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Pﬁ 3rou3)1 Ex?erimen'l’ wulk -Hma +riar\jle Co\\cu\us

P

R c 1

Here we see 7 oints so sitmalted dhat the
P 1 e
(Cj\ve rise o 6 colinear Jrrir)les. Tlne,:j neave been
]’Dar-l"tl'ionecl ]njro ‘Hﬂe 4 ver“\'ices Q.,b,c.,d_ op
& cluo\clri\oﬁ-er—o\\ and %e ) Poir\% OF firﬂ‘eﬂ
seckion op the 3 pairs OP ﬂc\ioﬁor\o\ls )
Nolre \We c(on'l‘ wis 3‘0 c[is)rir\ﬁu\islﬁ be*w‘een
"—H’ie“ P&ir‘ OP cliajomcls and qcx’l Guir ©
o \OOSi}‘e sides , @r 'H')e distinction ciiSaI:)oears
wtwen OP the 4 ?Oﬁrﬂ's, { lies inside +the
convex haull of the other 3 . ( End of Nole)

The ,qu_orem -I wan b '}O rove 1S -H‘la}‘
P-q,r are not collinear }R og a,b,c,c\, no
Yhree are collinear.

Now i+t so ho»m-;.ens thot
CX’D’Z are collinear) = (0= ore OP ijl) >

so the whole wuneorem can be %qu\]o\}-ed 1}

+erms o() GIrecs beiﬂ3 O or nol'- The ]’)LAFFOSC
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O ‘H’\;s note 5 o ExPlo\’e w)ne}}-)wer we can
Froxfe Jhe dheorem wnot in derms OP the booleon
umc)r}on HCOHmec‘r ’ bul in hrms OP the fEOl
g\,mc]r\on "Greo\ﬁ_ (’ﬂne boolean criterion ﬁcollmear‘”
is too crude 0 erect oo colewlas Qan, w hereas
SBQQGL oreos lwcwre 'beer\ Showr\ }Q loe o8 \leuO)Dje
Yool in el}m\ma)-inj cose QOQEESCS 3eﬂer'o.}eci

k:j ‘Hﬁe C'lishnc]-iorw jnSidG/Ou Side.)

We shall use c, b,c,d,]-\)\(, P>% r, X,D,Z lo denote
]'Jo‘ml‘s ond Axbz ’LO denof‘e " 'PO:’MM(Q@ Hﬁe
areo op Hriangle X9z . (We know +hat we can

Or’\Ej do this as long as we owvoid W\u”—i!eH-cr

nomes.) QOur simrleﬁ axiom 1S
(0) ij?_ = AUZX A AxJz :—Az:jx R

I €. Su]DJEc}‘ing —Hwe, arﬁumen}s 4—0 an  odcl ]:.er‘mu.-
tchon c%an‘jes the sian oP Yhe area. This hes
G mc\‘}lnema]']a:\l Coﬂsequence, VvizZ,

(1) X=y = &xﬁz =0

Nol"e ﬂe {%rmulo\“‘HOn OP ‘Hm‘s COGSC’_OIUL@.QCG. dro(
COﬂfr-OnF me  with d{)emmc\: SAOu'c{ T rother

\\ave wﬁ‘]’i‘@h

('\’) X-’-j vV 532 V22X = éxsz =0 Q

When T think b is  not Con‘F\ASiﬂj) 111 shek
4’0 Jrhe Simplesl‘ @r‘mu\lﬁl'ion, hor)fnj -H’;q} “1&
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reccer will SULPP]:? {the o.T:)')eols to <D> [-T\q;s

is o cecision ve:j 53mi]c~r’ ‘o the one we ‘)'ook
\n the FradicaJrQ Calculus When we decided not

fo S]’)?J"!d 56]’301"0\}‘6 S}‘e s ‘]‘O —Hje Samm(—’/}‘r
and QSSocic\vab o‘? -Hr)e ]oncc,l o)’)er“c\-}-ors‘]j

There is o Kind o\lp cConwverse Q (1) , Vi,
-Hnoi {)Or o.r‘b}#r‘c\m:j ﬁea\ \/alue /]\)
(2) X%J = <az‘.: R = AXJZ">
Haowvin O%L‘rer“ concerns N ‘Hﬁis ‘OO‘)“& . Tdoﬂ‘)‘
QX]OQC? to use it explicitly,

Tor Hﬂe nem\ &GXI1Om -—'H—ne Oxc;cli')-ive axiom ~

T sheal 8Eve Hhree dig)eren%- ,Fg;rmu]o\»}fons,

The \p‘\rs]r —Eyr'MuquriOm s Com}ole%l:j Sym -
metric in  +he ]powﬂ FO]\’\"S:

39 Ax:;z + Ahzj + D zhx + A&x}w = O
(?or Gm(j T:Q‘u- OP %i}:les n the Qbove, tHhe

s%ared Po‘m*s occ U™ N Hne same Posfjrions,

put ih)-ercylo\r:jeok.)

Ir\ "H’le next @rmmla‘hc)m QP ‘Hﬂe same

axiom , ©One }ooin4~ ~here h — )o)aéjs oY
S)’Deciqj role -
(")

AXJZ = &)’)jz/-f- Axhz + AK\L?)‘\
" here are that dhe

Ul

The sc\jmbol d:j nGamics
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-}-rir))es Of H’\E’. i"ig)ﬂ)‘—]’lo\r\c\ Side Qe ‘Porme.d
[:) re ]&cir‘\ ‘qu_ joir\]‘s n 4—}18 )-r‘i je O')‘
I 9 P

-l'he. \e_&\ N 4’\Af‘h ]bj < ;G)ur“uf\ r)oinix

If\ -H'\e '-05+ O\*mulo\‘}iOn? —qu _(.é)up )Qo_‘rnb
are 3 reled into H4wo Foir‘s‘\,{l <X’j>
VEersus <h,k)

(3”') L\x\hj + A&kx = Ahjk + A\ﬁx‘q

“Please note how Yhe l*rjr_;]es have been
\—leﬁ {’rom 4"’16 Ci.jc:\e (xhak)

Qn immedjq+e Consec'uer‘nce. OF) +the
additive axiom (3) -~ most easily derived
h N (j

f)f‘am (3)—— 'S lerm rma

(4) ijl‘:o = Ax}v +AJ]’!2, = AX}'\‘Z. )

THS S an imryoﬂ—an‘l" \emmo\ because i+
Srowvides G wa OP exPloi%n the colline-
pro % 5

Qf“lj o() X:jz. and  4hen equaq-es on exryr‘es-

s10N COh'l'O\iv\inﬁ :j f\~o an efo‘essior\

WH‘\’)OLA'} .j

Owur nex¥ ancl Pr‘o)qulj 'lqs'!‘ axiom |IS 4)’16

my ”\P]i cq-}'\ve axiom

(5) Axvz—_O =3 (&Hx‘v)‘(ﬂkxz) =
(Qkx_‘j)'(ﬁshxl)

(Here the ij)') mpix dot *  denotes mu”i)?]icg_
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Yion.) The mc«-}(ﬂemc\jricﬂ charm OP (s) s
Jhat it does not metter ot ol "F S ome oF)
the gve soints CO‘anC;de, and ‘“‘\c\}' i S wh\j
T Yried o wse +oin dhis {%rm, but that
was & Qain N the neck: Sjmbol d\jtﬁamics
with 5 T)oin}s r'P,O\H& hecomes ComPHCOJ‘ed.

\/Je_ con T?ZFiace (5) bj
(6) Axgz =0 N XEZ =
I <WVhe Ahxy = Ne Dhxz ) )

This is  heler drserﬁranj]ac} Yan (5 becouse
+ vnokes clear Yhat there is « relevon t Guan -
)n']'j —viz. the A ‘Hﬂa'\' does +he Job~ 'H'ror}’ orwl\'j
dePenc\s on +he -}ri}o)e sz )

No}-c I did 004‘ nome —”we @nc]’ior\ w)'tose
vc\.lu.e eciucx\s? '“')o\q‘ /\ 5 nor dld 1- de the
i+ ‘bj means op an O}c)erc\krr‘ 7 Sy,

A= Xy s x2 \

because 1 am currentl not in the wmoocl
%Anc)rionsk ( End o,PNo#e)

¥ X
%

"lO iﬂ)rr‘o cduce PQF‘}‘iO\]

The Jrime. 1’\0\5 comé -)0 -l'tj w%e-”ner* we

con Now Prove Or Dr‘igina} theorem .
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We are 3iven‘.
4 rirnc\r:} TJO}n'J'.S Ce, }3, <, SN andal

3 _s:e;;;n;gr" ]faoiﬁ]'s Pro T sahs%mj
(7) @) Aapel =0 G Abpec =0

(8) Cf)Aqu =0 (i) Acqd = 0

(9) MWlharc=0 (A brd = 0

and  farthermore (o} Jeos!)

(10)  Aobc #0 A Abed #0 A
Qcc\c\..f;o ~ ACJQB#O

'NO'J-e. *ﬂﬁom\vs *o (1), C10) im}ala’es ‘Hno.} "Hﬂe

4 Frimav Poin)rs aie an cli54‘mcll'. CEﬂd OP
Note.)

We are rec]ues{‘eol +o Show Ar)csr“?‘: O .
N >

A

T ropose o cdo this in 2 steps. 1n
Prep T
'“ﬂe r’s} Sl’e 1 ho e ‘}‘O exnress A r
P P I P9
1A erms OP Lobe, Abcd, Acda, Odeb
and  in +he Second S}eqo 1 hope lo S\'Iouo
;H\o\)r this EKI)r‘eSSior\ c\]ﬁpers E .
(I %now +hat T oy Possibb do 1too
mach  work 1o establish \)'wsl“ 1 hit DP
'unnformo\l‘ior\ 5 b b —Hﬁs )r‘|me I do no)' W‘nind.)

2

e m O

We 'houe +O V"Q}G\J'e ”-“'re sewnda:j ‘}ricmjle’/
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A r ‘\‘O ‘”’16 4 -]-rian les wl:“'\ Primary FO}n}‘S
OHE? and 1 ropose 540 do so in 3 sl—eps,

(>
in eac}n S-l" reducin M‘.e num'oer- OT Second

ary Poinl‘s in ~+he ‘}r.‘I:jes }'D(_j 1

From 3 Se cor\dag )ooinl's ‘)’O 2 18 easj :
C”T)Pl(_‘“)m,j (3")  wnth X2 = pgro we 3&)—
(11) &Fc'r- = Aaclr + QPar + A}ocia ,

o

Yhe choice OP c..” howin been arbitra . \/\Je
o W roceed ’For‘ Jhe { R

me bemj Al
OF Wle new 'lriomj JeS , .SCij Q&Ol i~

one

The ]’)c\ir‘ Clc:? OCCwUr3 in (S,d) ) -H\e I)c\'m
). Qrbiﬁrr‘am‘b we choose o

ar PN (9. ¢
Coﬁcen~}rq+e oM ‘H’ie 1@:’ mer . Because o
AQC})D =0 A a?‘:]a we can instantiate

(&) with Xyz:=agq b , and +hen instantiare
the COﬂSCqueﬂ? with  hiz=r ) hiz=e  and  h:i=d,
ie. there is o A Sa‘}ﬁs%)iﬁ

&.r‘oq: A Arab
-ACQC[ = A‘ACC\b or &qqc = =A Aabe
Adc\q = A*Adab

(The other Possﬂa!e instan bia tions o? h dont
give \ne’]oPd resultbs.) TFrom +he last 2
(unql?)ries we can elimino\"'e C7 ~ the onb
Secor\dav Foirﬂ' Occurriﬂj in —]'lwem?— \'uj
obsef‘vlnj
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N (Adob - &abc>

= {losjr 2 eqqg\i]ﬁes above}
Adaq + Agac

= {(4) with xtjzhzr- dgca ond {B;ii)_}
A deae

- { (o)}
A cdo [ See Q]’)Pe-’\dix]

Eliminaqlimj A We Now GGrrive of |
(12) &ro.q = (&rob)'(écdo«)/(édo\b—Agbc) ,

w%';cl-w leaves us with -“fve. o\o\ij&)rioh OP e\imjho\}inj
r (-}He last SeCoﬁd&v Poln]— o.)‘ H’\e riah}_
hand side ) ﬁ'om A rob

The oceccurrence OF) - ooiml-s As ‘o (9),
&rbi-}'r‘o\ri lj we select (9,5) +o ]oe&in wi*Hq;
Aore =0 AN a#c invites wus 4o use (6)
with Xy2 .= are and  +o obtain with h:i= b
ancl hi=cl +he existence OP o\ /u. such +hat

Nbar =/w Abo.c or Arab =/u-élabc
DNdar = /UL‘AO(OLC or Adar‘ =/u-ﬂc@ia .

Now we ohserve

/LL' (&Cdc\-\- L\.cxl:)c)
{last 2 equal}}a’es qboveg

Adar + Arab
« {(4) with xhah:=drba and (9]
A dob [563 Q)';Peﬂd}x]

b
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which enables AS —Lo elimino"}'a /u..-

<)?>> Nrab = (&o.bc)' (ﬂdo}:«)/(&cdo. + Aabc)

And NOoW elim)na‘liOh Op Areb Torom (‘12>
and (13) 31&]0\5

Aabe + Adab + Acda
(ﬂcda + AQbC)" (Adab —Ao\bc>

(1‘1) Qoo,r =

Beﬁ)re — Seg (’\1)— wWie S}‘o.r)‘ COmPu;inﬁ
AI’JGF and APCIO.. weé inf)'ro du\ce 4 bef‘e_

}

viehons | iz

Q = Abccl /_Bz ACC)O\
C = Adab D - Aoabc

which allow us +o shorten i) o

{14") Aoqr = D-C-B
(B+D)- (C-D)

To com Pu%e A par we observe  that
the 5ubs)r})'u}-ion P9 ba = ch{}_—, leaves
our theorem unchanged as it onb ’m‘}’er‘dwa?jes
(7) and (8) - 1In ‘rtZrmS o{) ABCD the

3u~bs)ﬁ )ru jr]or\ becomcs
A,B,C, D = ~A,-D,-C,-DB
andg since Apor = - A aPr we cdlerive F(m (/49
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(!5) APQF = B. C' D
(D+B) (C-B)

To comFMfPe é):)c,a {I?Om (14) | we per-
—]%rm -H'xe subs)-i}u‘}-ion }’JFCd i= J")’JC\C , wlﬂic]-\
onl }n)—er‘c\ﬁanf)es (?) and Cg) . Th ‘]‘er‘ms
O ABCD i')‘ s

H,B,C,D = _9,"‘3 ’ D? C
and Since qua = -—A&c”’.) we derive jeom 04’)

(i6) Apge = _C-D- B
(C-B)- (D-C)

Co”ecl‘m‘j (11), C/4}), (Is ), (/() we 3@)-

Ar)qr = B‘Cv'_D* ((C—:B) +CC—:D)- (’_B+:D))
(B+D)(C-D)Y(C-B)

/Jgeco.u\,se o? (3“’) we have
(17) A+C = B+D

and wWe Com Simpl.‘fj +his Yo

(’18) A]oc]r‘ = 2Q®C®
(B+DXD-<) (C-B)

which  4hanks 1o (1?) )'ms all +he
reqwrec{ Serne tees. APO[F #£0 indeed

l@o“ows‘. n " QRED

A
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Epi]Oque

! o/

T )'\ove been 4‘]'\'1:'\1(:\'15 obou+ —”wis P:’Ob]em {z)f‘
months, it was onl last  month  thet T did
o Coo no}‘a'\}onal co\]cu\o%or\al ek}oer]menJ‘s
and on}j last  week when 1 started in
earnes k 1 sjrar-}ec[ without notes and not
certain ot all that T would succeed, ’Hﬂis
EWD Pirs}‘ 30'} & I)rov}sior\a] number Cin
encil). T worked on it on 4 eor S dr’@
QT‘B”"‘ dakys hut coch time T hoed Yo  mus-
Yer all wm courage —G)r* 1 was ap)orehen-
sive -H":c;.}' T? wou\(c{ become an uf)mo.ncftjeo\b)e_
mess, Earlier experimerxl‘s with ‘F)ormo\',
cal Cu?ox }’iOHQ] SEOMe}r:j hod been discouF&S-

ir‘)j.

T was o *‘rr‘ue exTaer‘amen+ Ta) ca?cu?qlion

in the sense that T never wsed +he Pichr&
on “he {?r'or\i‘ )oajet the Fic4ure. is  only there
1o distroct dhe reader. (L\f})en 1 " trodwced
P,cz, rooin (?),(5’). (9) , T checked that
Pfc wre and Colcula}ion wuSed ’H’)e same
nomenc]cl‘ur’?, -Hno\i‘ wWos 0.“) _T]'re.re are +oo
maon Pic-}or‘aa] coses oF) q,b,c,ol , Oone
iRt maJ lie inside the convex hull o{ﬁ
he olther three or not , ond in any case
the sy mme)ri? bet ween P is P}c bari-
o“\‘j c:lesjrro:ject. One Pur)oose was o show
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how calculation  with Si%nec) oreos can elimi-

na}-e case Qﬂ&l\j.‘i@ﬁ.

T selecked 4the r)rob]em because
(i) HHhanks o 6@)\/?3461’ T krnew —qu\} ‘H’\_e

Pro]o\em was not ch]oJe)'eb triviel

Cii) T did not know dhal, as in (418),
A)')c)r" could be G‘x)’?fESSQd N ‘}‘er‘mj o()
ADB,CD

Ciiy ) b chellen es one 1o G)(P]oi}— ‘5&mme)rries
W‘q%ouJ— norational aids bo ex)")f“ess ‘H‘ﬁe_m

T observe that the introduckhion o() iden-
hﬁer‘s (P,q,r, /\,/(A) with listed relahons
anz Sq\-is% ~ rather 'Hmr\ us'\nﬁ ex):r'essions
b ¥ Properhes— served me well So didl

'H’Je. }rc\nslo\]-‘ron Fo) C. SubS]-i}‘u\}iOﬂ fm“ -Hwe
)Oo'fh}'s intlo o Sub\sh}'u\)‘im CCW Q,E,C,:D.

Nher\ T COmP\el'ec\ -Hm's Qa}w[o\}ion ’}W'O
hours ago, T was v*e\rj Pleaseol v th Hhe

|
Oulrcome,

pibksl-'-n, 1’Ebmo.:j 1999

‘QP]’)er\dix (wi’.-}q qc\(now\edﬁemenL —}0 H]e ETQC)

QF'}EI" }‘l&viﬁj CHOSE"‘\ "]"L‘\e_ rirmMa )’DO}f\?—S
a,b,c,cL » T could .Ho\ve c\e?‘.n_e.d. the secun-

dOU ones P,q,r‘ as +the )’)O'rn')‘s O\C) inter-
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Se.cl-ion be—lween —“—:e Cx']’Jr.)r‘O}Or‘ic:]‘e P&ir‘s o()
lines through the ]jrimorj Poin}‘s, N fro-
cedure tho c\oseb <or~resFomcls lo the
W n w]nick 1T cons J"ULcl-Ed 'Hne )ojc}-ur'e
c«l\ :j-}lqe oPenihﬁ OF this ﬂoi‘e, bt i+ would
immecl}o*eb rou se ‘Hﬂe_ ctues%‘on ”JQUJ- ,
w}f\o\}’ 1() S(ACLI Y }'Do\i(‘ o]() \i.vnes were ora]lel?.
Al lhis T Circum ven ted b\'j ’L.a}vinﬁ{j 7
points sabs{ling (7D through ~(10)7, io-
norin -“'le ques"om w]ﬂe”'ner' Sucln SeP)ruPles
ex;s;- C/P'ﬁhHJ SO, {%f ‘H”l&}‘ s o SGP&F&']'&
T)rob}em )

The fac}‘ that (Adeb - Ache ) , the
denominctor O]P Hwe r)gh*—}waod Side o() CIZJ,
di{){)e,rs {f-om Zero | Fo“@ws @om the

‘Orecwdm& rela tion
Ao (O deb - Aabe) = Aeda

w\wose deriv&'}iom used —Hwe GX\'S‘]‘E"TCE Ofc?-

(The ahove denominodor Adeh - Aabe

equa\s 2€ero if G\B//cd ) That the deno-

minotor Of‘) the right-hond side of C/3)

diﬁ?ers Gom zero ollo ws Similar‘b.
Austing March 1999

Fr@?dr Ediaer W iDﬁ\n:s)rr‘c\

Depertrmenk OP Comrw)rer Sciences

“The lev’ersib op Texas ot Pustin

AQustin, TX 78712~ 1188 | usA



