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ﬂ ]"lin'}‘ ?rorn mono-l-ormic}h,?

1n EWD832, « one-che note I wrote n
1982, 1 gave an CobviOusb short ) ):»r‘oo?

Theorem BHn ‘m@‘ni%e S€quence of Crea.))

numbers COnJrQinS an ingni}'e mono Fonic

Su«bsequence. ( End of Theorem.)

'Beinﬁ reminded QF i}‘, T looked i} u.r); i b
hoe.d  been written on a Mondaj , ondl
ended with

”I '@und +h!3 PI‘OOP IO-S"‘ Sunday every "'l‘s)'
the doj beﬁ:re T had heard +he theorem
-I'an”')er with dhe rumoar +hatl b mislnl-

f‘e.quir‘e C. {émc::j Pr‘oo? QRuod vien.

Wel) , th proof) may not have been ”'Fch3f
i+ deﬁnii‘eij contained <« rabbik; Por a
mowment T 4hOU3%¥ thot +the removel oF
that rabbit waes now a rToutine mc\-H‘er’
bautr this turned out hcr}‘ }o be +the ccse:

reason encouah Yo return o the Prob)em.

* X
*

There are, bf"OO.dlj sFeakinj’ dwo tjr;es o()

monotonic SLAbSecru.anC‘-es, ViZ. QSCG”C{;'B ones
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and chSC.encll'nj ones. I+ -l—hare("or‘e stands *o
rec.son +o creatre a dicho*\-omj , I.e. +o ook
- C Fr‘edica-l-e Y on Sequen ces such

thad ﬁ;r‘ any X

Px = X containsg an in -ﬁni‘l-e.

ascenain subseauen ce
and 3 A

“Px = X contains an inﬁnilre
descendinj subsequence

Bu'l' Since monj .Se.qu.ences C0h+ain bO‘Hn
bpes o() SLJ:,sequences, we have consider-
able G-eedom in +he choice o? TP . The
c\ng\\enﬁe s 4o exPloi‘)‘ +that ﬁ-eedam

buISelJ.

Tn PrinciP)e we could toke (c);r P x
Jus* "X contains an m@n'&e ascending
Sulo.seo’uenc:e'. Tn order Yo pursue the
Consequences OP +his c\?oice, we 'ﬁ)rmol—
ize i}, With P’cl c.f) 'b]:)e: th.;ura.r ond
S o() \'Upe J"Pf"e.c;lic-c:.‘)"e on naluraols ”, e

CXiS}‘ane O an N in}“‘e oscencl'm Sx.nlo-
Sequence Con‘l‘ained n * \aoils cd own

Yo the existence o€ an S such that
(0) <3P 5P> N
<VP: S.P: <‘3q: s.q N\ P<c1: X.P £ xc‘>>
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The ﬁrs*‘ COUunC‘I' exPr‘esses ‘“‘!a" the
O.‘SCendinj Subsequence S hoi" €mP']'\1j> -Hne
second con‘junc'\‘ exForesses -’r}wa-} tHhe
Qscendir:j Sub-seo)uence l’lc\s no las* e\emen'}a

Bet in all ibs Senefqli" , (0) is an
uﬂP]eC‘\SQn’,‘ %rmula to work with:  with

S rangin over 9__\1 redicates on the
natureals R (O) 1S not (an%i)mono}onicallj
dependen“ on S . CS)veﬁ on s +that
Scﬂ-isges (0) , (0) can in jener‘a\ bhe @la?-
@ec\ \OO‘H\ ]D:j weakeninj Onc:l ‘33 S}T‘eng'”'len-—

*’ﬂj )

Can we restrier +the range o? s in
such o wa that  (0)'s depenclence on
S \Decomes Con)ri)mono'}'onic? Loo‘«'inj
ot the Second cConjunct OF (o) | we
see that dexpené)
on S.P ancd wmonotoniecell on 3-C1 :
Hence WEe CaGn crnlxj So]ve owur Frol::lem
Ff we can Ynake one oP the  two
fanges ihcle?enden’r oF) s . “Predicate
calculus ‘)’9“5 s ‘H')c.* e con S'rm]?)ifj
the ronge $.9 A P<9 (’orc) Yo P<9
Provide:?

s un]'imovwo')‘onicc.[b

QY S.P A~ P<q = 5.9 or
(4") P<q = (s.lo -%s.q) ,
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1S

-H'ne Sener—a] So\u}'ion o? whic"\

LA}

(Q) S'P = r\::_P ' gpr‘ Some

or
(») s {)o\\se

The latter soludion o€ (1) is reiected
on account of +he @rsi' Con uan o"? (o).
With choice (2), the exi skn\i:al quon bE -

cation over 3 becomes e over n
and we 9e+ »(c;;r P x
{Fn: {Vp:ngp: (Aq: p<q: X-Psx.qM)

which mplies Cas before ) the existence of
an mf[in.l-e ascending subsequence. “For
T Tx we get

&) <V¥n: <3P‘- n SP:<Vq:P<q:
With s de()mec\ 1?3

(s) s.p = (Vt:p<t: xp o> x. D
we derive

(6> sp A pP<q = xp> *Xqg ,
and rewrite (4) as

(7> ¥n: <dp.nsp: S.p» ;

?rovm wl\}clm e immedia%b conclude

]!

X.p > X. gD
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TFinalle, in order 1o esrablish +the
ex‘us'\enc-z o? an jn inite clecreasina

Sub Sequence, we Obser—ve (c):r Q':_Lj F

SP = <3q: S.q A P<q: XP> xq)
<« { (67}

sp = <3q: 59 A p<q: s.P>

o { Pr‘ed. Co.\c; ari‘}‘hme\lic}
(Ag: pr1<q: 5.9)

< § (7) wih n,pi= p*sq)
true.

Without QnJ introduction, EWD332
gove o Cleﬁni%im like CS),Qnol Yhen
made & case qnqusis on whether +he
number o() P~values SQ)‘iS%t’ng S.p

wa 5 @m‘he or nol. Some robbilts, T
Hhink, have been Success@,\\b removed,
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