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The a\ae.br‘oic core OfOL P_r__cglpos%-]ionol 103‘_5

This note c\eo\s with the —@”own:ﬁ —)Heorem_

For a nor\emplj domain E , there exist the ope'“a'lrors
—~ O¢ {'jfe EZLE | o OF) .)jPe E-E | and [:) OJ()
1-3136 Esbool . The Pregx operciter s is gven a
lﬁ‘ig"‘le(‘ Sljn’}‘ac'}-}c \a'mc:\inﬁ Power' -Hqc,m the inF)ix ~>

Universal Man}‘]gcal-}on over o,lb,c s

o@ren \e@' imT)]icﬂ-. The o}:)er‘ajror‘s 6&]'?56

(0, W) [la~(h~ad)

(0, D) [ (o= (brc)) ~ amb)~»la~nc)]
(O,C) [ GCarmdb) ~ ((tamaeb) "\-)&)]

(0,MP)  [a] A [a~b] = [b]

Cﬂ\e {%u-— names are short {c;)r Wec.keﬂ'mfj,’_D‘ns*r"sl:“’r‘aom,
Conmdradichion and Modus Ponens reSPechv%.)

Tn +erm5 OP the &l:ove, we now c]eﬁne "H’ie

reic.d)-ions = and = , }DO‘H'\ o? ]L:jPe' Eev—-)bool:
la~})

agh A boa

(1) ach
(2) ax=b

W

(Tn view op-ﬂwa {jres? no T/ar+}‘\ep ]gmcj'mj Powe_rs
need Yo be depmed.)

Then
(i) C s o Pr‘eorde.r‘ <1.e. \S reﬁexive ond '}'ro-n5}+ive)
(i) ~» and o “preserve =~ (see \ater )

(iii) (E/:‘:'. . £) is o boolean lahHice, ie. there exist
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L

OPerc&or's T, J , whick ”Freser-ve ~  and
SQ‘\'}S@
Gii,suprewmm3 alb ec

(if;,j inF}mum) at blc

(iii) S)\un}inﬁ) alk cc

acc A bec
aCh A acc

m oo

b e ~aTc

¥ o
£V,

To begin  with we rewrite the properties (o),

'm%roc\uc;inﬁ g vie (1)

<3,\I\]) a & beoa

(3, D) a~(b~ac) © (amb)~(a~c)
(3,C) swa~b £ Goa~b)wa
@G,MP agb = ([o)=>[b])

Note +that in deriviﬂg (3)H'?) we have also C«PP]ieci
5\7un4-':r5 fmm the Prediaa]'a ca\c,u\us)- we have done
so 1m order +0 express <learly that MP is a
monotonicit ]:proPer‘}\j OF [...] . Note also
thet  the Q‘gove woas  just o r‘eu»_:r])ﬁngl «?c:srmu\ae (2)
are equivc.)erﬂ- +o rrmulae (03

MQJrohirS the ¢ Oiﬁ C%M?) with 4he ©s in
the ])rece_dinﬁ 3 FroPer‘]ries, we derive again via (1)

(473) ac b ~c = O\,n)b\_’_;_ CArIC
(4, ‘ach =5 -a~b g a

(Because (S,H’P) 5 an iMPliCQ+30ﬂ,'grm“IQe (4)
are wea](er 'Hnan ‘H)e Corr'ESTJondir\s '@r‘mu‘ae (5))
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The c:onsequen‘}'s o{) ﬂ?or‘rnu\cxe (4) have all the
{orm oF) the ontecedent o{) (3,MP), so we can
use the loatter agein. Thas we derive ( with
s}'i.unhnj {;Om the )'Jr‘ediccv}‘e. C-Q,cc.«'us>.

(B,W) [l Albl = [o]
(5,D) x€ bve A arbh = acc
(5. ap b A «ac-b = [a]

Conclusion (S,N) gives us nothin new, CS,D) will
]oe. wsed in & moment , and (S,C) nicel:j I"QPI&C‘}‘.S
the Reductio ad Absurdum.

# ¥
*

Qﬂer‘ -H‘le a]jove exf)loro\‘hons we are r“eo\d:j ’}O
tackle seclion () OP owr I)roop obliﬁq-}'ion.

E 'Ls‘_r‘gﬂex'we_. , e «Epr an‘j oy

(6) aca
/Pm)oFj We observe

aca
& { (5,D) with ci=af
{Ib: atb~a A achb)
1 (3,W}
<3b:: G < b>
&= { insjrqn'}_ia}im b:= Cf\b&.s
(A ag ¢ ~»o)

{3 W) ana € nor\emlab}
bre (End o{)/?roo().)

N

1
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- e o e e e

(70 ocb A bcc = acc
/Pmo£ We observe e?or‘ any a,b, c

G&cC
<« { (52}
aghb A ot buc
& { (8), see below}

a Eb A )’)E—C

( End op /]?—oof)

Above we hove wsed
(8) boac = oL bec

(w}nc)\ could deserve o hum]oe.f‘ in i]-s own rigm‘). ‘

?rm# We observe %f‘ Qﬂ:j a,b,c.

c. = bﬁ)C
& {1 W) whh a.b = b"*(‘wa}
[b«»c:]
{ (1§

bcce

]

C End op /)7r00f->

Thanks Yo the reﬂex‘wib oP T we derive
Prom (4, D) with ¢:= bee

The )rf“ansi-“v'ul- o() c w’r)\ l:e ex lo'n'}ed )3
Y P
oclm'n'l-hnﬁ E  in ‘H"le \eﬁ- co‘umn o? our Fmoﬁ
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formal.
?nnqﬂj we conclude {:om (2)) (6) & ().
(10) awxa | fe. =~ i3 f‘egex‘we
axh = b~a ie =~ s snmme}ric
ax=b A bxc = axc le. = is 1ransitive |

hence o~ S an equ]va‘ence \"el&}ion (Gs a\read.
5u33es¥c—':cl b:j the S\Smbo) chosen ). Pecause of
ane ']‘r-cms‘aﬁvib, Q‘.So ™~  can }'Jeac}miﬂed in the

\e@ CO'umr\ o{) Oowur Proo() -ﬁgrmo\)r.

™Tis concludes +he })roo{) o? (:) ang our
Ais cussion of i}s immedia)re consequen ces.

* >

*

The 1ime )f}as come -}o -}urn ’]’o Fr‘Oo(’ ob};jq on
(i) and we shal) start  with ”r\.) I)reser‘ves ~ ”,
w)'li c)-\ (K3 5)101‘7" -QJ r ”-H-e ]or“e —F?x oPe.r*o:]'O r cry

preserves o~ e,

(11) b~c = a~b~a~c
#

and the loos&?ix oFer'a'}'or“ ~3C Preserves =~ , Le.

(12) a~h = aac ™ bac

Bj \!':r"}u.e OP de m'r}iOn (2) o? ~ ,Fredica-f-e
caleulus  and {jmme+rj, (1) —Fo]lows {r)‘om

(i3,M) bcc = a~bc awc
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w\nile, sim'n]o.rl:j, (12) —Q)”ows from
(3AM) ach = b~cgaomc

(Here M cnd AM are short -{Zr‘ Mono?—onicib
and FAnk-Monotoni c'r}:j reSTDec:‘]'ivelJ ) Tormu lae (13)

—Follow vie (3, MP) and de,{?nijra‘on (O OF)E,
dir‘ec“ﬁv ﬁom

(4, ™M) b~c g (avwb)~ (a~c) and
(14,9”) a~>» b < (b&c)a—»(&rqc) resPec}ive_([j.

TFor +the )oroo{) o][) (14,M) e observe

b~c
c £ (W) wilh o,bi= b~c, Q}
A ~ (b«bc)
{ (3,
(a~ab) ~ (a~c) )

the {-ro.nsiwLIVi J-j C.F - Jrl)e,n comPle}es —Hne T;r‘oo{).

in

For 4he loroo() oF (14,AM)  we observe

a~b £ (b))~ Camned
& {(3,\«1) and ‘}r‘ans'ihvi{j OF g._}
(b~e) ~ (b)) & (b~e)~ (amc)
«  {(4,D}
b~ec © (a~ab)~ (a~c)
{1 Q4,3

+rue

M

anc -Hxis comlalcﬂ-es -”m Proo? that ~» ])re.Sc—:rves ~
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“The an’*imono*@nici)rj enab]es us ‘]'0 ]:ar-ove

Yhe use{)u) S})un-}irﬁ r*ul&s
(5, S a~>(bmc) =2 b~ (a~c)

(16, S) at h~ae = b a~c

The above Hwo lemmata ‘?o”ouo {)rOm Mhe

S&mme%fj N oaub , C\eﬁnihons (1) and (27,
(3, MP)  and

o~ (b~c) € b~y (a~c)

>

which is ]’)rOvec{ ]’)3 observ)ns

a~ (b~>c)
C {(3, DY
(Ou"‘-bb) ~> (O\M,C)
{ from (3,W) beawb ; (13,AM)
b ~ (Cv\-‘rc) .

M

We now +u.r‘n ‘\‘O ‘Hﬁe remoinder OF )Droo)p
Ob]lso"'iof\ (i'l)’ vz, -an)‘ ”o Presgr\fe_s ’.:'." . or

%rmc.nj

a=b = esa=-+h

This means that we have Yo use what has been
3}\:60 O\bOu'}' e . i.e. (O,C) or -equivalen+
andg Pr‘obab} more  convenient — (3)C3,
(T+ s I)robaglj

5/1L&dj Op e on (4,(:), as theal s iﬂ]rrinsa'cc\“\j
weaker-) Our recent resuld (16,5') about

Shunhnﬁ allows us 1o rewrite

unwise o "(()Duﬂcl our {Lr%er
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(3,C) o~ b c GCamib) ~»a

&5

(17,C)  sa~a+b < ta~b)~a

ie. the ’?undamer\'l‘o\] Properb o? s s
SummeTtric N b ond b | (Since we hOPe
lo show 4hal e is its own inverse +his

s verj eﬂCOurO\_B im3.>

We now observe —Q)r G‘”:j O..,b

+TLJ~.€

{(3,00%
o~ b C <‘0~"*‘}))""Q

'{Gom (3,W) b_l; «@a~b and C ‘)‘r‘aﬁsi‘,‘fVQ}
bg (Caom-b) »a
= {6, S
(18) sa~<b € b-wa

]

=

S}mi\c\rb one derives -Prc:)m CW,C)

(19) ‘a ~ b C b~a

CO"'?b'\"\'\f\3 C19) with i¥5 ',ns'}on'}ic;HOH
a,b== \:;,cx Jie)ds (becau.sc-: o\p de inilrion (2)
OP ’—‘='-> the im]f)or“]‘&m‘]‘
(20) ro~ b o -b«;q, ;
W+ is imPor‘“‘c\n‘} because il— eXT)r“esses +hot Oau)—

{’or E':‘O‘ui\fo.]ence) ca~b  is o sjmme?-r‘ic_
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expression  in a,b

THS“'QH’HO\']}QS (19) with bz e elds
(via (_3)]"]7’), (1) and r’a?)exivi}j o g;)

(21D e C QA

Tur”werm&:)re we observe

o~y b

= { (19) widh o= °a}
b ~ -a

c { (18) with a,b:=b,a}
a6 ~ b -

»

'iﬂs}‘c\rwjric\)rln 4-)1e_ o]ocve resuH wn'-“\ b::“q
5]6](:}5 (asa'm Vit (3)1“1'?), (1) and r‘emexivib

OE)

QE.;Q

>

and n com}:ina}ion with C21)

(22) tGL X

»

ie. but -{ér‘ ec,]u'nfqlence, s 1S ﬂ*s o wn
inverse. |\We imme,c\ioﬂ'eb use this resu ]93

ob Servmﬁ {2,[- ang a.b

Q ~ b

= 1 (220 and (12}
cva ~ b

£ { (19) with a:= -Q}

b~ ,
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thus es%o.bliskmj

a~b £ h~.a
from which we conclude via FERTD
(23 otfthb = ‘be-a

Combinin —P}nauj ('23) wian H‘s inS’]’or\*}ic\—
"I-ioﬂ Q. 1= ‘O,&. :j%e\ds ( with Pr‘edicc}e_
calewlus and c\eﬁni}}on (’2) o ~

(24) ax=b = ea=-h ,
1.e. " o )oreser-ves ~ " , G we J‘}qc( se} out )ro
Frove.
¥ >
X

We now +urn to section (iii) o? our Iproo)p
ob\ijc\'\rions, which asks wus o show the
existence oF 3 oFerqf\-ors that preserve =
and e,r:)'o:j —Cur-”wer ProPer- Vies. TThe Iareserva)r‘:on
o{)’:—‘- bj our new operotors s a direck
consequence o() the éd that  the lotter are
cleﬁneol m Jrer‘rns o{) ~ andl s w}'\}clw -Sec(.-‘i)f-
reserve =— ; w}-?-l'\ -H'\is remark we consider

Yhe preservedion op ~ b the new operators
dea”f wiH'\. J P

(iii, §}_APC§T_U_L_":'\) For any  a, b we c\e)(?ne
(25> QTb = ‘G~ l:)
and  shall prove Jhat T Yhas c\e](n?ned has +he
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desired FrOPer‘)‘j; on owur wocsj Qe 5‘)’\&” Pr‘ove

Ce {De.u ’H\lr\\js more.

5 mme.}r'nc. lo

But @r equiva\ence, T S
b

c(e.mor'\S']‘roJ‘e_ —”'11_3. e o]o-serve. . o.rtj G,

(26) ath = bTa
{(25) ‘]‘w\ce}

a~hb = by
{ C20)

trae

i

)

Moreover, T S Lou-} of EOIuiv&)ence GSSO-

c?&}ive. o clemony‘-r-c,*—e -]-11}5 e o}JSer-ve ﬁgr
Gr‘l\uj c\,);’c

(27) a? (b)) = (aThd)Te
{(26) +wu'ce}

aT(cTh) = <TCa?b)
{ (23), {)Our Hmesj

s~ (cmnb) = «c~n(a~h)
{05, 5%

“\'l’" we

M

il

Hf

That  aTb 1S an uPFer" bOund 'S exT:reSSe.cl

by
(28) atalh A bzalh ,

}]' St tices "\rD ]Orove, 508‘ —”’\e second C.cmk‘)unc}*,
which we do )f_cj observmg



r‘u}jer K /ELJD 1238 - 1

b
c { (3, W)j
a~hb

{(25%
aTh ,

w}\ick oe { nnmec:lic\leb wvie "'O E’CIULO\';‘E

R

(29) b~aoTbh = ach
= {(2) and (287}
(30) ath 5 b = a¢b s

Q@er w\q‘lc;\\ wie Prove 4}1& \c«H"e.r‘ 10& muMI

'lm‘)j\'l c_a}‘lor\

/Proo£ We observe -Por‘ _}9_}[\3

oTh ¢ b
{ (28}
acalh A albcb

-[ f}rahs}"}vib 273

&El]a

We obSer‘\fQ %f‘ P}BQ

aTh © b
{(25), (263
eb~a L b
{ (227}
‘b~ ea T b
<= {ED with a,b = b, .}
b T
<= 230§

1]

N2

M

I
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Qg b . _ ( Bnd a() /|7rocg>

anl NAaLy W are reacl 40 mee')' Oar ]Pinc.l

Froo? o bl iﬁc‘ —lior\ »@:r- C i, Su]')r'em-.am)

(31) athbcc = ace A bec

To this end we observe ‘[-%f' a’:j o\)):),c

oatb cc

{ (8D bsalh and ‘}'romsi‘l'ivi}j E.:}
o 2c A bcc

{ (29 twice]
C >~ G'MDTC_ AN = ch

{ Leibniz: ’I\ and 2= Pr'eser\re = \}
cxalc A ax=blc

{(29) Awice]

ccec AN biec

i

]

1)

I

And this concludes our treat men? o()

(iii , Su\)';remumj .

(i, nBmum)  Afer we define | by
(32) Q\Lb = ® (-o\’\\olg)

—1n which the reader s welcome  Fo recoy
e Lew o‘() “De Hogcm——- . our Proo? ob]iﬁc\)ﬂ‘on

(33) a©bdc = ach A awgc

nie

s Now O w‘c.x“c——over‘: we o\:)erve {Z:r‘ omj Q,]D,C
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W
~ |
™
W
»
~’
e’

{(22)& (235
bhec Cea
§ (30}
.b C.ca A sCC'a
{ (22) & (23D%

OLE;\:» A B c

H

]

12

(nd *his concludes our dreatment of

Civ, n i )

(m? shun‘hn ) \/\le ae gna owr uha\j OPEIC)UF‘
bj s}-alnr\a +l’\o\+ '@f‘ C-“ G

(34) ~a = "G ,
w‘n-‘olq -}-urns Qur ]as\- Fr-oof O]’Dliﬁc.]'fm inko
(38) alb cc = bec.«alTe

?"OO{- \/\Ie- Obser\fe '@r O\-Y\D ., b) -

b £ «alc
(258) & (26)
bh € +C ~.a
{(16,5)%
c & b ~ea
{ (22}
C = "b ~ G

{(25) & (26D}

il

i

1l
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-cc «aTb
{ (22) & (2§
cGatb) e e

{ (32}
alb =c
b = CEnd oFfProop>

*

1

N

*

Codo. (Pu)rﬁer is  not res)oon-si]ole —@:-r“ Hhis  text
w)’\ic}) WG S written b me (i.e_ E‘ds'ser D n 1\65
absence. He is men‘-Zioneo\ as co~author be.-
cause he conceived 1he Yheorem and hel ed|
me oubr  when T 904— stuck in my }oroo;
e?{%rk Cﬂna{ WwWas  in e{»lpor)‘ lo }Omve
the Pir\)—i»Mono(}onir_;B.) He can ex)’)]o{lr\
better than T why he thought i+ worthwhile
Yo c\eséjn this Yheorem.

Nuenen , 22 aub 1998
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