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Primes once wmore (re Yae & Ulam)

“The ?\ura\s are delined cs +he inlkegers 32 .
The plurals come in ‘}'MFJ')O sorts, +the C_I?WOS'I)'E:
numbers , i.e. +he P\w‘cﬂs divisible b o
smaller Plu.ro.\, and —)—he grﬂme numbers,
ie. +he Tﬂur‘o\s hot divisible )?_(j e smeller
F]ur&,.

Lemma 0 Each ]‘J]u.r‘c\‘ has o Prime divisor .

/Proog B@ maothemedical induction over ‘he
P\urdls. Consider P\urql n . Eilher n
15 rivme , in which case i HO\S -}he Frime
civisor n . or 'r]- (53 com]oosi*e’ '\
which case i+ has o smoller P\uro.\ ai-
visor x which (because K < r\) has

" ex }\\j‘oo-“ﬂese ot rime divisor +hat

(since X  divicles h) 15 G rime di-

Visor o() n as well ( End OP/PY'OO{;-‘)

Nemark The cbove is o nice examF]c OF
whal is sometimes called “course- céy—
values induc’rion T,oin which the Pf‘oo
o‘o\igc\)‘lon is (@r‘ carbi‘l-ra::j n

<Vx: X<n: )")JPX> =3 \"t\an
No-}ice n -n"ie Qbove Proo() -“’16 obsence o

4

se c-f“c\l'-e_ -‘:r‘eo}'meﬂb O€ /"}Dase./" and SJ'CIJ.

(End o? K QY“C\rk-)
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Lepmmoa There is no {i-)nﬂe 5(—35~ OFC‘” Primes.

K]D,-oqg lel S be o inite set of ]’)rime
nuwbers and consider %N Siveh b
k= 1+ <TC><'. XxeS: x — because S s
{Sini’re, the ]’,)r'oduc:" O€ the Numbers in S
is de-ﬁnecl--. ’BJ construction, k s
nor divisible b\j cny o{) the Fbri mes in S

— no‘]-'nce <\‘/><: Xe—‘S: 25 ><> — Lemma O,
}'loweuer‘, k has G rime divisor 5 qu'\lcl’\
ﬂve re 18 o rime 'H\c:)‘ 15 no+ GnN

element OP S . (Ena of/'?rooﬁ)
CCouﬂ-es\j F—}.D{.M. van Sas’rercn.)

»
*

“The above has been woritten down so that
we Moy compare i+ with how Mark Kac
and Sfonisloaw M. Ulam dreat the mather
on the 4s} che op Chc.]o}“er‘1 OF) ‘heir
"Mothemahics' and Lo\cjic,"

The following proof, probably still the simplest, asserts the mere existence
of arbitrarily large primes. Suppose the number were finite; there would then
be a largest prime p. Consider now the number n = p! + 1 (p!is read “p
factorial” and equals 1 * 2+ 3 ... p). This number is not divisible by any
prime up to p. If there is no prime between p and n, as we have assumed, then
n itself would be a prime, contrary to our assumption that p is the largest one.

The authors hesitate between c\ealinj with
'“ne Y\umber* o rimes and 'Hne_ Vo.lu.e o
rimes: the irsf sentence deals with
their va\ue_s) the second one men+tions
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their number. The conclusion OF +he second
Sen-}-enc_e 1S ur\w&:‘ran']'ed: S ose Yhere
were NO primes ot all, then 4heir number
WOuld ‘hove \seen ()ini‘i'e <\r'12. 2ero>, Bu‘}‘ ‘Hﬂer‘e
would not have been o \arﬁesjr prime p .
(T would like +the reader 4o cP)or‘ec'.cJ-e
Yhot  the argu\men)r in our Froof of Lemma 1
15 ]:Der'{?e_c;}-l:j validd when 9 g emP\' D “The
second sentence would have been e,H-er-,

haal -“‘le:j JuS'\' wrif*en-. ”Sp:’]o)oose. ‘H’)ef‘e
were o \c.::_cje_s-} prime p .

The third sentence introduces N, the
{ourth  sentence is the Grsf- one whose

correctness clePends on the conceP+ ”]orime"
Un—Férl-una}el . the authors OPened Yheir
cHoP\'er‘ o Tittle bt earlier with:

1. The Infinity of Primes

AMONG THE SO-CALLED NATURAL NUMBERS (1, 2, 3, and so on) are some that
are divisible only by 1 and by themselves; these are called the prime numbers.
The prime numbers are the building blocks of all the numbers in the sense that
every natural number is the product of powers of the primes that divide it. For
instance 60 = 2% * 3 ¢ §, The first several primes are 1, 2, 3, 5, 7, 11, 13, 17.
It can be asked whether the series goes on forever, or, in other words, whether
there is a largest prime. The answer is that there is no largest prime. This has
been known since the golden age of Greece. It was proved by Euclid in the
3rd century B.C. His argument is as clear and fresh today as ever.

So, 1 s included in Aheir Pr}mes, and
lhe conclusion in their fow-Hq sentence is
iust wro“g- ['ﬂwis 18 ano¥her i\lusl-rajriOn oF)

he -()acﬁ Yh ot inc\ucl}nﬁ 1 amon g the
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Pr‘.me numbers is an un@r]runo«}-e m)rer'{)c_:ce.J

’T]qe ,‘@}1 Sen‘l‘ence s Sw,oPOS@d ’l”o con-
clude Yhe Proo{), but s V‘E’.T‘J eliptic cs it
cloes not mention which )’)roper}-:j o T)rime
numbers Shou‘c\ Q)‘ugs'h]p‘j —Hwe conclusion, '_D-
lcoks as iff we &re jnvited o conclude
F-om the dack thet none of Yhe numbers
be‘)‘ween J’D ond n s }";r‘ime +ha+ ione
O-F ’Hk?-se numbers  divides n_ and Y
hoPe we are not Su)oPo,secl Yo use that
“ever natural number ie the Pr'oducF o
[ os::{-}ve] Powers OF -Hne Primes that civide
'Af —Por‘ otherwise we could c:.]oP\ Yhe
Fossibslilj of that  factorization 5?@ "
dif‘ec_“‘j, and Conc\b&c\e, withoub the
C‘SSum‘P}'iOn Yhat P was +he \o\rﬁes)r

)or'ime, beca.u.se N2 qu ex':shance O

& prime \grger than P The last s*c}o
OF +the o,u_o%-ed Froof needs o f)ossi)ob |
uns'l—o.)*ec\ an cl in an cCase uh)’)r‘oven

lemma ( w\'\ose )‘Droo Q\Mos¥ certainl

F“€’C|Mff‘es ma-“ﬂema"'lc;c\} N duc)'fOﬁ), What
an aw?u\ meSS! And "”\c.}‘ in o book with

’H"le— J“'He ”Man‘)emc\hC‘5 oncl ]—Ojicq_‘

Now we are af i+ T draw the
reader's clenbon lo the ()ouow}nj Sentence
O](} the second Oluo“c.‘-':on:
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"I} can be asked whether +4he series
[o( Frimes] goes on {:’orever“, o, in
other words, whelher there is o
\ar:-jes" ]'Jrime_,"

HOUJGUGJ", ‘H"IE answer -}—o Jrhe Qrs}- c)ues}-ior\

i s

is 7 es” end ‘o -n'.e second one no .
(j N
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