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An i'}erc\}ion -(;r —Hwe k-th root w'r]'}w cubic convergence

The other o\o.J 1 encountered o« {oSrmule {31“ ?
such thal the iteralion Y= fkc‘&j con -
vegeol Cb\bl‘CO[.{-(j 1o J-—:% - Cubice convergence
means That In Jhe transibion g—om one estimote
lo the next, dhe number OP correct 1ead‘|n.j
dfﬁ]l‘s s rau\jl":l "r}T)\eol: O rejo}ive erronr
§ leads Yo ¢ relative error oE{ Ve order op §3
]EO" the next Q ?’)roximo\’}‘ion. his note s
not abcu‘)‘ “’m rner’.\—s OP -”"n‘s i)’era)rion or
the lack )rhereofy bu-]- on \(ﬁow ]l‘ cou?d l’)o.x/e
been derived. When 1 sow dhe '@;rmulo\'

+ was Fa}renH obviOus Yhot Gy WT S
Cn Rzix]')om*- c;% (?\'LC& ’ 'H’)@ cubic conwver-
ence  was not obvicus at all, and Jhe
Eormuxlo\ Was  os @.r‘ os 1 wWos concerned ,
o /BS /\?O\bbi}‘. /\116. Purr:ose OF Jrl*\‘ss noJre 1S

o clo someH\irE chout  these |latler issues.
X

x>
¥

Lel o« denote our '}-o:zcje} value '@r j ,
le. X = \}YC\. : —ﬂ—men‘ as Temarked, & has t
be o ‘ﬁxFom} o? {?k-o\ . To eliminate +the
wn ftrno wn o f?rom 'H'\o\)‘ [“equif‘emen" . We
observe @m o\n(j ck’alj cand ¢

X s [ixpoint o {7'\'(“0“
= {df{f\i}nor\ ofp psx\T:om)r}
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A = ? l(\a. =4
< £ Leibniz /Princ:i}o]e}

L9 A g =filey

Ec—zco.use we don'} consicler neja’-ive or

COmT)lé_x values, b:ﬁ = 3k=Q}
¥

:j = C AN &z{)katj

W}‘)eﬁ akzc‘«. . ’H‘!e. o\foove So:js ‘}'1'10.}'

Y= chj
Showld leave Y unc"‘tonge,d . O —in terms
Of -‘V_)o‘mi\icxr“ opergjrors P]u5 G c *imes —_
should increase :j 117 O or should
munﬂp}_j :j b(lj 1 X Tor ]’30511'1'\{6

these ternatives are eqmvo\\mk\ \,}2
chocose -Hf'\e, mq”—rPla'QQ{'i\fe_ VErsion, more

*Prec:i Seb, we rewr e

ﬁk.&;j = ;j. S.k.a.Jk
where 9 has the T)ro}—aerb

azh = Skab = 1

Ir} —Hﬂs ’o.s}- r'eclmr‘emenvl 'H‘;e cons]—o\ni— 1
WS ihq-roduced because |+ IS -Hwe Y\eu\}‘r“a}
e]emenJ’ OP -H')e m(.:”-irslicc,-Hon. Tor Ahe

Same T1eason, +he r‘e_quir‘eme»ﬂ' s '}rlviall\j

met ]DJ C)")DOSiﬂg

8.k.q.b = _9‘5.. or 8.\«0\.5 =-—2—- »
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but ﬁEi‘H‘lef‘ gives @ Conver mﬁ \‘*l~er‘oj—ior\: 7’2,—
N QI))oroximo.‘}'iOn ﬁ: X C1+5) -Hwe:j }Qde

Jo next a')QT)rOXimQ'HOﬂS
3 — X * ('\ - (k1) 8§ -1—) and Ej-: O(-(?-%(k-ﬂ)‘& ‘l“)

Wwhich are not aduclb ’lmProve ments . (\;di“\
e(*Her- c}woice) 3=O< chA)c\ be C Fi)x]oom)‘,
butr +the iteration would be unstable.)

#

Note +... ‘ 1S S}TOI"‘}‘ F)r /’j:)!us l’]jjlﬁer‘ Powers
o? § ’/, whiclﬂ i}‘se|F 's short @r— SOMmMeE Jrlqinj
else . ( End o)() Note.)

The ques—l‘nor\ [ES whequ')er Wwe Ccoan recch
OUr goo\' béj Sw'}'o\}:»[(j //o.\fe.r‘ajiﬂj “ lhe last
two choices or (9 consiclered|. To Se_}-”
enough {Jreedom 1 Propose to /’averc?e

denowminetors and numerotors ser)ar-a‘FeJ, and
o consider

3.‘(.&.}3 = e Ol'b

reec + S b

—?or suitable P,q,r‘,s . S’mce “ﬂese are
4 HomojEnous ctr'o\me}‘er‘s 5 -Hﬁej iVE ws

Onb 3 c\e\gree‘s ogj {Jreec{om, but  thaetl s
Qnou@H Yo  aim or

CU}DI'C convergence,

More ]'Jr‘ecise,t . We ore now considerin
. J 9
H’)e_ |¥er“o, on
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P-Q —+ o‘.ak
r{o. -+ S»bk

3::\3.

To sjrudj its converaence we suwbshilu ke
Y = e (1+8) in the F‘fg}\}—lﬁanc\ side and

vérm o ve C\H cance.linﬁ octors > . One ends

UJ'J s]ru\d:jmﬁ
2
Co + Cpod + Cue &7 + ...

w}’]er\ -Hne.se. are ‘H‘)e gr‘s‘}- *erms' O? -Hie
Tajlor ex)')c.nsion N S OF

(1+8)- Cp+ 9 (4+8)™)
_raose(1x8)%

The requirements Co=1
leacl 1n +urn ‘o

(o) P+tq =r+s # 0
() P +q + qk ~sk =0 (usinj (o))
(2) C{k (k-k)) - sk (k—l) = 0 Cusm3 (o))

With ket , (2D 5[\/65 g= k-1, 5= k+1
{4)  Yhen q‘:\fes p= ky)y o and (2 = k-1

The iterotion with cubic convergence s
Cksdea 4 Crendegyh
(k-1)-a + (k-M)'thk

X
X *

2

9= 3
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Lookin {f::r other H’xirgs‘ T encountered
his i‘teration of the end o? a leter }o my
arents O]p Pugust 1951, T hod added Fhat
T was deji\j‘ﬂ}ed b& this discovery, but that

wa s C-.”: no hint OFO‘ ]’)r‘mo{7 of the cubic

Con vergen ce anc no indico\‘}}on o )'Iow

Cor w}ﬁj> 1 had derived this formula_ So

T set mselp —\-]ne task o() inclin o wa
in W}\ic\ﬂj-}”m} could e clone. Iaf Surej

that ot the time T did it di @.r‘erwlb.
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