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How closures could have been invented

Lel us consider some ]v e and o F’an-
\_qon ? g’Om 'H')c.-'!' ']'D'Pe “!’O :}‘HQ)’ bpe, o
-'.'S‘O-C:o.”ecl enclopuﬂc"ion . erumeﬂ+ anc
?unchcr'\ Vqlue ]Dei-nj o-? 'Hne Soame \-
U

Means ‘Hna'r we Can now consider

: eqqo.}"lol’\
(O) X ﬁx=>& .

solutions o? which are called _gx?oiﬂ)‘s
oL P

Without any Fur‘“wer \fnow\E‘dﬁe OP e
]—Z e, Yhere is little more we can Soy

ou?t the solu \-}Ons OP (O) -H'\o.m an,Jr
each value of the pe So lves (02 a‘()
? is Jr\'\e ‘\den‘}lb u,nc-‘-'non. ( and Vvice

VQF‘SQ).

Tn order Yo be able to Sy somew)'\al-

iMmpose Some s‘}ruc}ure on +he

more we
' i Lion < ( ro-
Pe b ”m)'rod:acn o rele - P
R“”CQQ under *) o\?wi , which we
POS%’UL[OJ'Q. % be Cn YDC‘r'J-io.\ _‘?_"de’". e
‘o be '

in
X

(1) re?laxwe e X
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C2) O-nl'isw)mme.l'ﬁc, V.e. xg‘__3 N YEX = X=y

(%) transitive, e XEY A yez = XEZ |

Jfhfs, above -)fhr-ee Or‘mc) ex lon&4ioﬂs \nold‘m
| 9
@:r all X4,2 o© the \vpe in c,uesl-ion.

Nside From o \ogic:c.\ Poin’} OP view, the
existence of) c Pc.rHoJ order on the \-cvjpe

is o Ver milol T‘eoluir'emeﬂ+, Since =
.(\"QC»d HQGQU\O\]S’> s < c.r"}icd Ot—derj we
leave to the reader lo vem‘% that =

is indeed reliexive anti 53mme‘|-ric ,

ang| +rom5i‘r§ve. Ec\u&\ﬂ is a ve sPe-
cial relation in +hot iFis also Eummetric

e, X=y = =x , o constraint “}hat
does rot \"\0121 {)or— the Sene.r—a] artial
order = H XE\j ‘ﬂ’\&\tj C\i%r‘ gom a?&x .
(Eﬂd o() gSide.')

We can wse our Po\r"-ic.l orader ']'O
S}reng-]-lneh equonl‘mn (0) and eXPre.SS ‘H’?OJ'
we are Onb interested in Pn‘xpoin?‘*s o(-) F)
that are "above ' some lower bound‘h'; in
(brmulo, we consider Yhe solutions of

(4  x {.’x:x/\ hex

E‘ld -n-;e solu“'ions OP CO) de_]gend of\?:v onN
g?, those o? (4D c\epend in Sene.m\ on
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h as well.

EunJ-iOn <4> COn S]’i” }'\ove. mo;nj SO~
lubons, bul very 0p+<’-n the relohon €

vaideg 'Hwe means -F');.r- siﬁglinj out O
sr)ecicﬂ one | w]nic:l-\ —i? i)‘ exi:-;"‘s-— s known

a  the |owest solulion oP () Tt s

‘.51'03!@:1 out ‘r::j s‘}o\l-'m that we eare
interested in  thel sSlabkorn X O'f(4)

thatl in addibon S&Hsﬁes

(5) f.a:y/\]nl;:j = xt—:j ]por Q@J'
Tn words: +he lowest solution (oP(‘O)

\S f‘?oluir*ecl “\‘O ‘:‘e under Oun:j so\u)rion

y  Cof (0).

stc(e 'Fbr‘ O\nj e_o‘u.o..']-iOn, +her‘é 1S u{-
most 1 lowest solulion, as is shown

by Jhe {ollowin arquwment. Let P
05210\ q]@ \Do-H'\ be \c)x \owes% so\ulion

o? Yhe Qo]uo.)rior\ x: D.x , 1.e. we have

(6) B.P
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We now deduce +he equalil‘\xj o? P
and 9 b:j observing

< P”{C](Z), e, & is anlisjmme}ric?)
P ‘:'-.Ql ~ C" = P

% 5(?) wi +h 3::0‘ 3 (9) with Ldzzrb}
’Bcl ™\ BF

= £08) ;, Cedy
frue :

T G lowes'l' Solu]-'-ovw exisl'-s, ) unique.

C &End o? Aside.)

The lowest Solu'l'ior'\ o? C4) de.r)encls
in Sener‘&] on F) ond )'\ . The sim-
r_mle-si- expression thet does so is Ph
and thetl raises the queshon: what
Eroperl—ies are r‘equired OF) P such
hat (Kor any h) , £h is +he lowest
S50 l U }-l on O() (4) 7 TOrm alb : wlmic\n
PmEer¥ies o{) {3 enable “us ‘o estab-

lis
10) LW =Ch A hegh

(41) ?‘U’:b'\ \ng_v = F’.\nsv
Relabon (40) Pollows i? P is

?
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(1) roising |, i.e. xg]p.x ,  and
(13) idempotent ie. 2(Cx)= {Ix

(the ()or-mc\l exploanctions holdin or
all %) P J ?

Tn order +o establish (14) we
o\oser‘ve N Sl’ar}-inﬁ wl—”n -Hma conse.quen)-

Phey
< {su.bsl-i]-u‘hf\ equc\]s (é)f eo'uals}

< @U{‘:Fj A

is mMmonotonic , See (143}
Py=y ~ hey
e, {Jor the demonsiretion o? (11) we
neecd thot ? is
(14) mono¥0nic\ j.e. xt_la = EX c r:j

(Another neme %r " monotonic Cwith
I »
r'es\oec\’ Yo C is ‘ C- Pr—eServ‘mﬁ ! 3

—

Q ?unc)r‘ion 'an,)r 1S raising , i cdlem -
Po}en\' and mMmonotonic s c:cfae_cl c
closure, ancd we have esteblished the

Theorem I? {’ 1s a Closur‘e, P\“\ i s
'H"le \owes\- solu tion OF

X ?.X::‘X/\ ng
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And ’H‘)c\'}- c:onc\udes mj 5“Orj Of )’10b0

closures <ould hove reen discovered.
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