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This note deals with three classical , ver
S‘nm}\ar roblems: n a Sequence oF) moVves, o
bunch of entilies hove 4o be -\-ro\ns?er'recl ac (OSs
e river. The I)roblcm 1S ‘H'w.']' *\ne aVo.i\o.\o\e
boal s so swmal]l that a number 0() 4ri)os ore
needed , and that 1here are curious constrainks
as -‘-o wlr\'-c\—; COmbina'I-iohs o ?n'\'i-]-ie.s m‘:j occur
separa+ed f)r'om ‘\')m r‘esl-. "Fc;r‘ eac)w Frob]e.m ,-]-}ne
clﬁal\enﬁe. is 4o ﬁncl an mcceP-}u\o]e schedule.

?or Q” ]oro\::]ems we aclo]:')‘ 4‘]02 mle o?
”no Colnceno.‘Hon ”, Le, we re\ect Qn’:j sc‘-neclu\e
n bolﬂ':c\-\ 2N subsec‘uence. O success‘{ve rmoves
re:‘:u"‘s mn no c_\nan e. Consec‘uen‘]’b, Onb A
ﬁnil-e. nun ber a() gmii-e schedules need lo
be inues-\-iao.‘]‘ed -f?:r‘ o\cc_ePJf‘o}ai}i}‘j, and in +hat
Sense our hLiHle Tzulzles are trivial. They become,
}\owever, litH e Vno&hemcr"iCGI Pmb\ems ] we
Qccerp" movl-lnemc.l—ic.s GS )r]ne Qr‘]‘ and science
oP e.g)echve reasening and h:j +o reduce
Yhe hum‘:e.ro-? schedules 4o be \'nsPec«}ecl. This
nolte s Beins writhen because we coan use
these litte Problems to illustrate various

Hﬂck nialu.es.

I"‘i O\“ o r f)f‘O\'a]e/ms, ‘H‘te river ywns nor})\_
souwth oand has lo be crossed Fom the west
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barnk Yo the east bank.

X ]
*

In our ﬁr‘si' r)roblem, the river has to be
crossed BU a s\r\e]pker-cl with o WOIFJ, o
Yoat, and o Cbeaﬁe. The s))e]:)he.rd is Ythe
on\:j one +het can opet‘a‘"ﬁ the Yvoat, which
13 So SMQH -Hm:.l' each :l"lme \ne. camn ']-c.\-ce ov]'
most one oF) the three with him across +the
river. The COmPo.HL:ili'-:j constroint 'S -”10.‘}‘,
in the cbsence oF the = eF}'\ef‘c\, the WO’F)
wouwld eat the socﬁ‘, and +the 300.}' would
ea} +he cabbafje. The challenge is o clessn
CEF Possi]ole.) & Schedule in which ever:j—”'\inj

reaches wunecten +he ecast benk.

With an afrow ?rom 8 Yo B Tepre-
senkin “a ecks ’B”, we coan r'ePf‘e.Ser\} the
incomPaHlai‘ihes b +he L:ic)ure 9
but this r‘ePresenl“s mMmaore an We /'.\
are interested in: the imr.)or3ro.n¥ o ..
H’\‘m3 is that the s)nep)nercl does
not leave wo’F) and coot ‘\'osenﬂer and unat-
"‘er\cle.cl, Fé‘jc.r‘d]ess o](g whether the wol? would
eat Ihe 30&‘}‘ or +the SOOJ‘ would eatr the
\JUO]P The &SJMme.]'B o() “pt ects 9.

B’ oand hence te direclion o? the /\
arrows 18 o redq }'\errin{], and . -

wWe <coan sim)o‘i()a -qu P}c wre 'H'\usz

w C
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Bt now Hhe conS‘]'rainJ-s are Samme‘-ﬁc between
wo\{) andl Ccﬂ:.‘oase, ie. also Yhe cln'ﬁ?e.rence. be.

Yween wo\F’ and CQE(oa e 1S noise crd we

con regord +hem cs dilferent instonces oﬁ
Soy, ”Q?F\wo»s¢.

SO, in our simP]iﬁec\ )’Jro]::.‘em, the s}ne]::herci
arrives lN'er Oone Soa\- and  Fwo Q\P\qas , ond
the COmPQ‘\'ib'\h'}'ﬁ constraint is -chd‘, mn -M'le
ab sence o? the s%e?hercl, no Q)Fho\ moy be
in the comPo\nj o{) the 300\’(:. The reacder i?,
invited 1o check 4hat ‘wﬂ-ln ’ho <:o.ncel|o\}-‘|on'

as well Jhere is each Yime EXQC‘]‘b 1 -H'n‘mj
the s}')ePker-cl con do:

(0) QQS‘L ward  Wwith -}]ne. Soo\’r
(1) westward  alone

(2) easrward with an ol P)wo\
(3) westward with the goalk
(4) eastward with an Q?P}'JQ
(s) westward clone

(6) castward with the 300}

Our So\u}'ion is ngme\-ric. around wmove

(3) . “Please note +hat oF this level o() ob-

S*rqg-hgn —in wlaiclq the Awo tﬂ)vbas Qare os
'1ndis]~in3uis}wu\3\e as the Jwo eleclrons in the
\ne.l{um o.]rom— -\\1@ solulion s umiolue_. Not

c\islﬁn&u‘uslning loe.-‘-ween the Q\P}‘lc\s 135 Qno-”)er‘
\Aro.fj O ockievinﬁ the eﬁ:}.c}enc:j o? -}he cour\}inj
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Omgumen]'. BQCQuse m -H-ds Sim]a]e. robleen
we onl\-.j couﬁ\" ’I‘O }I‘WO, 4\"18 Q}'JS’]'I"GC'HOF) }’\G.S

Onb halved our search Spoce.
x *~
>
[Tn view of EwDieso, "The couples, Yhe

river, and the }l'H"\e bOa)' ", the iﬂclusiowﬁ here
oF) Jhe @llow:n_g ?rol:)]em exposes me to the
qccusal-)on o? -}he b)oico.b TQXcm crime oP
SQ\P-Flc\g':ar'\S‘m. Ora ‘be ﬂobis.] Here is l—.o.,o
Morris Kline Pr‘esen-‘ec\ the Fro\:}em im 1967
“Two husbands and two wives have *o cross
o river in o boat wl'\‘sck CGn \'\o)d on\j Iwo ?oeo le.
'How can -}He:j CTross So H'\o.} Ne wWomaoan 115 in {e

Comj)c*.n S moan um\es_s )‘Ier }‘)usbanc\ 'S O.‘So

Pf‘e Sefa 7

We can name “he {%ur ‘Pe_o‘:)]e, b Cons3derin8
the co«.\fles (H,W)  and (h,w)Jand then
e Yhe disc lowed combinctions:

wH wHW Wh Wh w

1” '“’\35 ’}‘erminoIoﬁ wWe can Ekl'),ore_ -”qe -]-fe.e
o? ol Possib\e Scenarnos , but 'Hﬂal‘ is an

ex'}'e.nsive. Search .

enumerac

The 'Pro)olem 15 Sl(jmme,J‘r'lc in -\-he o

cOuF]es and Nam)n H\em cl:goe,ren{lj, as we
did above, is of ourse Sowin3 the seed o()
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o combinatorial ex?\os}on, (No{'e -H'no.}' we ]noc\
'\'O menx'ion ’,\»J-H ” oanc I’\/\”\" Se?::r‘al-el:j ‘)

When we wisln }o i&nore the c\'ss}'mc}ior\
\Oe*ween -”ne -\wo CouFles, i.e. \De}'we-en u"or)e.r‘
and lower‘ case in our e.numepQHor\ o? dis-

’ Jr\"ne.r‘e [ES l.i-l—He else
we can c{o bu+ count -Hﬂe Y\um);e,r- O'F wiveg
ancl \mu.s\oc.ncl.s: -\rhe. contain one or )rwo wives
%us\oqno\. focuss'mﬁ on the
lQH‘ef‘, the disallowed C.c)mbinakons ore

ruledd out ZP boe imIDOSe. the S)rronge,r“ Con-
S—‘-ro\nl—:

Yhe husbands s-}cb 403&11"1&‘-

allowed combinalions

and exqcl-lJ onNne

BU\“" QS Soomn QAs -Hne L\us‘oc\r\ds S]‘c:j *o-
ge-\ker, we dont need Jo d'ns-)inauis\w be-

tween Ythem —Jr)nfj could be Yl icl@.nh(‘c\}
"{‘W‘Iﬂs— , nor be*ween "}‘ne wnves . \Llﬂ’)e ]Da]r'mj,
Qs wias rePrESeh‘}‘eC\ b:j ‘Hﬁe COMP‘QS, hes
da‘so.PPeqrEd Gom -I-\ne Jon'c}-u(‘e, and aprer—

e

-l'his Qbslr‘osc.)-ioh, -}he.re_ s Oﬂb oN $Olu.1%on

\e@»:

(0) westward two wives

(1) ecstward one bu':?e

(2)  westward dwo husbands
(3)  east ward one w;f)e

(4) westward  two  wives
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The reader is invitea o C‘%eck '”'la)‘, ‘}Oje“ner'
with the rule o? ‘no cancellation "; Yhe chove
Solu—\-icn s indeed uniqu.e. Qur ain 18

considerable: in derms oF the cour;{es (W,H)
and (N,lq) , the orlcjinal Y.)rc\’)lem Qc‘m;}“s 8

di?—fﬁrer\" So\u}ions.

Two remarks are 'n order. The minor re-
mark is that the rule of “no cancellation ”
hos been s-}rens'}hened bﬁj the decision nol
Yo dis—l"ln_uis‘q between +the o wives. Had
we maintained the distinclion between the
Hwo wives, the r"ule o? “no cancella tion !
would not hove ruled outr 4he condinuation

(3) eoastward one wif’e
4) west ward +he other wiﬁ-:.

—”'ze maore '3ener*c., r‘emc.rk cCoONCerns owur
c\doP}ion oF the stronger COﬂS"}I"O\iﬂ"" ”-Hwe
}lusbo.nals s-l-a +036¥|'wer' ’, ,S'-lr‘erzs »Hnening
lhe constrainfs s o ]oef'f)ec]-b Senero\\

Wao 0(7 ranin the search A4rée, butl one

J P by
runs, op course, +the risk o()c:koosing the
constraints so s*r'Onj that -}heJ coan No
longer‘ be mel. _ﬂ- Y1 Cu be_ MOP-H'\ no*icin
Yhat in this exc\mple —ﬁ?e, W‘;aJor‘ eﬁoecF og
Yhe errOnje.r ConS“-r—ainJ- was not so m uch
Cx c\if‘ec}' Size T‘ec\uc.)'ion o? 'H"te S'E_’c\f‘cl'\ %ree,
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]DL,J‘ f‘a”f\er "}’}"e ‘ln“f‘OduC}"loﬁ O? ‘H")e Q‘eedom
-)'o e\imino‘l‘e +the dis}iﬂc'}'ioﬂs ]’DQJWQen Yhe

husbands and betrween the wives.

51:) muc]ﬂ -{én" 4413 Prob]cm 0? '”'le cou}p}es)
lhe river, ond +he little boat.

x ¥
¥

Ouwr +hird Frob\em I ver(‘j well known.

“Three wmissionaries and three cannibals
have 4o cross o river 'n o boat which Can

hold Onl:j A wo PeoPlE. As soon as,c\-]- either
bcmk, Yhere would be more missionar es
-”\o.n C&nnibq\s, +he missionaries wou1c|
convert 1dhe cannibals. How can 'H';eJ

cross the river so +4hatl no conni ba) con-

? ”»
Ve.(‘s'\OﬁS 4c‘ke \C\CE .
F

The Onl:j XY N w]'\ic]—\ T coulel solve
-‘Hr\is r‘o’olem , WG5S b,_‘j @fﬂ‘nulo“r’l& Some

s'lmPe -H')eor'e,ms, Su.ch as

(i) dhe Permiss’nb]e divisions (1,5)
ore dhose In which +the :s'mj)e ):Der‘Sor\ s

& miSSionar‘:j

(i) the Permissible divisions (’2,4)
oare +those in which the Poir contoins
a} least 1 miasionafb .
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(i) the Ferh—:issib!e divisions (3,3)
are -H'\o:je y M Wl'\iclﬁ each }'ﬁpfe con-
sisls o misSsionaries om_‘:j or oF’ canNMi~

bals onb.

Th +he cF:How'mj .so\u)':on, "o’ stands
{Dof‘ oL missiono.rtj, e’ —gr e cannibhal,
while “x” and "\gj" st ond {g,r— either .
“The reader .'5.-0‘30‘*”: invited to check
that ot each .3<|'6P we have no choice:
’\'He. So‘u‘}ion )oelow 1S um}ciue. <I‘}‘ 15
on‘ﬁ i? you ()ee.l ob*i&ecl 4o choose an x
thot You 36‘]‘ 4 soludions.)

anad o .:j ,

(o) — m %
(4) «— X
) — M m
C3) «— m
(4D —s C C
(5) « ™M c
(6) —> C c
(3 €«— m
(8) R
(9) — Yy
(10) — my

Tlﬂe above Solu]'ion 1S Gas s mme;'ric-
O-r'ounc\ 31‘3 miclwo:j move oS 4-e ero ]ore-



EWD 1255 ~%

Viows So\uh ons.

X *
¥

The countin G b S‘}'r“c\c. h on
v

1n -H'\e {-?r's)- Pro)::]em , we e\imian-ed 411(-:
disinetion between the wolf and +the cob.
bc..ﬁe. b‘j Yhe introduction of” Yhe c.\P}vo.s,

and +the solution became uniq ue.

Trn the second Froblem we streng thened
the constraints ., So that we could elimingte
dhe dishnelion belween Ythe husbands ondl,
wynore im]oor-\-om—nj, Yhe disdinetion belween
the wives |, and ;2S5 o I”ESLAH“, the solution
became wunj que.

Jus’r maEnJ-cA;.n‘unﬁ H’\e dis-)inclion be,-
lween Yhe camnibals on dhe one hoanel and
the misSionaries on tYhe olher Yand -\(jie\d.s
4 c\a-ﬁ)er-en} solutions, O{) course e
could distinguish between Yhe connibels
\ob callin -}Zem /175113,’?91\9, and ’Ponj
r‘esPecl—i\re : </]lni.s s analo gous .-\o clis-
}-lnﬁuis]—-iﬂ betlween dhe AFwo @\Pho.s bg
callarl_cj them ”wo\()” and "cqbbc.ﬁe" respec-
+1Veb.) Similarly we could d'asi‘.nguisk
hetlueen the wmTissionarijes 133 Q&Hin\_c) them
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Mark , Luke, and John r‘espec}iveb. L would
]i]-re -Hne recder -}-O r‘C-:GLize —)-Irwu)-’Sleo errore,
the number o€ So\u-]—ions in 4er"ms -of
named connibeals and homed mMissione.-
ries egquals g100 Comp&re -“n';s num -
ber with +he or.'ﬁiﬂo\l 4  and you see
ho o ]carge the T.)r'nc.e con be et has
Yo be poic —{c):r- the introduchion of’ need-
less distinclions.

Tt is this observoaltion thatl should 3ive
mus o Qes)\ QT) recic\)‘ion o? -]-he e?ecl-'rve-
Nness 0{7 coun inj orﬁumenl—s. In the .
dibonal reconstruction o? Monkind's
discove,rd OF) the number cov‘\ce]:i',ﬁan
is Suszosed o observe -HWQ‘} "gve
QPP‘@S, ']'Oke QM)Q-J one QFP’@( remoin fghﬂ”
C\TJP\QS " then "{Tve pears, toke Sr ey
oneé peor, remain “ur 2Ors ", and 'H"'e«n
with hu.:l-s, Pebble’sl ek. wun}ti]  dhe
Senerc\liza}-ion emerges 4€ve, }oke S ey
one , remain {our * or " 5-1=4" 71
remember ;Hwose T‘econs§-ruc_}-‘nons slr‘essinj
'\'Be abstrec bion —ﬁ-om He Cl;ﬁ%reqqe be-
lween QPF]es, peors, neats, Pebble_s , ek,

Bul Yhere 1S o 'w™ore Fro{%uncl ab-
slrachon Bo'tn . on: Yhere is C. rotound
e

e
Cliﬂ?ef‘ence between the number Five”
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on the one hand and “F)ive H‘\in‘a.s OF) uns pec-

irﬁgol noture ” on the other. Th lhe case of

”ﬁve -H'\ings, take cway one ‘H'\}na", i} iS’C‘PPm‘
Fricd'e. to ask {ér ?ur her ins}ruckions. '}.Jh',ch
O? the Qve —H'nings S]’]o\” T Foke o;wo:_\j? - bt
when asked Yo calculate ”5-—-1"1 Yhe C]ues}jon
“Which 1 shall T subdract?” 15 meoning less.

The essence o? coun*‘mg is not distin-
3ui5]’\in3 betveen -Hne. obiecls COun‘?'ed,
and | conve.r‘Se\:j, '\() we%

o? 3ndis}ih3u}skab\e obiects , Yherr num-
ber Seems —}O )De a]:)ou -H')e on\’j -Hr\’mj
—H'\c} can 'YnofH'er.

ave Ca CO“ ec 'li.on

This s nice 4o know.

/leemo\r“f T CO«VMO" T'eSiS“' the ‘}‘emF'}-c.J-ion
Yo drew the cttenkion +o whal now almostk
strikes me as an anomqb, viz. thatl in
O«" #‘(;ﬂdqrner)‘)-o,]q COﬂS'lO‘QFG]'iDﬁS C‘\):Jou.?'
"number | and ”Counhnj v -H'\a)r 1 r‘emember’
the O]ﬂeds counted are most aﬂpha}icab
d;s']-'mﬁuiskab\&

Tor instance , In 1884 , T. L. S,TreSe (1848’-
1925) de@ned the Co.r‘cliﬂc\] num ber o() a given
class as the class o? oll those <lasses
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similar Yo the given class. But when +the
nohon o{-) class was moade Precise in 1395
b:j 9 Cantor (1845-1918) . he deﬁnec\ i+ thus
U-r-c\nslcm-}ion Pub]ishec\ '\03 ET’B‘E—”] ”,BJ o
Cl&SS <Me”je) we (Aﬂde.f“.S'"‘c.nc\ om:j smmmar:j
(ZMSammen—F&ssunj) ‘m)ro a Siﬂg\e w\ﬂo)ﬁ o(?
we”~disl-3n3u':skec:\ ObJe.c-ls op our intuitian

CﬂnSchauunSD or OF our ’H"\oujh} (Denker))_#

Similarly, countin 1S o.]wovs cescribed
as coun¥-1n3 Yhe obJec%-s “in Qj}ven or‘cler:'
bt iP {he ObJGCB are ]ncl{s}inguisho.b\e_
‘there 13 no W oy OF “ 'w'mj” the order.
The order 1is essen tal or 4he counhnj
rocess . not @r the lotter!'s oulcome.

( End oF’ Wemark.)

T l-e()ul\ ocknowledge wmy Aiscussion
gra 9 gj
on most o(’J—Hﬂe above with u)‘sef ™.
':D&ksf}ra andal SF]Vi)m Seres.

Ausktn, (9 Jar\uo{j 1997

Frop dr chsger‘ N-’-ngs}'fa
'.De.Po.r'}‘men‘[‘ o? CcmPuEr Sciences
“The Universib of Texas at Austin
Quslin, T 78712 - 188
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