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On the Economy O-P doing Mcthemodics

(Written -()ear Yhe 2nd Internclional Conférence onthe
Mcthematics o{’ '?mgrc.m Construction, 29+h June ~ 3rd

Ju(lj , 1992, Oxf‘}ord.)

Every honest scientist l’esulc.rb does some soul
Seorc}-ina; he then +ries Yo analyse how well he s
doing and ;(’ his progress s still dowards his
orig'.nq\ oal. ;n\_f‘ef Years ogo, ot the ?rev)ws con -
ference on the Mathemalkics oF’ /Proﬁmm Construction,
T observed some of such soul .searchinj among the
gcientists there present | and T observed wnore
doubt 4han f2ith. The fiest part of this Yol is
-Hiere'v@re devoted 1o mJ ex?\onohon o? w\:j T Hhink
most of’ Yhose doubts urz')us}iﬁed.

One 3enerai remark about an uﬂexPed’Gd similariv‘b
belween the Fro rammin CQmMunib and the wathe-
ﬁ?sh I~ the Pcas*, ort and
scence o€ ?margmmina have se.riouslj su@wd
Fom the concef} of) “Yhe averoge Froaro.mmer" ond
e widesjyregc\ -Feehnj Yot his (severe) inlellectual
\imi\'u'l'i ons S}‘lou\d e TQSP‘?C‘}"QCL Indusl'ric] Pres-
sure ond Fmpajqndo. Fromo}ed e view that, with
‘he proper programming, \Qngu(::je, )’)roar‘qmmihj
did not pose o mo jor challen;e and did nolt

mQ'}'lcc‘\ Communib

f€c|u':r‘e_ mental 3': or education, +hus crec;\-'mg

an q}mos‘;kere in  which sel@censcrs\\ip witheld
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MQn\j (N sden"'is} ‘g-om exFlor'm3 -H:e_ more Seérious
{:Dfms o]P ProE)romminj methodolo Y- T would like
o point oub that , in very much the some (way,
mothemotics has Suﬁ%red and still swﬂ%rs ﬁ?om
Yhe \vrann o? ”-”»e average Mo\”\emq\‘l C'lOn”. Im?rove-
ments in neotolion, in lansuq3e or concep‘-s are re-
ecled because such deviotions ‘From e hal\owgc\ +rf1-

di¥ion would on[«j con-ﬁase +he cwverage mathema-
Yician, and doday's mathemalical educaters who
think  +hed -Hr\%j are doinj Some’-}\ir:a Sr‘eal‘ bj
-\urninj N Pieoe o{) ma-}%emc‘hcs intfe o video 5ome_
are as misguided as corlier recruiters For' the
Ffbsl‘amminj Pf‘o*?ession. The simi‘arib 'S S}‘rikinj,
_'Pne onb diﬁzrence behveen the avercge programmer
and the aueruje mo.“’!en-\q)-iciqn Fossibb be'u;wj th ot
e loHer Jends 4o believe that he Tis brish‘}'ef‘
than ever boda else. Ard  +his concludes ey
aenem‘ inCQroduc:’ao:j remark.
* * ¥

Let us now have o look &b varicus SHPFosecl

reasons {Z;r Iosirg 1@\5“\ in mo.“wemoe}iCc:J Con-

shruchon 0{9 pregrams.

® “’:]Tormal Pmsmm der‘iva-}iOﬁ S no 300d because
indusb r‘fjec}s, T Well, what else do Yo ex-
Fec‘“? For -Féur‘ deCQdcs, Yhe compuhnﬁ 'mdu.s"lD
has Yeen Suided b:.) businessmen, bean-counters,
ond an occasional electronic engineer. ’Thej have

careFu!Ej seen Yo i+ that chPul-inﬁ science hed
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ho 'in@uence wlncJ-soeuer on -I-lneir roduct lir\e,
and, now the CQmPu-}-er industry is in Fr‘ob\ems,
comFuH® science 5@1’5 Jhe blame. (__[romco.lb,
mangy S depor'“rnen}-.s now Feel "?t:u'nlb” and
oblisecl Jo Jurn ouwl more ”r:rac\-icq ‘ 3md.uq|'es,
ie. PeoP\e with, the athitudes thot cor the com-
Fud-er‘ 'mdus)'cj into Yrouble in the st F)ace.)
'Ho.virlj Pu"‘ He blame on our doof‘s}‘ep, -H\ij
have ':)us}':gec\* r‘e’echnj owr work , and -\-lr\e:j
have 4o continue &la do so soas ‘o save +heir

own imaﬁe.

TIn shork: when indus}:j reJec}s {éf‘mol methods

]

W .‘IS not because '@rmal methods are .nosood,bul'

hecause ind.uush:j is no beHer

° “Tormo.l methods are no goed because the
Frqd%’rion@f reJecl‘s them.” ~This wmoy sound com-
U'mc‘u:e "OjOuu, but orij ]—‘-Qbou don't know the
Fr‘o.c'}'i Y oners, “be\ve_s were OPenecl more thoan 20
Yyears ogo on o \ec\urir\j -}rilo o “Yaris w.'-Hq, on
Yhe woy back, a Fer@rmance in Brussels, T
was e Frsl- tme 1 showed +o {éfefﬁr‘ audien-
ces how 1o write Frojroms that  were inten ded
L be correct }Zj consYruchon. 1n Tars, my
+olk was very well-received , ]’mlf the oxudience
oething oboul cs excited as 1 wos; in Brussels,
however‘, the '\-c.ll& {)e“ ﬁc} on ks {é@:: it wias o
ComP\ele ﬁo‘a. T was Qddressinﬁ the Feo?]e

ot a larje Sotfware \nouse, and in rr:j innocence
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1T hed exPec}ecl them 4o be interested in o Wiy a?
des‘uﬁninj programs Stfiﬁc:} one could ‘Cee/P them
Grn’d onder ones intellechual control “The manoage-
men of) -l-'we com]')onj, w)\ic:l'\ derived i}‘s inancial
S“-obili!-j 7om iks maintenance <conlracts, @H- the
des'Lc)n o ﬁaw\ess s°ﬁware not o be in the
Sompan 's interest, so -H’te\j r‘eJed-@c\ "y recomm endlg~
Yons {or sound Commer‘cio\\ reasons. The ro-
rammers, to ™y s'ur‘])m'se, rﬂeckd them too
%r -\-lnem, Frosro.mm;nj wos “edious, but debu&cji?j
wos (Gn! T lurned owut thal -H'\e\.j derived +he
moi_'}or Par\- o,() their )'aro]@ss‘.cmo\ excitement
ﬁvm not c]u.i‘re understanding  what -I-hej woere

—

do‘ma and -Fr,-m c"'\o-sinj the. ‘ocﬁs that S}'-Ould
not have been introduced in the kirst Floce.

T~ sho_rl-: {;rma\ -‘echn}quues are reJ'ec-\-ec{ )
Hhose Frc\c-)'ihaners thatl are hockers instead oﬁ
Frof?ess jonals.

o “:FBrma\ me”\oc_ls are no 5°°d because c,u.#e

o, Jew co”ea wes 1IN our own TS delpc.rl'men}“
are oFPosecl them. This sounds like <
much rore serious oﬁecl-‘.o-n, but —Fades oy
GS Soon as fjo"“ L(nouo 'H"ae rec. soms wl:j \tjou.a“
collmjue o\(o_‘jec}s. “The one wmain (@ason s that,
deep in his™ heart, Your collecewe 1s < kaclcer,
-”'\o\]- b:j Gd\focahnj @rmcal echniqv\es Uot-k ore
Fromo}in qy&o\li"' standards he cannot meel,
and -l-hg, consenuently, he -@e[s discrimincled
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aso.ins\~, Such e CQ||ea5u? should be Pihecl instead
a{) Jro‘cen serious\ . “The ol-her‘ main reasen S
?olﬂ-icc‘. Once Srow-\'k o() He 'De[)or)‘men‘} hos
been &ocep}a:\ as the '\'avgei-, one con NO lov\jer-
O\{@rd o reseh‘\' Compuhin Qs o Seriouws
-)-Ee mo\s‘-er'j o? ljpxiek is sufffcie~tl
demandinj to score owuo:j the owerage sluden\-)?
Such < olitical collemcue has QdoP‘\"E‘d the
morals of” the bestseller socieb, and should hbe

dQSFised instead O{; +aken Sericusl:j.

Science,

o “Tormal methods are no good , @r even moathemalicians
hove not ecccepted Yhem.” This sounds reclly se-
rious, {or mathemolics embodies an intelleckual
-]-rcud.ihan o? Jhousands of)aeo.rs. Closer inspec-
hon shows +hat thol s PrEciselj one oF) its
Fmb\ems. Nl'\i\e -Hne ’Renoisscmce Sen*‘ Ql\ OP
classical “science” Yo the rubbish heq,FJmuch o()
classical mc.qumchs was qcceP'}-ect os the
S‘Fanclo.r'al. This is one o? -H-,e @xFlonaJ-ions Q?
the -@:cl- that, +o this veny dewy, the Hathemcdical
wildh is much ore madieva ‘Hﬂcm, SGy, the
%333%[ Su.ild, ond thet inf%rMQli\b - not o
Soey, handwsaving — 15 the hallmark of” the WYothe-
mokica ) Suﬂd Member: -()rom}-ico.ll }Uinj 4o dis-
hnju.is\'t bet ween ‘@)rm and <om¥ents, he n%Iec}s
Hhe @rm and thus obscures the contenks. Never
\'tc.vinj ven -@rmal -l-e.c\rm'so‘ues, i.e. the mo.nirbu]on
hon OP unin’i-eri?re)-ed rmu‘ae, c. '@ﬁf‘ C\'wanc:e,
he does not hove +the r'xsl'v]- o say +hat H“;'_‘j are
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no Sood.

“This may be the rlo\ce o Foln‘}‘ out Hhat mosth
Proar‘o.mmer.s and m™MoS ma}hemahc}ans work In
|in3ui5"i<*c‘|l3 comPo.rc.b'e sitluahions. The }Oroar'om-
mer uses Séjmbols C ”Prosro.mm'w? ]?nsuage",

the mo%emakcian wuses sambo\s of o rmson'ma
‘&n&uaje " For the soke OF comFo.HB‘:\ib., both
_lomguo es afe accel:v“ed as de ~ch’ho s‘\nnd.omols,
c:\Hhou:;ﬂ bolh are bad, and -‘0‘}0.“3 de-?e.c}i'vg
as <carriefs of)q -@:rma\ Sjs)'em. “These Peo-]a)e
do, indeed, uwerk in an environment in which
-(o)rmql '}ec]'m]c]ues ale hard ‘\"o IJ C{"!fec"b,
but this is the conseguence of well-identidfed
shor}‘com}nas o? {the #languo:jes" -\-]ne:j have
accePled as Stondords.

X *
¥

SucldenIJ \nav'mj }o run o <hildren's o.rb
‘C'Crf' kids m@.’fﬁ Frcnm B 4o 13 YRars ogcﬁe
T gove Hhem Penc:l and poper and asked em
dhe well-lenown qLLeS%C'H\ whether i+ is Possi\o\e.
Yo cover with 31 2x1 dominoes the 3x8
Squore @‘Urn w\'\iclﬁ 2 unit 50ll.\om?5 at QTDFOSi}-e
corners have been removed. TThe, all Hied
doinﬁ W+ and -@n;led each tme. agcr aboul 20
minutes, the con sensus wWas el b counld nok
be done, buh -H"t%j qareeo\ Hhet imPossibi\iF?

could not be concluded @‘am o ¥ SOmF\e o

%ilecl eﬁ%r}s, 'T)ne\j also aareed Yot neither Yre
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Fr.\rb rnor Yheir ‘po}ience Loould s‘uﬁ’?ce ‘F’P an ex-

haushve }est, and their attention was on the verge o]p
turning to s-omel-l'-ins else when | showed to +them

hows the im ssi‘:i‘i can be es*ob‘ished b, meons
'\'he we\\-known COu_m')';nj Qrgun.en+ iﬂSPir‘ed b

}he colouring of the chessboard. You should haw

seen Jhe excitement on Yhose young {)c«:es\. 'n'rej

were Q‘DSO\UA‘%‘] Scincc‘ed, and ﬁah”j so, -{?or ewen

in this very simple setting they hod caught o limrse

Yy s 9 they ght & 9
OF ‘Hﬂe unequo.“ec\ Fower of’ MQ"'LICMO»“‘:ICS.

Tn conmechon with Yhis Problem 1 would like
o Polrﬁ‘ out }wo 'Hr\‘mjs. FirsHy , it is not Jus* brute
@;rce \Versws reo.soninj, rﬁ;r even Hhe exhaustive

”ekperimen'}" \“equir‘es an or‘jumen{' that no cases
have been overlooked. 1n other wourds, 4he hwo
approaches re])fesen¥ }wo extremes o o sfaec}rum
orBumen"s-. o very clumsy one and o very
e{fective omne. Secondb, the Frob\em hqsgf{c),,a]-_
lessly, Yoeen Senero\'azec\ Yo many other sizes thon =
8x3 . The 'lmTJor}-o.nce o{’“ﬂw
is that mathemcalics emerges os sme'l-)q;rzj ue:j
clig)erenl‘ gum what the Ox{drd Dictionaries S'Ne
You , viz. “the abstract science o-() sPace,num):er,
onad qu&n}ib ”:, mathemctices rather e.merjes as
“Hhe art and science QF eﬁ%;\-we. reasoning "
regorc\\ess O‘F what the r"eousonirla IS Su,[))oosed
do be about. The Yraditional mathemalician re-
cognizes and o.';r;recio}es mothe moatical el?once
when he sees . T propose Yo go one step

ese o\oservc: } lons
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Pur’-ker, and "'O consider e\fﬁo\nce an @SﬁenHoJ -
5‘-9‘:\‘.8"* °F mathematics i? it s c\um%, i+ s

not wmathemotics.

Tor the im‘orovemeh+ o-F) He eﬁ?cienc;j of)-’-}ue.

reasoning process, three wmain devices have been

?ou.ho\ eflechve.:

(i) Oxdop}"m?, o notation +hot c:o\]—:)ures what
is €ssen ial  and ﬂo""\irﬁ more (O\Mc.ma other
Winas Lo enohle what Q_J.N. vain Sosl-eren has
<alied "disen+qn3)emen4 D)

Gii) resh%c’rinj reasoning s‘rePs Yo o wel\-degneol
Cond modesh) rePerh'.re o? mgniFu\o.-}'tons

(i) QdoPHﬂj < no“a')'ion that tj'uelds -@mulce

anoJ* are weﬂ-seqreo\ 'L.:o owur Ynani]ou]e.}-iu‘e
needs,

Remark Ql.ﬁ-ed North Whilehead almost wnderstood
this; he was, however, wi“irla Yo sacri-ﬁce ecse
OF) manirub.‘-icn 40 br‘evib. Q small s}ud‘j o-f)
the ergenomics oF ‘ﬁ:rmula wriHnj shows +hat

the sYress on his kind of Breusb was misguides.
(End oF; ?@mur’:.)

Al }hese devices are close(:j connected }o note-
'I'ion, and i+ is woorth Poin')'inj out thot the iy,)ico‘
mothemaolician s very ambivealent about the
imPor}-o\nce o() notction: on the one hand he
knows Yhatl o good notolion can moke the da’(“?-
érence between Olo:_cj and n{ghi‘, on the olher hand
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he considers eXFlici)‘ c.}'“enl‘ion Pc\id to ﬂo*‘oJ‘ion
wasted. Quile F'»ecxl was the reachion OFG’
roYher T;ure rothemeatician that had clen ded
Severo) d°;j‘5 o leckures +hat N.H.:).Te\':)em and
Soue 'n the second ]'\Q\'F of” the 7T0s: he was
very 'ivvn)ore,ssecl bJ the power o?cur -@;rmo.l
aPPo\ro}us bu b r%re”ed our deviations Fcrm
standard nototienal cenventions, not reqlsza:lﬁ
ot these deviotions had been < conditio sine
qu.a Non, 'The Probc.bla CXF‘ano.'l-'ron 0(7”18 mai-lne..
matical ambivelence towards notayion is that the
Qverage mathemotician s shill a "Platenist, -ﬁsr
whowm {c);rm“lo;e r)mQrib have o de5cri)olive role and
c\ri_nii' meant r unin}er]ore‘i-ec\ mo.r\i]')u,c\.alion,
“n therr own ﬁﬁk‘}a so to sFea\c . morecver, his
unﬁ\milior?b with ﬂﬁ:rmo\l 8ermQr$ mckes mar:j

notebhonal Tissues 'umPossib\e -for him +o discuss.

9 J° examples UF
Jhe 'imPor'}‘c.nce O‘F notadion. J P

D Brron c. large number o{) elecknic engneers
T have estoblished that , while all are certain et
“and ¥ distrbules over 40!"", o Si n'u{;iccm*‘ maijork
s ignor‘an'} o{f or vezj LN Corm r‘}-a‘ale w?}kj-}-he
inverse disl’r}bu-‘im. This 5)10c1cirlﬁ o\gserm)-inm
has o simple e?iﬁ‘?f\_t_:;hﬁf__\_;i_ih their Crumv:\)
nota Bon Kwe ?(Z:amﬂiom dishribuhen is rendered
b.fj the {amiliar X(:j+2) = Xa&- X2 " the
Mn-?ami\:qr dls}ribu}‘ncﬁ ‘s rendered ‘03 '}-})e
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un{)&mi‘iar x + (tj'z. = (X+:j)<><+2)

Gi) Wth S, V, 3,7 erd for the quank-
Fler‘ Q_ . the ! 1—Foiﬂl' ru\e" is

<@|‘. L= ‘:() - t,n

Tor 2. and U, wothemelicians  know ik,
Probo\lbb n ‘H’te '{éf‘”\s |

DUy = €6 and TG = 6D

\]

(=N =N

TFor V ond 3 H'QJ do _r_'t_c_a_l_‘ Yenows +he
1—Fo‘m" rule , wor\cinj , GS8 +h cdo, n these cases
withouh "l"Gnseh -F:r‘ the dummy;, they would
have to code +hem as somel ing, ke

(d))CGi=n G = EGR)  ana
(Fi)(an A L)) = &) ,

'@)rms Su%cien}b oPaque 4o ma'(e. 'I-Bese_ %lﬂ

mulae wnknown. (Bnd not knot.u'lﬂj these
1-Fo‘m+ rwles r'eo.lb hurks, os -Hne:j are the wain
devices .ﬁ;r equo}inj a quan}iged expression to
an exFr‘ession wstthoud quom}i ier'.)

Gii) Ps « Pmal examr}e; mcen}b T saw

@nr o nonassociative relalbion behueen predicates
Gn inﬁx dpem“‘or, SGJ ﬂ’ be'mj in)-mduc?d.
An iMFor"rC\nJ‘ ProPerb o? tl_ wes rendered Ej
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[{Vis pi M qi) = (<vs::p.-')L'l_<Vi=:q.;>)]
Hoo we writhen  M.(x,q) for xN g , we
could have used ‘H’\Q"‘ :jqu.ﬂh;'iﬁcc }‘k.:h d.is}ﬁlou}-es
over Fmr—(}ormi?j , \.e.
[(Vi:: (rn,qc)) = (<\vfi::T>.i>,<Vi::q.f>)] ,

and with +4he C(umm:J w o 4317'2 "l)r‘eolic‘:zl‘e
Faif"f., 'H"ne obove Pru-)oerb “:1_ C:oulol }\o\ve

been wori Hen

an 1m )icc\}"‘on amiliar reem  Con junclivihg, Bur
WS };ch‘ ‘o @fplﬁ,‘ “"15) @cl- 'nia} ciuc.‘;r?}'iﬁCq-.

don distributes over car-{?ormin if the pair
has been T)ulleo\ apar Ejaﬂ in Fix oPer‘a;‘or.

2

The ambivealence 40@0&1‘0\5 no%«x)ion Ve f@—
QGC"‘G’C\ N w\'\ai- I orn “‘emP"‘Qd bo cq“ ﬁha)bl‘id
Hﬁeor'}es ”; -}})ese cre vera Jlr‘o\d‘l'}ioho.l and are
warM!j recormmmended Yo Hhis ve:j ch\J, The
desisner o-fo. }\Dbr‘nd +hec.n:j has the «Feelir:j o{)
C‘i'eo\"if:ﬁ two ’r\f\injs'. grs}b, Yhe SU\‘D\JQC‘)"MGJ‘}QJ"
o{-? Hhe -”f\ec:j’c\hc\ ,secondly, o .o\aasuqae' o
discuss +he s'..«):Ue::)- m?#e: in. "Pesides ’me}o.-.
Ln.sf‘s, 1areo~n and defini ions, ”‘Qr\ woge ' in-
E\udeskare {érw-.o.\is\ms as wel 27

The idea. behind Jhe kjbric\ ‘”’leof‘ies Is -Hwo,)-

arsumen¥-s and mlcula)-ims, bj de(?n{)'icm
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?orw\u'mlec\ [Fi -}He Nnew lonsuage, ore 'l-o be,

u.nders}ooc(, in;‘er‘Pre}ecl, and 8iven “meanin *

n terms o-? Jhe wnew Su)'z')ec)' raccHer, USuqlb

Hne lmnsuaje is a Sem%ﬁbr‘fﬂﬁ\ S:jS{'em,':r\

w‘r\k)\ W"Cm:j s}e)os d‘F"“‘ie o Mmen)' ore "‘us'}-ia

Gec[" by on 2ol o our inm ui}'ior‘w abouf +he
N °TP

Su):')Jec} mor}-}er‘.

"B:j 3';v'mj enouj"\ care +o the desiah OP
the lcmﬁuc‘ﬁe, Io-j ma\cihj i+ Suﬁ%c.‘en}b doboro}e.
and uho\mbiau\ous, Yhe uo.\iclib ol conclusiams
about the Su.b\jec\' W‘oo.'}'}'er‘ becuomes a ‘ingw‘sl-ic
cihorqc.}er‘na\'ic oF’ Phe sentences deSC.r-i\oinﬁ the
orgo\mw‘,‘. In -H\e LA”"ihﬁo-"e case, reasonin
aboutl and in '}erms o +|ne S'LAIO‘QC‘} rmother (s
rePlaced b }he MQniPu'QHOh o?unin}‘er Pre;]wed
@rm:-«\ae,qb calculabons n which +he or{giﬂa,
Sul':gvec}- mectter has d?so/]‘ér:ueo‘r‘?c\ f?awx the
T)ic vre. the -\-hec::j IS noew nNno lcmjer k\jbrid,
and according +o Your t+ashke gou Moy S‘O:J
Yhot theo gesiﬁn has been degraded o
or Simrlif?ec{ o a \inﬁuich_c.l exercise.

T have observed +thal even in the presence
o.fc. .‘S'lm]vle and C‘F?ec]'ivc (garmo\]i:?m, mathema -
—}ic'\ans of o more C‘o—nserv‘c.)-ixre ersuasion
ore >osed jo sauch cach\c)imaY monipule -
hem o% @rrrxu loe and advocale their comshant
fnl-er]pre)-oﬁion in terms gP Hhe conshiluents oF
dhe intended wmedel. _nre:j de(’.‘end this inter-
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Pre*al-ion, also ceolled "QP eal to inkaikion” man'nb
on two 3rounds. “Their irsh c.\rsumen]' is thet Hhe
close }ies 1o +the intended model serve as o source

o? insr;'.rg-}ion as o what to c:rn\')echr‘e and how
o prove i+, 1 howe doubls about Hhis but

T don't need ‘o elcborale on those because the
sudd en -?GCuS orn the scurce o?ms‘oir‘c.}im"
reveals o lack uf sePomo.\-ion O-F concerns: because
lhere is « \'Jo’o to be done we are interested in
the slruckure o? arﬁumeﬁb and not in the
rs‘jcholoa’rco.l hebits and mental addickons o-]D
individua! mo&kemo‘-}icio‘ns. Thetr second
arau.men-} —F;r co-ns\-an} ‘:n}‘ePPr‘e}—on s ‘H’\Q‘} o+
s an eﬁfzel-ive rotection czaqins} Yhe erroneous
deriveh en W ql‘, when \n\-er]')l‘?)'e:l, s o‘ovlc:u.s
Nnonsense: in S}'nor\', cons“Qn)' inrerpretati cn

@r Sczf?eb's sake. T+ s ™y contention Hhaat
the secend o\r‘aumen* re@ec‘-s o most ‘norm!e\,l
"“\S}‘olﬂe. y g':r"n wlnic"\ we Slﬂould ecouer &S
quickb as Fossible: ad"terir:j bo iF s ine%chw.,

TJGr“G\a'Zl'ﬂa, mislecxclinj, and ex]:ensive.

o TF is ineF’ﬁchve in the sense +hat it cnll)
m+ec5-5 us G a‘;ns;* -\-\ﬂose erronNneous ComclusicmS
or which Hhe model used readil rovides an
N,
ohvious counhrexamF]e. T s ok the same
level as - Mﬁ + base C‘O'ﬂ"?idencc in Yhe cor-
%c. FfOﬁr‘am on ‘l‘QS','inS 5}“.

\"ed‘ness i

- ‘I“‘ 18 Farab'lh:s, You\ sSee, o CQ\CM[US reoJlJ
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heIFS us L’J ﬁ“ee'ms ws P*a-m the %Hers OPOW
minds, b the em‘merﬂ-b asible mo.nilaulnhm
o() -Ft))f'mu ae ul'\ose ‘:n']-er‘Pf‘e‘*alion im ']-erms o

a model comFlel-cb deﬁes orar [)eowers o?imajim-

lion . Insistence e constant interpretabion would

rule ouk -H‘ze rmost ee@‘chve uge o "-he Co\‘culus,

o 1 s mileQd.‘-ns because +he model is q\wo.ds
overs[aec'-@c and constant inter retation invikes
the inbroduchkion 0{7 S\‘er thot are cmb valid
fc;r' the model the author has at Hhal momend
in mind,‘su'} are not valid in f\ef‘cJ. 1} s
this _bj_br'ud reasening thoet has given all sorbs
O-F l-lr\eor'ems <N uwev 'FA?.'ij r-anae 0? V’O\idu‘b.
/Pecr‘a]e wor\cina i Hh c\u"ow\o\}ic theorem Provers
discovered that in geomel wmost theorems are
Lun:m& mn 'H"N? sSense 'Hﬂ&’r ”‘Hrwe obviows e.xce,:)'icms !
are ot vnentiemed n the theorem sholements;

more alarming 1= thal +hose GX@P-)ians cdon'd

Su.f‘Face in the Pu\o\is\ned Pr'cw_-af_z> eihher.

® ’H s exloensive becouse -qu c_cmsl-o.nl“ "-Imng..
\odiemn gar:; -_'?c')r?;\u)'c\_é% ih}ef‘,)f'e*‘c\']‘im is o
considereble burden. (In order 4o reducee this
burden . V. Holmos S}rmsb recormmends ko
avoid %r‘mu«.'ae with c]u.am}i iers?)

The wmoral Is <clear: %r do\:j h'-ck-quc.\ib mathe-
th.)-ics e()-(éc.l-‘;velccj, ver a‘ and ié{oric\ reasoninj

hove (o be r‘e':)laced kb caleula honal r‘ccdoninj:



EWDH30- /4

\oﬁic's ra\e is no longer Yo mimic "IUMG") req ~
Scming, but 1o va‘ade o caleculedonal alternctive
We have no choice, and, as « resu”*, we ore
entiHed Yo view the des'iah of;o\ mothematical
-H'\eor:j as o l'msui.sl-ic exercise , and 4o rote
[ingu.‘-s)"-cq| simF'iﬁmhons GS me&odol%ica\

imFmvem enks .

A mojof‘ such 'cm]:rove-men-} 18 the reghriction o
unc\m\:'rguous {érmuhe. ™ s easib implemented
and is o 3r€03' Sim’)‘if'}m]‘ion CQm?o.er ‘o -l-he wn -~
written rules a() d'»SmeSSqu-'\on +thot are u‘nvolcec}
b:j ,,bud‘ e\rewone undershands wlho."' s meant ,.
T remember how 1 was ridiculed by iy cal-
\eca.jues. and accused o? mannerism and arregance,
Jus\- because I oawoided o @u dredib onal am-
bi gui bies , but thot wms o quarker ofo\ cen\-u:jj
e ot andl bb Now —-qu m::.“'uerdatlicC.l comrnunib

could be wiser

A nex} s}eF is o recoanize thaot i+ is not
S'}rirzj or Séjmbo, W)omifo\‘o.-ho"w Fhat we are doina,
but {ormule moniFulaHon; we rerlo.ce not Jus)-
subskrings bul subex ressiens, ond «’%r‘mulg
MQI’\]PM oFon s -l'her‘e@re 5imt|iﬁed Ej eas ino,
+he I)o.rsinj. Coﬂ“'ek‘l‘-delaenc\en grammaors , f’or‘
inskance, are not recommended. T remember
o text in which X=yn 2z hod +o be Farsebl
oS [ (3 AZ) Fzg.r- boolean X,(j ,Bui-.c.s
(x :D) ~ 2z ohterwise, and such o convenlion
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S cle{-)inﬂeb m‘.s)ead'mg. “These are nol minor details

that can be ':3nor-ed. ( The only calculobonal errors
T am aware o{) hauinj mode in the lost decade
were cawused bfj Fors'mj errors.>

T weuld now l\ike to drow Your otrentiom
br;eﬁj to a \inﬁmshc simpliﬁco."iOrw ofq some-
what diﬁ-oeren* nalure ;  which took Y)\oce in on
areas. %milior lo ol o?us. ViZ. Prosmrn semanlics.
In 'Hﬁs Greo , -\-He 60s clo.sed c\-ﬁef' -Hwe Ficneerir:j
work oF Nour and T:loyd with QHoare's Axiomakic
"Boasis, where +the rules o?—i—ke game were couched
as #inference ru\es", exPresseol in +heir cwn
-ﬁ;rmo.]ism. A wmwmoin reacson -Fof* Fublis\n‘mj in the
,?Oi Hhre Fred.‘a co.)-c "}ﬂ‘ons-@rmer‘ semantics was that
He ”ic-'H-er e|'lrn’mc.}ed -}-l'\e N}'ro'e Ccmcefﬂ‘ OF inference
rules b,j subsumina them in the booleon czlge‘om
o? ?redico.\-es, which was needed c\n:jhouc.. “The
PG\Dcr‘ S wWGs wr‘iH'en under ‘H"ue GSsum}Ohon 'Hﬂc&
this simpliﬁcqhm would be noticed without
beinj Fo;mled oul; in re}rosr;ec} T think dhat

that O.SSumF“‘ion was o mistoke.

le} me now turn ro  what min- burn out o
be +he most Siani'ﬁconl' SimP\]ﬁCG"'iOh that is
h\cinj P\ace these decacdles. I() i+ s as sisniﬁcan}
as T eshimale, it will need o name; my Fn’bvisional
name , c\e5cri[a]-ive. bul o bit anS’ is “domain re-
moval . let me illustrate i+ with a very simPle

but Sl‘f"i\(?tg exam Fle
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Let wus consider the -Pransil-ive r‘e|c.}ion o
C"-ﬁsk") , Le. 'F;r all p-9>*
F ¢ <1 FaN Gl ex = P o T )
and the }wo wo:js o-? correchin the erroneocus
conclusion thal Fot.r‘ holds (%f‘ G‘r:j P>T -
“The erroneous argumen\‘ s ”c\'\oose . cl such

+thot =%q oand g«r both Hold; posr
Hhen é:llows g‘cnm '\ro\nai}ivi}b". The obvious

error is +hat such a 9 heed nol exist, i.e.
we con mb demons%cn!-e

<aol:: qu N qacf‘) =3 Po(r

The +raditional arﬁumen}- oces as »ﬁs“uubs. Bssume

the antecedent <3q:: P~9 A q ocr> 5 His means

Hotl we can choose o value thal we sheall <cll
kK  such that Pu\( A Kxr ;, and now we

con comnclude P < rr  gn account GF Hhe trans-

i\'ivil-:j o? o

The allernative c\rSum@-\} can be rendered b:j‘

We observe ]@:r any  Por

(aq::qu /\c.ls(r’> = T>c><1"
{Fredico.']~e CQ‘CM'(AS}

<Vc:l:: Paﬁq AT =) P°‘~‘->

- { = s ronsibive}

}rwce

I

These Jdwo argumen]-s lushrate the diﬁ’erence

in vitro, so o sPeo\c. In the Yroditional orgument,
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'\den}iﬁers are used 1o name wvoriables o]() the
c\PPmPrio}e }yte, ‘lden}'i‘ipier ko, however, noames
a value o hat l:j]-:e. 1In the allernalive argu.-
ment., the ideni-if)iers all name wvoriables, and,
CcmsequenHj, the Fossilo]e values o? the variables
have d‘nSQPPeo.rEc\ f’rom the Ficlura. ’B\E not men-
lioninj the volues, their domain has heen removed,
Tn demcns%a}ing an existenkal c:'u.o.nl-if?cw}ian

lzj Cms)-rqc\-in&a wi*ness and , c'deverselj, in
using an exishen bial quan"iﬁcc\hm b naming o
wilness , entzen's Nalural ’De.o\uz‘zicm advocotes

Proo% o? +he need\esstj comP\icql-?d shuchure.

Whether ic\enhﬁers are nNnomes of) variables
or (unique'.) nomes o? values turns oub o
be o +radilional unc\o.r'x\:j. “Consider Foinl's '
A,B,C and D in the real Ewcliden F\ane,ek. g
‘J_‘us now wunclear whether coincidence is ex-
cluded or not,

’Proog o(? umiqueness -}radilioﬂaljj suﬂ%r

@crm this Cor:;\ic:c:hm. T meons +hat {70,-

Some  gjiven one has to show
Px A "P:j = x=Yy Pur‘ oll X,y

Authors thol are unclear cbout tHhe skabus
o? their 'lclenhﬁers afe un com gsr‘%o‘ble about

this becouse , with x and unique Names
O? values . X#D holds b.:j de@n”‘im. —T)'H_a_(j
?eel obliged +to embed the obove, F““Qﬁ‘”ﬁ it
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as o reducklo ad obsurdum:

“let Px;, assume thol there s cnobher wlue
Y such thal ’PU . But Px A ’P‘j ifflfs
ij , which is a Co'n\‘f‘o.dichcrh, hence nO such

Y ex’ s)s. .

gno*—\wer COmP\icaHm s ‘H‘ta}‘ Vo\lue~namin3

easib induces case onalysis. Some 4me age

the problem of the ﬁnile number oF couples Cir-

culoted . You. had to show thal in each cour)le

husbond oand wife were o? t+he same oge e‘f)

(i) 4dhe oldests of7 either sex Yod Yhe same
age , ond

Gii) EF hwo cou]':'les dic « LnJ;'FB S‘mc::k,])I the
minimam o Rt in the lwo new combinations

were eoluod ¥o eoc\'\ o)-her‘ .

“The Yradilenal amgument is in dwo sl-eF-s. I+
F‘:rs}- establishes on account OF) () ond Gi)
+he exislence o?o. c:ou]':\e OF which both
husbmnd ond. WI?e afe o WO X | Qﬁe. In
the seamd sth W+ establishes that +hen and
N O-c*(‘oun)' OF Ql) in Omj oner Cmrle hUSband
_ and w—iﬁa Qfe OF) 'Hfle sSome. Gﬁe. \rJhen {;rmu]o\}'inj
this Co\ne@uJ, '}o.lcirg into account +that there
need not exisk c second Cou[a'e and  thal more

than one. man and one woman maj enJoy the

——

maximurm o.3e) 1 could not avaid oll sorks
case distinctions. The '}roulole writh Hnis O«rﬁumen*
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Vs O‘F course, that it hos o re%r‘ to o s eci?ic
couPIe . Here is, in contrast, the calculation
in which no sPec‘aﬁc hqs\oo.ncl, wi?e, age or
C°“Pl"e \s V:\omed', the variobles X,J ore OF
‘:ﬂ)e cou.P[e: We are S}ven

(i) <T:j i mj) = <1\3 (’b)
(ii) <Vx,:j:: m.x b Ffj = Qx $ m:j>
ond observe [?or‘ any X

mXx = -ﬁx : -
N caleulus: Jaw o{?obsorphon\}
m.x \L}<1\3 mj) = {-)Xxl' <TU .r3>
{¢i)

m.X¢<1\ : ) = X\L<1\m)
{N Qa\?ulu{:(?\lf c\isﬁﬁbuk:dover %?}

<T n TnX\lr‘?j) = <1\:j F)-X \Lmj)
?(fi)’:

-\-rue

)

I

]

which concludes -the roof’ withowt ony case
ano\\jsi-s. (So-me u‘F-}he simflif’icc\}im s due to
he 'e:d- that the ronge n Cii) includes X=-\\j >
trhe rest of the Simr\'l icchon s due 1o the ?oc’-
that the caleulabion names no sPecich couP'e,

O‘nb variables of t‘jf’e' "Coup'e "D

The {é‘.c"’ that, in use@l caleulotions like +he
o\boue, +he Possible values oP the variables are "-ol'cglb
irrelevant and can 4here@>fe Froﬁl-olob be 'lsnored



LD 3o -20

has been seen and exfﬁqined in 1840 D.F.
6re30r3 —in vOn Hhe Real Nalure OF S m);o\ic
Q'se‘orc. " [-Tl‘oms. ,Rcﬁ Soc. Ed;n))ufj}\ 14 s (1840 , 203-2/‘] -

“The |i91-\-|-~ then, in which 1 would consider
‘Sambo\ic alaebre., is, that it s the science
w‘\id’) "'fec\‘-es OF; -H':e Comibina)-3on o?opem'¥iuns
de{?ned not ‘i«j their nalure, thatl is ba what
4he, are or what 'H‘u%y do , but b& He laws
oFJc0mbin&-}-EOn ‘o (..J'r\ic[w -Hnsj are Su%)eci‘."

Gregory knew that the domain o? values could be
ignof‘ed. So did ao\nn D. Lipsem , in whose book
" Elements oF Qlﬁebro. and Q\sebmic Com];u}in !
1 {c’mnd the obove quo\‘o\l‘-or\. “The oma:’-iﬂ\a } 'rrB
s "“"\a‘} _g_!i ‘\‘EX“'S o\bow} obe‘prc-. I JSow , Li sSem's
book included, introduce olje_loras os deffned

on (nomed) set _oF values ! Sre oub's n-
Sigf" seems uni{%rmb iﬁnored. Sfol.

Fll\ -\-)ﬂs }‘\as o direc:} Pon“c\“d in FPO?I‘QMMihj.

In order Yo esteblish dhe correctness’ of o rogrom
one con ¥ty o number of Jest cases, but ér

el other aPF\iCc.-hons 0{7 Yhe program one hes
o (‘e‘J on an orsumen‘}‘ 6s to why the are correch
The Pur)oose O'P“H')e- C\I‘Su'\nen*‘ is Yo reduce the
numb er o? test cases needed, and T would
like Yo Jo ap reciote +the dramatic chanse
Mat occurs when the number oP lest cases
needed is reduced t‘o 2ero. Sudc\enb we
don't need a machine anJmore, because woe are

21
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no lenger interested in CQmPul‘chms. That is, we
are no lunser‘ interested in individual machine
shates (because +thal is what corn)ouh.-hons are
obow}-)_ r“?ec\SminS Q‘ocui' ProSPams -Hﬁen beco-mes
Tec‘sw}nj'abou’} subsets o? machine shales as
characterized b:j their charackeristic Preolicc}es,
6.9.

{s ] X.s}

“The next s}-eP —known as /'\ipninj"- s to rewrite
relalions lbetween Prec\'acc‘res » e.g. reworite

(¥s: s€S: Xs = Xis A 2.3)
[X = YAS] :
becowse ane mosi e%&-’nve way a?elimino\}iqj

machine s%-o}es ?rom our considerations is E?.(j
vem oval o? the last voriable +hat ronges over
'H'nem. 'T;"om vario.bles o? {;()Fe #'W\oc"n‘.ne s‘)‘o"e&
—like "s”"- we lf:owe gone '}-Q‘ variaobles OF? br:e
”Predico'le" ~ ke "X.Y, and 2"~ . T coannol
shress e.nou.jln the economy o? not havir:a Fo
deal with both }Jpe.s of variobles. 1n other
words, besides be‘mj 'mc—:ﬁ%d-ive, quq’ib control
o( Froﬁrc;ms b meons o? ')-es)-',‘na s Cc;nc'e,:}ucﬁg

&Fens'we.

as

The characteristic @nchms o? ‘sins‘e-!-ons ore
called "_Poinl- Predicmtes”. Nj 3real- Surprise over
Yhe last Hen years s Yhe power o() | whot became

known os "?o'm-l-\ess loaic.:", l.e. Predi_c:o\l‘ei.c‘olc'ulus

22
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without the axiom +Hhai Pcsi-ula}es ‘the existence of)
]‘Jo'm} Pr‘eclica‘\'es. The calculus s exkeme}j elgjon}:
i-\- is like a Furiﬁed set n\@or:j . {%r w}'\ic)w +radi-
Yional sets c*oml—)osed of elemenls are an over-
srecilﬁc model. T s ex}remeb Fower@l. pts ,
admits extension to "Fo‘mHess rele}ional Ca\c'ulu.s
w\'\ich -@;r me had Vhar:j surprises in shore.
For notions like -‘-r‘ansihvi and we"-%undedn@s
T 3reua u.]: wiH‘u deﬁn}}ims- N 4er‘ms o{? indivi-
duol elemenks; but the use 0{7 those elemenks
is an ob@sca}icon , ‘@:.r Yhe conce[ﬂ's canrn be
bequl-'.ﬁ.\“ embeo\ded h Poin“ess T‘e‘c\'}icno.'
caleulus. O{) all T haw seerm ik 15 the ullimale
°¢ removal oF) the inessential.

':f'inalb, let me add do these F\easw& surprises
G F'msan\‘ observalion: 'H'\e average caleulational
Fmof is vetj _s\')or}‘. 1 can -}rub do no beHer Han
relot'? bo Yo the voluable advice my dear mother
gove me almost hgl?_o\ cen‘ucj QY0 : “Bnd, remember,
when vou need n';ore than -Fve [ines,&ou ofe ?fo-

bably on the wrong Hack. ”,

Nuenen, QéJune 1992

| Frﬂf dr. Eds jef‘ \IS :DS\CS}T‘G-

rrraent OF) Comrukf Sciences
“The Universiky of Texas or Rushin
Aushn, TX 787212-198
Ush
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