRC
F.n P(nﬂ)
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ollows (b mothematical induchon).
J

Remoark ”Rno\\ajricq\ ex~1-ension ! OP (O) \Jields
p(—ﬂ =1 . This value tj"e}ds m (8D {?:r ¥O
the umﬂ‘ matrix , GS it s}nou}d . (Ena O‘Pfl?emo.rk)

With  + denO‘\'iﬂ& o mo\‘]‘r")x, the ° n (7)
has Yo be interpreted as wmodrix multiplication
then, (3 and (8D :j'\eld — @r‘ t+he +0P—ri5}w¥

element o{) Foth
@ [a+h) = C(om)-(fb + f.a'f(b—n)

which contains all the terms occurring in C4),
which has Yo be Proved, o do so, we observe

‘P(c\-rb) 353\ Qb
= (@)
({?(&-1%?5%— ?Q'-ﬁ(b-ﬂ)) gg\ P.b
= -[Propef'\‘:j 0{9 g&glg
(Ccﬂ ﬁ(b-}-‘l)) ged Pb
{ Lemma O,':e\ow,uﬁ)r]'\ n::b)- ?mPer-]':j %_c:c_:l?g

P ged fb

Lemma O ‘V“ ged {.)(n-r-n) = 1

For n=0, lr)":e. )emmo\ vﬁ)nows «GOm Yhe C\eﬁni}ion
o? 1@0 ancdl ?1 . Yor \ar‘ger‘ values o no, i+

{%Ilows G‘om Euclid's ﬂ\aori”\m with X, Y= Pn,f(n—n)_
On account OP H"le \QS} de_ﬁni)‘iOH N (O)

CEm.m> 0 {X,b} ={¢m,{?(mﬂ)§)

—
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is then an invariant O‘P the qlsor'aH‘om.

* >
#

The ransition fl:-om (0) do (35) could sirike
one as & ro\bb}h but ijr isn't {701‘ someone who
has seen o litle bit more. T} underlies one

he oldest examP]es o-P Progrom '}ro‘nsf?x’maﬁ
Hon —~[Fom the pen o{) R. M. Bursrall- ; W s
qu.i)‘e comm om w\'\er'ever ﬁ,\nc}iono\\ composihon
Taia:js C.  Si m{)ico\ﬁ\‘ r&s\e —_ ((),\nc]-iono.) PFOSer-
ming, cons ruchve ¥3Pe. -}Heotgj, or coﬂegofj
+heora,Jusf 1o mention ¢ ge) — . 1 om more

’ er‘er\)’ uc.&s [Fa) w]r\icl-\

SMrPrisécY_b:j the very ai
Yhe gﬂ enters +the Pic}-ur‘e..
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