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The desﬁn of o Fmo{) o{) eguom-:}

Tn +his c\nap}‘er we dea) with recl variahles.

et p, %Y SO\‘r‘\s%
(o) (Aw = pPsw = XSW A 56»4) 2

such %‘;P\es exist —E::r anj Po\ir‘ x,j : +cﬂ<e,{€)r
iﬂs}once, %r‘ ]’) the maximum OP X and Yy -

Let  g,x,Y4 soxlr‘:s%

1) (Rw:: wgg = Ws X WV W'é}j) 5

—

SuCh ‘}ri}'))es Q..X'IS}‘ 4?0\" O.n:j PC'kil" X,:j - ‘\‘O\\de, %r

insrance, Por‘ 9 the maxmum o X and y

“The purpose of this c\'\o\})}er‘ 5 to design the
—g)ormo\\ Grgumen'}- Hhet derives

C2) P=9q
Pmrn (0) and ('l)

4 *
*
Q.sno\ heurishc device , we o }o\‘j what s
known as “the nable trieck  — "nabla” is the
name o{) Yhe character V —~ . Tt consishs o?
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"h"(lj]nﬂ o prove 2) me (3 and C4), which
hove been obrained ?r“c;m (0) and (1), res pec -
Hve‘lb, bd re)o\c«cinj < b:) the unknown rela-
Honc\l o?@f‘o}or‘ A\

(3) (aw:: va = xVw A thw)
(4) (Aw:  wWV9 = WwVx v wVD)

As we go along | we discover which Fro]oerh'es of
V we need @r Yhe Proof

Remark The nable. irick serves more Yhon one
Furpose. ’F‘.rs‘r}j, because the cs 5@)- unc\eﬁned
operoter V7 cefles interprefation of” (30 and (4)
in terms o? some model, the naoble trick assisks
Ws 1N mc«n'\)ou\a}'iﬂ\ﬁ fFormM\ae wi“’iOu}‘ \rﬁer\?n‘e*'ing
Xnem. Secondly ,dhe nabla, drick 18 a meons {)or
Co“ec)ﬁr‘ij +hose PFOPGI'}‘SQS OF < Hat are
needed do derve (2) from (0) and (1) #

1S qui}e FoSsi}:\e Yhat  besides other relakims
have those Pmper’ries as well and ,%ereﬁre,

could be chosen g)c.n“ V. The nable Fricke is

an caid in Keeping Frack op whal 15 nNeeded
for our as‘sumen)-s, and that is also Ltha}  Yhis
c‘ha]o}ef iz apbouk. Cknd Of Kemark. )

How do we derive (2, ie. pP=q 7 “the ﬁrs}‘

Mothermatical ﬂe%—hodo\oi:m
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observation is thel | since there exish C\i?@i‘eﬂ“
real numbers, P=9 connotr e established
oithout constrainks on both P oon d g

Since (3D and (4) are Yhe on\% cons Frainks
and (4)

S'N'e.r\ on P anc q both (»
are needed, In these {érmu\ae, P ana Q)

on\j occwr  GS oPercmc\s op \V4 whi]e we hove

bo establish = _ie. we need some pro-
Per\:j E \V4 '\'hc\}' relates i\‘ to = . Remem-
berun - o short moment Ahat @u‘en\‘uo\“ <
s)')cw\d be an occep%—ab\e instantakrion for VWV,
we Pos}u ate ~Hw.’r nabl 15 c.n\-is:jmrﬁe\-ric, i.e.

thsJF\e.s or any =9
(59 P=q <« PVC] A qu
/Remqr\( Welakon CS) 15 < COﬁs}TC\il‘d‘ imPosed

on Vo, and Mhctl s a,oBJ we have not writren
+he need\ess\j s\‘rOﬁSer‘

pP=q = PVc] A qVP
-anwﬁ\ﬂ His r‘e\a%on wouwld have been Sa\’hs?ed
with g %r‘ : Not leqwrlrl_cj more than

needed, s the rule o{) He game in this chop’-er.
CEnd o? ?emc.rk)

33 virfue o? (s), demons\-r‘ohﬂj P=9 nas
been redwced Yo the mdePenc\eni‘ demoms\-ra)nons

MO\‘\lhemo’H Cos\ HEH'\ aclo 108:)
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o? the c.cmdumch PVc] and qVP ) TOcussinﬁ
our otrention on  the ?ir's\‘ one, P Vc} . then we
csee Ahal this term s an instanticdion OP Yhe

\Eﬁ“-haﬂd sides o(-) both  (3) and (4) . We Yhere-
{)or‘e SP\;¥ Yhem wp let it bhe given Yhot %r all w

(3c) PVw & xXVw A l:)Vw
(3b) AT XVUw A yVw
(4a) wVq <« wVx v wVy
(4b) wVq = wVx v WV y

We ex?ec} the FI“OOF o? Pvcz Yo use (3a) and
(4c) , Pur not the iwo b-formudae. "o prove

qu {%r om:j P s&is%;nj C?)G) o nd any g
Sc.}'isﬁ.j‘ma (4@), we observe

PVq

<« {(3c) with wi= '-'3)3
XVc] A SVq

- f(4ea) with wi=x ; (Ka) with w;:jg
(xVx v Xv‘tj) A (4Vx v UVU)

< {Pred.cqlc.i
(xVx A 4V 4y)

o (6) wih s (O with wizy)

true
where nob}o. is Posjrulc}ed l—o be reﬁex}ve, e,
to Sc\\'"\s?:) W%‘- omJ W

Mathemahicel He}}ioc\.o\oj\j
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(6) wVw

/Qemorlc ’For‘ Comp\e}eness‘ So.\&e woe S\ﬂcn.o
what would have \nc.moenec.\., hed We QPP\ied
(3e) and C4a) 12} -\%e o)r\')er order, we would
hove arrived ol ancther s)—renj)r\ﬂenm\ﬁ of
qu , g:)r Yhe dem onstration O]() which (&)

does not Su?—ﬁce.

PVq
&= {(40.) with wi= P}
< 'f(’-‘)&) With  weE X 5 (30.) wi‘}-lw w-.:j}
(xVx A va) v vaij A 3\73‘)
{(&] |
3V>< A% XVJ

I}

CEnd of Remark. )

lLet us now -POCULS our oltention on estob-
1‘;5}\61'13 the second ConJme\r , OIVF . There ore
good Treasons Yo expec\- the Pr‘oo-? o]C) qVP
Yo use (38) ana (b)Y, but not the hwo
Q—-?OFI’Y'\LA\C«.Q. The S'nmp\es} ang  Mmosk erneral
fecson for this exPecFo\Hor\ is the Fac\~ H’\c\\-,
in contrast to the o—Formulae, the b-{%rmu\ae
have not been used Ue}-, hut this s onl
GS comFe\linﬁ as our conviction that ‘the
b-formulae hove 4o be used indeed. The con-

Mathe chical Hen'\odolosb
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vincing reason to use the b-%rmﬂae comes
(Fom he shaPe oF) the demonstrandum qVp
How can we use our know]edje ahout P
so as ‘o Sea\ o nobla exFrassion with

as i%‘s r"agh‘}—hc‘no\ C«i‘ﬁumer\‘} 9 _ﬂqe 2,-1_\(5_ w&:j
OF clo'lnj SO is Tns*‘an}io\‘}‘lnﬁ (3) with W= )’3 .
On  account of (6), however, this instantiction
meces  (3a) vacuously true , hence wuseless, and
(3b) s Hhe onlj Po.r%- Yhot can contribute.
S?mi\arlj, on account of) +he 9 n G‘On}‘ of V ,
s (4b) Yhot has 4o be instantiaked wi Hh W= g .
Tinall o combine P and 9 in G S'mg‘e.
Nnebla expression, we }Dosha\c\)*e Yot nobla

15 ‘h‘omsi)rive, J.e. Sahsﬁes {%r c\nj P.,C),w

2

Hﬁer the above exPlochi ons We observe

qVp
= {idempo%ﬂce o{) dis‘-')uncﬁon}
aVp Vv aVp

< '{C?) with  wizx 5 (7) with w::j}
(qVx A XVP) v (qVS A :ﬁ?P)
< ‘[Pr‘ed.cdc.,'hec\dirﬁ {Er (3\3) with  w:i= P}
<Cl\7>< A xv):) VAN DVP) v (qVEj A xVP A EVP)
-{Pr‘ecl. calcd
(qgWx v q\?b) A CXVP A E)VP)
< 1 (4h) with wi=qg Cab) with w:= PS

d

Mathem atical MNMetho dologj
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AVeq ~ pVP
= '{Cé) with Wi=g g (&) wnth w-‘:Pi
true

Remark  The ?irs}' 5*@{: is nof surprising . We use
‘nclemPo)reﬂce +o duP]icoﬂ'e Yhe Yerm so as Yo be

ohle o exPlohL the  tromsiWvily o]p YV without
c\es’rrocijiﬂ& e Snmme‘h'v behueen X and Y

The use o? the c[is‘\')un<:’ril::>r'\,> rother H"\c—.n the
ConJunc}-ion, is not Surprisina either - since

we ore cons%—ruchna a 5\-re05¥%emnj cheovin
we choose our next intermediotle result as
weok oS ‘Possib]e_ Note }Ho\},wi”\ in the ﬁrsl-
s%ep &on\')unc\'ior\ insread o]p di‘s‘junc)—ion, the
o‘]-)r)ea\ Yo (4b) , {our s’fe/T)s later, would have
been j'rnPossiHe. (End of Remark.)

Tn order bo prove  pP=g Q‘om (3) and (4)
we had Jo Pos}u\c.’re
V o is Qﬁ¥1sﬁmme¥ric , lLe (s)
VvV o s reﬁex‘we ,ie (8)
AV s +ransitive , 1.e, C?) .
Relctions erz')ocjmj the chove +hree Préperjr}es are
known as “partial orders . Me now conﬁne our
ottenbon 1o relations YV that are \’.)c\r\"lqt orders .

However, not every Pur\ria\ relation ¥V is such

Yhat Sor Gny X,y e PRt p.q exisks thot
50~H5F‘:es (3) oana (4) _ {or instance: = {or V -

Medhemalkice]l Wetho c\o[o&j .
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stumina Hhed {?or Pc‘rhc-l order V and c\r\o'n}r'o\r\j
X, , (3) and (4) , and hence (2), are satis-

?iec\., we observe %r‘ artp x,i.j

+rue
= {V 1S re-ﬂexiveg
PVP ~ qVq

= {1(3) with wi= P (4) wath wi= c=[2s
XVP A\ :jv]:) AN (C’VX % Clvﬂ)
= {(Q), i.e. )')-:C,i )
xVp A uVe A (pVx v pVv
‘{P/\ c\i?’rriltuk-e.s OPver” \/S " J
(XVP A 3VP A PVX) Vv (xvl') A UVP A ij)
= {7 s re]piex;ve and transitive | dwice )
(x:P A 5Vx) v (3::[) A XVD)
= {?red. Ccﬂc.g

i

J

'ﬂ-ne -Firs'} conJunc* og) -n*-e \054- Jine 5+a¥e5
that P is one of the values X’:j s the second
cOnJunc}- LOVX v xvj . holclir:ﬁ , AS s does, &?or'
Cm:j XY stotes +het +he articl order WV
is what is known as a ‘“total order™. EXQmP)es
ofcx Yotal order on the real numbers are <
and 2 . With < -ﬁ)r V., p Cond q) is
known as Yhe ™Ma Ximunmm oF X anedl (j , and
is denoted b:j Xty . Mith 3y for 7V, P
(and Ci) is known as Yhe wminimum OP x cmd\j’

Mathemahceal ﬂe#hoclc:\o&a



EWD1090-8

ond is denoted b:? xl,:j . For the moaximum,

we have 4he OH-erna-\ﬁve chorac—\rerizo\)ﬁons

(8> xTysw = xXsw A ysw
(2> W g XT:’J = ws X Vv WKL Ej .
and ~— I"EmEmberiﬂﬁ WaW = WSUu — -@)r the

Mminimum

1l

(10) W X\Ltﬂ

WS XN wsb

Ii

G X‘\’j < W

X EW OV YysW

Qcknow\ed‘qemen}' '_f v Srod—efu\ -i'o H’\e Qnor\\tjmou.s
reyeree of E WD1o71 -Q.;r the “ Mothemak sche
Se:sen sc:\mPr n ‘Hc«mburﬁ > , @ remark F'-om whom

rovided the incenYive do show Hhe eqm'nva\ence
hetween the alternative choracterizations \OO“ the

maXximum and Yhe minimoum, Y‘GSPec}ive\ . (End o]p

P‘;cknow\ ecé{jemen¥.>
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