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Martin Wem relurned ero'rn his drip to Hunjo.:j with
the @‘lowarﬁ Pro\:\em. Let two ):bSi}'FVe 'm\’eﬁers P ondl 9
).>e Siven. We S\’W‘* Imnn o ‘9&3 CG-n}ainins a Fmi}e. hum]:w
o? in}esers. N\n% -Hne \oaﬁ CO’n}'GiﬂS Some 'num)oex', x
Sey , at ]eas-]» hice » & move IS 'FoSS't\:\e; the wmove
consists of replacing n the b Jwo occurrences
o? x ]og ):i:; Q?d X~q resr?c}-ive(tj. Show that

Yhis gome Yerminales.

\rJ}lem Wwe c}'\o.rac\‘erize the Ccm;‘en)'s oF 'Hae lba bj
its c\naro\clerishc F)wnc\'im P — i.e. F%r all x ,%(X):
Yhe num\a@r oP occurrences o-F Phe va\,ue. x in the
baﬂ_. ond use +he mi‘-ia\iz,ing 5ua,rol —wLic\q 1S \'ruue.
bol'nen the eqwa\ion COm Le So\Veo] and Sel‘s -})—xe un\?houm
Yo o solbuhion— the Same Ccom be Wri“&q as g“aws

d_QX:F)(X))Q—-&

P(X-CI), F(X)‘, {J(X‘i]ﬁ) = ?(X—q)-i%, P(x)-.q, ?(X+P)+1

* »
*

To s\m-'} with , We 3%em\'\2e Yhe game: ﬁn’ eac}w move
a hnew Pmr (p,q) oF Fosi};ve 'nu-m\oers hna:j be
c\nosen. ’TUr-\'})ermwe we ex}emcl owr ]orogram with
Mxi\io-rﬂ qrrm:j n , ‘m'.\-ian.:j So}is%ins For q“ X
F(x): n(x), and modified \03 extending the guarded
command with the siclement
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n(X—Q),Yl(X-}P) = 'h(X-Q)-}" » h(X+P) 3 1

In other WOrcls, aﬂ&r ini)‘ia\i'&aliw n(x) Coun)'s kow
mo\n:j 'l'lrms F(x) IS increased.

N‘M\ QC o\egnecl 28 C= (_\:{X:: n(X))O) we have

Lemma 0.
Each n(x) is bounded or ¢ is unbounded .

,Proof. S'mce each F(X) 1S ]oounclecl \')3 -H'le ConSLOm*‘
number oF) 'm‘e‘gers in the Bas > QM F(X) that is

increased an un\oounclec\ ‘num\o@r '}imes is a\50
decreased an un\OOunded Ytum\o{’x‘ v '}‘;mes, C‘a.us‘url3

increases oF n(u) @-,- Some Yo X (Omcl Some 3<X).
Hemce Loe \nowe avr a\l X

n(x) s bounded or (_S_ :j:b))(: Y}(‘Lj)) \S un)oounclecl .
H@nce, ?or bocmded C f]'bore 1S ho ,o«rsesl- X Fo—r‘
which n(x) is unbounded , hence there is wo such

x af all. (Encl oF)(ProoF of L ermma O‘)

[

Since C s \Dounc‘ed QP_S) eo«c)—\ n(X) s \Douncled"

[ ec‘u,ival%‘]' MH—. ,"H'\e ame r}'erminc:'}es *, ond Sne

KPVQ equa\s (‘IQI\'P) VG-,lwe derive Fb'rn Lemmo O

Lemma 1.

The gome {erminates or C is un)bounelec\.

The Svna“es} Volue " -n'ne. loo.a is -]-'he sma“es}' vaLue
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x  such that n(x)>0 , +he lorgest value m the
bas is -}he )arsesl' value x  such "}})a"' h(x))O,

\-\emce, g"‘“ Lemma 1 we comclnde

L@rnma 2

The oome Jerminates or the olifference
belween ?araes} ond smallest value in +he 1:«3 is
un boun dedl.

\/J'n}]n ’]*%e oler{wz‘icm o? l_e/rnma 2, %e O-M)\'i\io«'f\ij
Oxrmn N ]nas. dene i‘rs WW\@.. ’Deﬁning) "a 5019
o? le""@”’* \n" as G Solu:}ian OF ‘H\e equa}icm

{320 and Plrrhd>0 ond (A3 x<ijcxsh: )= 0)

we conclude ﬁfo'\m Lemma 2, because the number

o{) lnx%e»rs v Yhe \oa\o_) 1S Ccrnsx‘&ﬂ;',

L exmma 3
The game terminales or +he \%5'n'\ OF.HW'
\Mges\‘ Mo 15 uhkounded.

’—‘r—‘;haltj we Umdo Sormne o?owr Seznm\iza)ian:
Vel the choice oF the pair b? y;osi)-ive Numbers @r
eacln move loe res}ricl‘eol *0 r;airs (P,q) such
-)-lna‘\- ]'3+q Ry K ch Some K. We %em have

Lewnma4
No gop exceeds the wmaximum o? K oand e
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\%S}k orp Yhe larﬁes" inihial govp.
Cm‘oinalioﬂ o? M’le \as\- ‘WO \@mma&a So\ves }he

H wn Saricm .]orob\em.

gcknow‘edgem%)- O\‘nd Cmcludin& f'e/vnOka.

Thanks are odue o the members o? the “aesdaﬂ
Qﬂ&rnocm Club  with whem 1 discussed m %rs')'
Proo? ?ar Lewma 2 . “That foof used ma }lemalfcal
inoe Hom on +the 'hum)D&r o) ih)leae/rs m the lc)aﬂ.
I O Par)-icu\owlﬂ gr‘a)eg«\ }0 (R-N-’Bun&rmo‘n Forr
the ]o@rsis]'&nce oP his dislike o? the three—case
Oma[:jsis 4}0e \hc\uc\rim S}e/]o Y‘eo‘uirecl; he alSo o]:jec}ed
o Some )\Om&wawna with which 1 draw a correct bout
SwWeeping CohcluSiO'nh F)rcrm “Q )oossi\o\e move remaing

poss}\nle umH olcme .

I \mus\' ac\m‘.’) '\'\'\a\' I ww\d hove \i\?ecl .0\ ?aimla\e,r-
-]'ermina)'ian Proop )l'\'\Onn H\e cne —I ?owncl 'Hnis evenins.
/P&rhw}gs i}' c\oesn'} @Xis}‘: ’Hunﬁarn 8 a %r’ac\ixicmo\l

Source o{-) hcm-'}r')via] Pro%lems.
Co'ns’nc!erina ﬁrs} +he S&nm\i'z.ecl PI"U\O\&M WGS On
]m)omve.m%\‘; TQ\QXiY\ﬁ Con'S'}r‘QinAS could \'Je G e;nm\

¥'ec\'mique Pcrr doinﬁ Ow oy with reclucliones od absurdum.
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