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Self-stabhilizetion with three-state machines.

I consider N+1 machines numbered from O through N (N >’1). In order
to avoid avoidable subscripts in my text, I introduce for each machine nr.i

a local terminolegy

L = state of machine nr.(i~1)hnd(N+1), its "lefthand neighhaur”
S5 = state of machine nr.i (5 from Meplf!)
R = state of machine nr.(i+1)mod(N+1), its "righthand neighbour".
For each machine one ar more privileges are defined, i.e. boolean
functions of L, § and R. A "move" consists of selecting one of the privi-

leges currently present and bringing the machire enjoying it in a new
state, i.e. Si= F(L,S,R), where the function "f" may depend on the privilege
selected in the case of a machine for which more thar one privilege has

been defined.

We call a state of the total system "legitimate" if and only if
1) exactly one privilege is present and, therefore, exactly one move
is possible, and
2) the execution of the only possible move will again bring the total

system in & legitimate siate, and

N

) successive maves will cause each privilege to be present with equal

frequency.

We are jnterested in designing a set of finite stale machines,
privileges and moves, such that, in addition, the system enjoys the property
of "self-stabiliration", i.e. regardless of the initial state and regardless
of the privilege selected for the next move, il must always be nossihle to
do a next move and after a finite number of moves the total system must

arrive at a legitimate state.

tach machine is a three-state machine, its state being denoted by
O, 1 and 2; in the following "+" and "-"m when referring to machine states,

are to be understood as operations, reduced maod 3

The machines nr.i with O << i <<N are called "the normal machines";

they have two privileges:
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the privilege "5 + 1 L7 allows the move "S:= S + 1" and

the privilege "S5 + 1 R" allows the move "Si= S5 + 1",

i

Machine nr.0 --the so-called bottom machine-- has one privilege:
the privilege "S5 4+ 1 = R" ollows the move "S:= G - 1",
Machine nr.N --the so-called top machine-- has alsa only one privilege:

the privilege " L =R and S #L + 1" allows the move "S:= L + 1",

We observe

0} each move destroys the privilege allowing it

1) at least one privilege must be present {no privilege among the bottom
machine and the normal machines implies that they are'all in the same state;.
if the top machine is not to have its privilege, it must be on account of
S=1L + 1, which contradicls the assumption that its normal neighbour had
nn'privilege)

2) hetween two successive moves of the top machine, the bottom machine

must have moved at least once.

We now consider the N differences between nr.i.and nr. i+l (O <i <IN)
and write a "+" between the two of each pair if the lefthand state is one
higher than the righthand state, a "-" if the lefthand state is one less
than the righthand state and nothing if they are equal. If {he normal

machine B does a move, we have Tivepossibilities

a) " + B C" becomes "A B + C" {a "+" travelling to the right),

b) "A B - C" becomes "A - B C" (a "=" travelling to the left),

c) "A + B + C" becomes "“A B -C" (internal reflection af "++")

d) "A ~ B - C" hecomes "A + B c" (internal reflﬁctjon af "oi")

e) ", + B - C" becomes "A B . C" (mutual annihilatian of MY,

Transitions c), d) and e) reduce the totsl number of "+" and "-" signs.
A move of the haottom machine requires’'a "-" to the right of it and

changes it in a "+": it is a true reflection, leaving the number of "+" and
"M signs unchanged. A move of the top machinme creates a "-" at the left
of it --im doind so it may absorb a "+" in that position--, but on account
of observation 2) it cannot do so in a higher frequency than the bottom

machine absorbs "-" signs,
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In the legitimate states there is only one "+" or "-" sign, travelling
in the appropriate direction and being changed --and thern reflected-- at

the ends.

Self-siabilization is now obvious. A move of the hottom machine

absorbes a "-"

gone to the left and produces in its place a ™" ready to
go to the right. How is the bottom méchjne going to receive its next "-"
in the non-legitimate state? Either because the right going "+" meets

a pair "-=" ("4.." can reduce to "_") br because it meets another "4
("++" can reduce to "_") that could have been created by "--", In order
to stay away permanently from the legitimate state, the top mechine would
have to create two "-" signs for every single "£" arriving at the bottom
machine. But this possibility is denied by our Dbservétiun that between
two successive moves of the top machine, the hottom machine must have

moved at leasl once.

Note. Im view of the fact that a three-state machine requires two bits,

with whabh we can have four-state machines, for whom the problem of
self-stabilization has already been solved, the result achieved here
could very well be totally insignificant., This aspect of minimization of
the number of machine states has reached the stage of a problem in pure

mathematics and I shall not pursue it any further.
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