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Q Q-Co'our'nnj_Frob}em in +he r‘o*iof\c\i )Olome

“The rajr'aonc} F\one c<:m5':s+s ]DJ de«i()if\i-}r':on o{)c“
the })O'mB N the real Euclidean I)\ome with ‘J'wo
I_Q}"\Ono.] Car+es';am COor‘clino\)‘es, /i)qis no‘}e I devo%c:'c!

Yo o T:rcm(? o() the @ilomrb Yheorem.
Theorem 0 Two colours Sug@:e 4-0 colowr +he ]Do‘m}'s

o() 4%6 )"Oul'iomc:) \Qne Suc)\ H—m)r OmJ —’l-wo ]ooir\}s
ot dis‘_’ance_ 1 E) |

orm . bic)'\rome )’bair.

o *
b

For o.nj 3{‘013}\ ho]cls ‘H'IG')‘ 'Hne +WO 5‘}-0‘;‘6”16"1}‘5:

® -Hner'e exfs% . 2—co)0u.r‘in ]('or -}}qe \Jer*ices

o{? 'Hm gro]’)}\, suc)'\ ‘H’\o\'{' E’OC]’\ ec\ge COY\WE’C}'.S
o ver Hces O-F diﬁperen'l' co\our, and

e each cjclsc I:c\“-. in +he 3)“0)’)"\ consists

or an €ver numbel” op ec\ﬁes,,

cre 6c|uivqlen'}*. The )oroo-f o{) Jr}‘mss equivc]ence
'S ]e@ to -Hve reacder. Here we -g”ow ’T‘Hmns

van der Sommen n LAS}f\j —H'\IS equiva]ence

bb reF)ﬂrasina Thecrem U as

Thearem 1 Consider qu 31‘0}3]’1 whose vertices

are +the ]oo‘ml‘s OF) Yhe. ra)riomgl F)ane and
winose edfjes ore ~Hne Fc\irs of Poin‘}s i cnpcr%.

Ths cjclic Pa%s are o even \enﬁﬂ\.
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We are now Boing to s-)-udv Tmurs of rotional
Po'm)rs that are distance ) aPor’]-. Let tYheir

X - coordinctes d']ﬁoex \Sj &x  and Yheir U-coor‘clina%es
bfj 53 . Pecawse o{) Ve moubucl distance we

hove CSx)l + (531) =1 .

Recause Sx  and SL‘? ofre d;]e%ren ces Dbelrween
Cakional coordinates, ‘Hne:j cre tarional -\rl’wemselvesl
ie. there are n Jro?.a\«:rs c.b,c,d  such that — with

J clenoi—inj Jhe 5reo\-es)~ common divisor —

Sx = &/c , allc =1 , 83: Ip/d , bl d=1
Elimjnanfj Sx and 53 Jie]ds

2,
Oz-dl + bzacz = Cz°d ,

which ‘Le.ns WS -Hﬂajf Ged is divisi}ole b{j C;
o. ang C be‘trg r‘elc«\-‘we\j ]orime( we conclude
thet  d is divisible bj c

S;mi]c\r:ll we decduce cld = d

Elimina 'ﬂ\j d we conclude

SX:C{./C 85: b/c
a? +b* =z c*

alc =1 blec=1

i.Q,} CJLC\ =C .

, 1.e., c=d .

Tecause S}-lar'ec\ ?&c}oh o{/' . ancl \:) s
shared )03 < as  well, we conclude

ad b =1

and  because {c)sr“ all n nzm._%\" € '{0,1§

2
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toe conc\uc\e -@P eaclw //bc\sic. /Pa“mﬁorean 47‘:’}7‘6- '
odd. <

even. o ;é even. b R

The cbove con Joe derived uﬁimj +h e add Hion
low (mod 2) -@r ‘m%ceﬁers

P= ]o’+ P” = <e\xen.JO = even.F] = even.}o“)

Since wWe are deo\(inﬁ with fol-)onq]s, s Veréj

nice +hat +he cbove addition law can be

€><3rer\ded +o F&J’)O?WCA)S \-dl'n"z Odd denommc\4or, iz

odd. (q.q’.q") A P/q = qu( + ’qu !
= (e\ren.}'v = even.p' = even F“)

/Proo{ \r\Je o\os erve

even.P! = even.
{ odd. (9:q"q" )
e\.rer?{. (P'-lq.ﬁ“) = ,2ven.’1<]o"'.?,.?’) | .
= P99 = Prag + phgg’ and the
addibon loaw 1@»* In»\-egersj

I

even. (P q'-q")
-I odd. (q‘-q”)}

even, ]’.‘)

|

{ End o-P /PrDo.F;_'D

The a]DF\‘lca\oili)fj o,f the extended addf)-ion ) aw
1S on] cons}ro\'meo\. )73 odd. (q’-q#): {ér‘ o| we
Ee. C]"C]” Cor T)EF]’IO.PS ane of il's c\iviSor‘S)J

L& We con Sc;}n’s% Odd.c,

can Yo



eWD 1289 -3

Censider  now o Pa)r)w oP k edges ~ with
Ax as the «ﬁperence ol” the x-coordinctes OF
s endPO'nnlrs and Aj as the d;ﬁ%rence o? Their
:j-coor"c\ino}es. We then have -uith some notatione)

L’ ber \"j

A)" = P%}s SX and &J g}\ &D

Qdd'mj -qum 3'\6 5

b
&x—fﬂj = ;/:HHQ:

BRecouse all k Summecnds Gre r‘c}ior\q\ and

their denominators ore  odd we con

write o+k ‘
Pa% - F/c] with Odcl.c]
"RBecause on account og? even.o. # even.h ol Kk

numerators are oc\d, we con now derive widh

'qu T'O\q'iOﬂG\ ex‘}Ension op Hﬁe addition law ancl

MQH\EMO\HC‘A\ induc FHion over \"_

gven, ]o = even. \<

’_Bec:o.u@e ‘@F‘ Cn cvcl'c FQ-H-) AX-:-—AJ =0

and &x +A,j F/C, , We Coﬂciude ‘ﬁ:r‘ o Cjclic
)’)o}lq F 0 | and hence even. k

dem onstirandum.

s qMOCj er‘c\J‘

* *
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The obove ar urnEn)‘ S'Mer' ed o*)‘ H’Je sSession o()
the ETRC {37 Sep)femloef 1999 |, when 1 ka]o)omec)
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+o be in )rl*»e Ne“ver\ands. The discussion was driven
lo:j the note  FvaSes8 ”K\acld"e voor de ETAC.

K\wrinﬁs]')ro]::]eem Q" bj Froans van der DSommen.
The advan age OF his R troduction o? “Theorem 1
s thot Yhe colours have clisa)o}?ec\r'ed rﬁom the
Piclru.re Bﬂ the time the consequences o?
ralriona\i }j are ex]o\orecl. He had started that
&P\orcx]ﬁon, n which he quic\vl Stressecl the
central role o? TQ)&‘iOﬂa] hum:zjers wi})') an

odd denominator (wWhich he called “eddlers”)
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