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A more disen+omq]ecl clwc.ra':'l-e.rizmhor\ °P
U v
extreme solulions

Let L= --__rectcl ”be\ow'.— be a Func‘-uql

Fc.r-l—ia\ order. Let equo.-}‘am X 1 [fB.x]
hove o lowest solubion k. The JradiHonal

C"‘lqrc\c“'eﬂ'za.hcn OF k hes been {u'ic.*' ot

sd-‘-sﬁes
{ 0) [B.x]
(1) (ox: [B.x): [kEX-,D R

where (0) expresses +hot K is a sdulion,
and (1) slales that k  is Q*J?b‘dl"@"'e belows

MJ SO [uh o,

Here 1 propose to charactenze k by
(2) <{3x:[B.x}:{xekl]d
(3)  Wx: [B.x]): [ksx]>
(Here, (3) 15 o <epy of (1): T hove repected

Yhe Of‘\rnu‘& sSo s -\-o ec.se "}s comFaﬁsw

with (23.) We hove }o Frove Yhe
“Theorem WA = (2D A D)
“Prool’ For F\rlj i+ Sc«ﬁ’?t‘es Yo s\'-ow (0) '—'?;(‘2):

<{Ax: [B.x): [xg k1)
< {ins‘mnl-i Ql‘icrn Xz k},
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CBk] A [k < k]

= C is a parkicl order, hence re€ Aexive
[B.k] F

For pong i+ suﬂoices +o show (e (YA (3)

{Ax. [B.x}: [X k1> A {ox: [B.x]): [k& x]>
=3 {Precl.cqlc.}
(3: [Box]: [xsk] A [kgx])
= {ig s & ?c.rl-io.l order, hance on¥iwmmehics
(Hx; [3):) : [x-:-. k]>
{_"'radinﬁ}
<5X: [x k] [’ij)
= {1-‘>oin|‘ ru\e3

(B.x]

h

(End o?’?roof’)

“The reasen W (2)&(3) 15 sach o nice
?o\?f' is that (2) -~ monolonic in k ~ eml

bounds k ‘G"-"“" belows R ..,J-.ile C3) ~ antimono ~
Fftnm alooue. T_n

Yomic in k— bounds k  onl
the e (002 (1) R () is ozviousb as nNnice as

3y, bat (0) —be‘mj n 3ener'c\l nol momnotenic
im k~ s not o one-sided canshaint. (Tt 1s

no}' amc.z..'nj -Uwa} m the c.\oov‘e Foné c.rsume.n+
we needed in the ontecedent (3) as well.)

Qs an exumrle o? ‘H'ie \'le.u.r.‘sl-i‘c suida.nce
Provided bJ His d;seni-anjlemenf' we shall prove
Hhe ‘@’“"“‘""‘j , Now Jriuial‘ theorem.
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“Theorem Let k be the lowest solulion QF
X [’.B.x] 3 let W be the lowest solubon o?
X! [C.x] . Then

<Vx:-. [CX]%[3XJ> = [k Ek]

’?roo§ Qna|oﬁousb bo (224G R h s defined
i

(4) {Ix. [C.x): [x¢s \r\]>

) e (C.x]: Lhex]>

Thn view of the demons-!-randum, (3) 3’.ves
all we need }o know about k and (4 gives
E.‘l_‘ we need ‘o know aboulk n.

<Vx’:-. [C.x] = ['B.x])

= {(3),V onkimonotic  with res-,)ecF ‘o r‘ange}
{Wx: [Cx): [kex])

= {(4) s Pr‘ediccﬁ'e co.lcm\us}

(3)(: [C.x]: [ka] N EXE\'\-J)

= 1g ise Fo.rhc.\ order, hence Yransitive §

<3x: [C.x]: [kEh]} |
= { red; cale Co..lCulus}
[keh]

( End -)F ,Prud'F)

The cbove hcun‘shcs afe “"tﬁ)w““er‘ '“'lom those ()Of‘
the Fr‘ooF) that @:r monotonic F) 9 \s monolonic
when §-x s Siven as the s“ronaed- solution af
g [fxg = y] = see Dikshe,Scholien, 90, p.153 —
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SiMilquj, the "1'13)125}‘ Sc\u.}ian h o? XZ[’B-X]

is given \'zj
(6) <'_-:]x-. [B.X]: [hE-X:})

(3) <Vx-. [B.x]: [(xeh])

Remark T the classical notatiem, which does
not hoave &« range, these {armulae would not

be HQ)(D as nice. (End o-F Qemo.r':.)
* » *

T am u‘}"\‘er‘b amazed +hatl #+ tock me more

Mren o decade +o come P with the above

c,ka.mcl-er‘.‘ZoJ'wn o€ exlrreme so\u%ons.
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