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N cheers {or delerminanks (N »0)

8 Furloos-'e. oP -Hwis no}e 1S ']'0 Fr‘ESen:’“ o
gen He introduction +o +the -H'neofb o?
determinants ; with the stress on Yhe

Qdoec}ive “aentle ", this in contrast 4o

whal T &Xperienceol im my sStudent days

when wm Cotherwise beloved ) )’J!"‘OPQSSOPI
D. Ho.cur\EES Jus-\- Pulled a ‘Few 533 rabbits
out 0(7(%'\'!5 ho\“ |

L ¥

*

‘Homo:ae Nneow s COor‘dinoJ-es

The Purpose o{) 411-.5 section is ‘}Uglve.
o wotivatecd introduction o{”-})’\e conce}m‘
of "homcwe.neous coordinates | bulr lek

me iﬁ'}f’OdU.Ce Some no'}'alion ond -l-erm‘mo,

IOSU {?'rs')' .

A  boolean exy>ression IS one whose

eua]uq:l'ior\ lecds T}o e‘u-}her— Yrue or Ealse.

EXC—\MP]es o? boolean exFressims +Hhal
J3eld hwe are

3=3 , 4 =4 , 434 |, 433 , 4 >3

Candl , o? c ourse, _:\:r‘ie ﬂ-:sel?); ermPle_s
o{) boo\ean exPression-s -Hno.} \&jie|d ;quse
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are

3=4,4#4, 4<4, 4<3, 453, ;fo.(se.

ﬁncl {”mall\\j we }')ave. boo]eon exPressicms
in w icH variob]es Occear Suclw Qs

X< x+1 ) ‘P\‘(C]_' o-r-+'b-_-_0 o Qox-i-b-yr-o;

whethe~ sSuch an expression bie\ds true
ofr £o\\se depends in qeneral on the values
thal are substitated ?@;r Cor bivm Yo
the Vc.r‘rableg.

Ne can )ruf'h =Y boolean ex]oression
into  an egua Yion b deno‘hn one or
Ynore o? il’S VGr‘}G.]D es into Sg?s Uﬂk‘ﬂowns.
\'J‘m':'n rnecessa we ]ES'}‘ the un knowns
N )@‘onlh o? ?He boolean ef"PrQSSiO", with
o colon ol the end o]p that lisk. /]__?_'c_)_g_']‘g
QP ’l"l‘le e_c]ue\hor\ are Vqlues {?;,» -n'\e. un known
thet “sabis }he equo\licm " je. are such
thol +he boolean ex pression bields _}_’le :

Yor ins)—cmce, i? —l'ke unknown P 1S

“
o? }Jrae Uho\}-ur‘cﬂ number —_.e. ]}5 V(}.\ue_
vs constrained lo  the r\onﬂeﬁq}}ve inte-

Sers —_ l"l’\er\
X X =3 has <€ rookrs, viz 0,1,2 and 3

X: X>X+A has wo roots at QH, and
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X: X>1M1 has an unbounded nurn ber 0()
roots, wviz. 12,13 14,15,

-----

We vnow -@cus —@:r’ N while ocur m“‘eh%on

on  equations o? the ‘@r‘m r- ar+hb=20;

in contrast to | its unknown , we call G, b
its coemc‘nen*'s . C]’ﬁooﬁn‘j SPGCJ"?;C, values,
we can ask ourselves : do we consider

r: 3+r+7=0 o S: 35+ 7=0

+wo di(‘Fe‘ren')‘ E.cluo“‘-iOhs? TF will become
Clec:.f“ "ch\}‘ the S)'Dec:i(gic i.deﬁliﬁer‘ used ‘o
Cleno*e “‘»e un known s T‘Qlc.li\/ei

v per fant dhat we

so  un-
r‘egoro\ ‘Yhe chbove as
o oli?%ren‘- T‘encler':hjs o? the same
Equg\}-}on. 'li- is -Hne C,Oe?(ﬁcien*‘s Fhelt
mo-Her, as '”1@ ex press Yre consiraint

en the unknouwn:

r 3=c+7 =0 and r:4r-65=20
are wos} de@‘ni‘}eb +wo di '-ﬁaren}' equa-
tionse.

Whelther we consider

r- 3r 4+ 7=0 anel o b.r +14 =0

Jo be the some eoluo.)—ion is, ot ﬁrs)' sigm‘,

orn +the borde~r. TF  will -\‘ramsraif‘e —anx},

ngﬁn, i+ I55 most con\renieﬁl- ho+ +to dis-
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-]-insuisl': between the 4wo. We o\clopl‘ the
9enerc>] rule that eclw‘w:x\tan)~ boolearn ex-
pressions give rise to the same equation,
and (’or‘ the 5Pecia\ case ‘O() linear e qua -
lions —Of) wlf\}clw r: a-r +b= o IS on @x-
Qm]o\e_ -Hnis ™ eaons -H'\a)- C. \inc—.'ar" equc~
‘\"!on does hO‘]‘ Clno.njc when all i]‘s Co&?—
?iclen\-s are multiplied }33 Yhe same
'{)G.-c bor, pro vided f"‘no\—} -Fac}-or i _’?ers IF?‘Om

2€ero "

'Thq"' \GS‘I‘ Cons']'ro.in'l' T‘EQQC}"S 4’1‘16 «@:c‘)‘

H’w& we Cer]‘c\‘mb can no)‘ consider

———

| ?)‘T_-l-? -0 ond . O'f“+0=o

be?’ﬂa the. Some eolu.& '\-FOn . Jhe \eﬁ one
has ~ on the root -273 | while \(’Of‘
the right one any wvalue is a roet, ie.
the wo hoolean ex pressions aore rnot

Qqu'. \/O\\Gﬂ]‘. 'ﬂne lQS‘}‘ equal-icn cou)cl in

{‘acl- be rendered bj

LR ‘l-rue. \

the equction thal im peses no consdraint
b all. We Pre](’er not +o Y‘GCO&nize 2
Qs G liheaf‘ QO]LAQ }-}on . ks o-)-]ner words
we adoPJ- ‘H'\e conven '}'IO"\ -Hno}/ in o
linear e_quc.‘]-iOn, ot \eQS']‘ g OF t+he

Coe??icierﬂ's di?er‘s G‘om 0
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Bur what EF) one OF) the coe?ﬁc?en]—s_
QQMO\IS ?.er'o? 'ﬂnefe is no Pr‘oblem .‘? Il—

is the second one: 1or + 0=0 is sahs-

ged ?or =0 an o f((’::r" Nno O’Hner‘ velue vf
r; but dthere is e Fro‘slem ff the —F‘rsl'
coe Pﬁcten"' eo.uo.‘s 2ero , r: ODe1r + 1 = 0

has no So\u)rior\ because @)r an-; 'va|u.e

OF] ro, —”‘le leﬁ""]’!&ﬂd side , ‘)'Dein e.qu\o.}
to 1, cli-F»Fers {Jrom 0. 9

For the }'Dicjrorio\]l(j iﬂc\inec\, we <an
s\wow Cn Sr'o}'a]'\'ncc.\ SO]ver‘ %r‘ J-ke eczlu.o.\n‘en

rT 4G +1 =20

k]

a2l wh-‘ch Mﬁe. r'eo) VO\\ues o, r are

Floﬂrec' a\onj “‘le L?ori?onx-o‘\ GX IS :
ot

. ‘ - . . , X
-2 -4 Q o) 1 r z 3

'T)qe_ 9m]'>|niczal SO\ver works G.S Qoﬂows.
From Foin}- o on the horizontal axis,
drow the line ™m H’\rough Po?ﬂ}‘ gl on
the wverticgl axis; \line n Yhrouwgh }het

in?ersec}'s
the horizontal “axis in Poin}' r

4 s <lear lhat in dhe case a=0 ,1\}-,6

Poirﬂ' and or]-\r\o&ono-] Yo m

?
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construc Lion )Qi‘s (as“ s skou]d) : ™m Ccoin-
c;cling with Yhe verkical axis, line n .,beivB
I’JorEZOr\h:l, -F)cd]s ‘o ih‘}‘er‘sec‘)' ‘Hﬂe ]WOri?_on‘l‘c.l

G X1S.

'-”16.: h‘xor‘o.\ of 4'\'1@ slror-:j i 'H"la‘)" ‘Por q-lr\e.
unlcnown r ’H‘ne domain o? -”\e \"eal

’

numbers is J’us-l- not rich enough: it
«F’Gils one veclue. ’-—Peo-rple. ‘nc\ve }ried +o
solve Jr]m's Pr"ob\e.m b\zj simpl:) e>r.¥€.nclir;5
'Hwe dcmoin OP 'H’\e : reo{ humber‘s ba one

2 n

™Mmore uc\lue, wsucall QQ”@C[ inp;n;{j
and denocted bj o , bur with Hhis ex-
Lension Yyou run into Yrouble because

it dCS"TOJS the shtruclure OFP the dowmain
of) -Hﬂe, \’”ea) number‘s: w)'ler) Yhis ir)c.lucles
e extre value oo | i+ is ﬁ)f‘ instance

no \onjer‘ tencble thak r+1 #r holds
@r‘ Q“ rt?G] V&lues r . \/\IE‘. have '}o do

Se me'l]ﬁihj Q \o;]—- YrIore su\o}]e_

qﬂa rea! Value L C an be wri-H-en
cs the o,u.olrieni- X/:j oF dwo real values
X anda j CWc]-]"l ((3%0) SM}DS'LI'}H'HFB in
our Oflﬁi'ﬁc.\ eqma\'\On dhis quo)'ieh‘?‘ {ér
-”1e unknow\’\ r . and Sim Ii]pin (]'3
f J'"J J
Pnu”'f‘?)(ji'ﬂ(j bb j) Jie]ds lne Qcima}ion

_X,b: Gs X + ]'D-'j = 0 )
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T)\ecxse note ')'l'\o;' we S"-'tck +o ;Hma ru]e thot
ot leas} 1 0{7 the coe%cien‘]‘s G, b dif%’ers
rowmn o . In a similar veimn we r‘equire
o? a solution X,j Yhot ot 12&5-}- 1 0{)
Yhese two differs Tom 0 . (We reject

X,y = 0,0 a5 o enuwine Solution because
;]" wOu[d be Hrivia in -Hne Sense -Hac.} i+

18 ‘1'0350.”3 iﬂdepar\den'} OF) ‘H":e CO@P{)Icien'}'s
a, b .

“The Sotih oF -\'lwe. 4rans))rion p'own ™ ‘o

'”ne Qir X, s '”w..}- now we hove
Gn Qoluc.}-ior, +hel is Taerfed-b solveble
w"\en the ec)uo.l'. on in r is not, \iz.
Wwhen a=0 in this case | Yhe eqch\)rion

N X,'j is {’or‘ instance solved ]2_‘7 x,3=1,o.

The Tar{ce we have oic , however, seems
‘-o be Cons}c‘.er’o.l')]e. T e QQuo.q'iOra Ra e B
LWas an ec\ucﬂ-ion in one un known ' ond
L delermined iks ook uniqu.e\l:.j, whereas
the equc\}ion n %, s incle}-ermimo}e
n *H’Je sense :H‘)c.} i-)- hos in?{n;)-e.b
Mcxn.J SO\uhons : ‘\F X’b is Q& So]u'}'icm,
So IS c-%, C-J or 9%_ c  +hot dig)ef‘s

m 0 . We wis o Yonsider s uch
et C frrele_\m.n*., we wish +o
regard the Qi rs X,J and <X, cy

as  +wo d:’?‘?@,r‘en% f‘ePresen‘\‘ahor\s oF’ the
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seme Solu-}-ion .

NO“*&Lionc\\ fPur-i‘\'o.ﬁfsm r'Equ;r‘c—:s -“‘la‘l‘
we con dis]'inju-is)\ beltween *the pair
X, :j an -]-If)e solu tion r—e)o resen ted
]03 +. We coulc\. F:r- iﬁsh:\ﬁc‘.e\ use
Square breckets Por‘ the purpose,
o\eno+in3 ]25 [x,b] -H’\e. soluton re-
“‘DFGSEn)-e.o\ BJj the Tpo\‘.r‘ x,& . Yhe
degninﬁ Fr—or.)er‘}l? of Yhe squoare brackeks
is +hot {or  oll X5y, <

c#£0 = [X-,b] = Y_C-X, C:j]
(o.nc\ Sl‘m”arb Gor-’ “-riPles,

C# O = {X-)b:z] = [C-X,C‘S,C'Z] P
ek-). Thas +he square brackekrs indicate
the insens}‘}'iv’ib Yo mu])-i]v!s‘cQ‘J'ion OF

ol elements O'F “'xe enclosed list ‘bfj c,

C. 'F)Gc']-or‘ ‘H‘lo\} OUF?ZIS ?rom “- is
-“we G l—ios -Hmc\]- ma-}-l—er. The eair X,j
is ’}rc‘dil-ior\alb called 7 Yhe hemogeneous

coor‘cl.ino\}es"’ :r? ']-]qe so]u)-ion, [l he

[ v Wa os  Wwe c.ould Cleno“'e ‘H'\e

C0€€€{Cf€ﬂ b\j [Q, \'Dj an<d CQ” them
the homOSQHQOuS coor’dina’res o{; ‘he

G’-O‘uah on.

For -“'we Fic}-oric\“:j r'h(:\inet:l we can Nnow
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3':\;2 =Y 8ra]:>l"ical in-]-er\ore-}-o.}'iOn o? owur
Scluqr'e bPQCkeH: 3

[x'):j] = [2, ‘\]

~ Tn the above T)ic}'uf'e we have illustrated
the case [%3] =[2,1] . TIn the Senem]
cose we &Ssgcig\'e wi-“'\ -Hne lﬁnomo&eneous
coordinates [x,‘j] Yhe s-}rcaij]n}‘ line -Hnrof.ﬁl\
the Poin}- x,:j and ‘e Oria'nn 0,0 . Since
these Foiﬁ"rs d;(’{%r ~kecause ><,j=0,0
s ruled ouwt for ]nomo\_caeneous coordinakes—
this line J:\qrouj\m Hhe orzﬁin s u.nic,ueb
deter mined l::cnj X9 armd  this line
}L\rOuﬁh 'H"ne origin can be. CL\OSer\ oS ‘H'!e

unicluxe ob\)ec\- r‘ej)re'Sen 4"1:'\5 [x,t:)—_} be-

Cavase , b vir‘-ue © i}-s c_oﬁs}‘r‘uchcv—\,
cex, <y ({or c40) Wwould :jielo\ Yhat
Some line.

In other wor‘o\s, s -H‘)e ']’ranslq'iOn )pr'om
the C‘n\no»moae,neous) coordinate r ‘o
he (homoﬁemeouSB COOPdina}-es x,&j , Wwe
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have r@F‘chol lhe one-dimensional domain
of al) Poin'\‘s on o line heq the equalb

One-c{fmensiona\ dormain © all \ines ”‘rm:‘j}"
o Foird-. There s u\mos¥ o one-1to-one

corresPOnclence be} ween +the elemenis o?
-Hﬁese }'W'O domains: —‘O -“",e oiﬁJ‘ r

corresponcls the line EX,\B] woith f-’:x(_‘j.
and Vice versa bu]- -Hnerwe. V'S NO Pc‘ml

r cOrresPond;rb 40 ~Hne_ lirne Ex, D] Cuiz.
‘]’l‘l% X‘QK'\S).

’Rem&rk Thanks 'Lo Jr\ne.ir' QlIIMinO\)'iOﬁ cF) ~”ne

excePHon o? -H-.e unso]vc\]:\e equc‘)-'no’n,

h0m0§eneous coordinates have led 4o
V?-r_v e_\eﬁqﬁ'} -]-l'leories. —nwe )‘Jrl'cc '\'o ]::e Paicl
—'?or Yhis e\ejance seems ‘o be +thar in
'\‘erms real Nnumbers HcmOjeneouS

c::ordinc\l'es do ho)(' kque Ca uniq)ue Te.

}Dr'esen"a l—io:-\. C =nd 0{7 '/)‘\DQ.MQ:",('

Twa wminor Tfemarks cbou¥ the now

0\1 WG.DS SOlVQ.":;]e_ e_olu o.kon
X4 QX +b'3=0
The Firsq‘ one is ~Hm.Jr Ig’) we wish “o s*}“f‘ess

'nno\]‘ we ofe in¥eresl‘ec\ g Sc>|vin3 b oin
terms of homogeneous coordinates |
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[x,jjz Gt X 4+ b:) = 0

- The di-ﬁ)erenc.e s c.or\sic\er'c.lole-, while the
?or'me_r ec‘uo.lion in  Fwo varichles is \m'ﬁ}\b
K.ncle}erm]na)'e, Yhe latter hes «a unjque
sola );'lcﬂ ,  VizZ. [ ‘o, -q:l . C Considerable

as +the c\t'-f)%rence s, it is usua)\b not
Indicg]'ecl cS e themo ticians have learmed

do live with invisible square brockels. )

The second remork 1is no¥ cbout the
so\u }'}on ]Du“ Qbou‘}' 'H‘re eqma}'ion. 'D've

e_qc_\c,}-'nor\ s deltermined bb ;)rs coe?ﬁcien}s,
butl we hove Q\readJ seen ‘that o linear
equ o tion 7 does nol change when all jbs
_Coeﬁgcier\}-g Gre ma“-i}p\ie.d bj_ the same
?&c‘-or') PrOV'uded theat —@:c)—or cﬁf—@rs Q—m
Z.E-Y‘O.’", So', i'}' 'S not so much the

ir o{) coepﬁc;en’l‘s o\)\g -”-\c.}— mc‘}}Ef‘,

+ Vs the \nOmOjeneous ccord»'ﬁc,)-e-a

la, b))  that C‘C\P)-ure the essentials
(:F Hne ec,uc.}ic.m.

So) the sclu']'iof\ charac rerized ]93 L—X’bj
‘So]ving Jr]'xe CQM.O\"‘IO*\ cho.rac)-@ri?.e_c\ bj
La,b] 1s in essence o relo b en  oelween
-\wo en]-iHes C]"lar'o-c"erizec\ homoger\eows

CcoT‘Cunc\]‘es> w‘f\fc)"\ {)or' H’\e TDiC‘"‘Or'aQ”\‘j
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inclined 8 a reloabon belween two  lines
—H’\roua]ﬂ -Hne oriﬁ':r\. /Plu-H-in:j o, X 'L\ori-_-
'ZOn}OJb and \':-,:j ver)ricc\“j , anol "‘Gkirzj
into eccount  that X5y = b, ~a solves
-qu Qoluox}-'lon, e :je} )')')e go“owi‘h\j Pic]-uft?.
{’or c.. Squk)ca) ea]uoxl-icm solver:

W -~ —%G,b

s G

- - ——--% %Y (= b,-a)

The line cor‘feST:ondina to the solu bBon s
or\-hcvﬁonc\l o the line c_orf‘e.S‘PonclirB 4o the
egquolon, once wmore CdﬂF\'T‘m;r"\j that the
homog@neous Coordinq}‘es cl‘.-cl elim‘;r\a}e
the unSO)vabi]ib.
(T be con-a'-inued)

Frogdr Eolsjer w.:D‘i)'ks-Ha |
tD@FO.r’)"Meq-}- o() CDM)QMi‘QF Sciences

The Lbni\/ersilj Uf Texas ob Qustin,
Quskin, TX 28712- 1188



