EWD8o3-0

The Tast Tourier Tmhsg?:rm ond the ’Per?ec}' S\'\ume.

This is qu}' oF my Q%H- 4o discover how com):\icq—‘ec\
0\30"3"}‘""5 S»wou‘d \:e Pr-esen-lec\ mce‘b. \Je \')oue ’}riec\ our
hands on SOr}inS n s‘:}u.; n my own. eyes, the <hoice o©
the Fast Fourier Transform ond the Rerfect Shuffle as
next ]orovina 3rounc§s s Qm)D':}ious: "”\e COrresFonclirB ‘}e)t}s
T Saw Q\wu)r nine Hears ago were 0“ very “3‘3’ \m:) own

one no} QXQGPSeA.

'nner'e. are }wo s‘)c:\es -‘o ‘nﬁ.s coin, -_n'-ere 1S Pil’s}l'_-j H’ne "FQS‘}
Fourier Tro.ns{%rm }}Se]?, which Qccom]a)is)ns with o? e order
N'lo‘_c)N o]oem))cms w)m} wou\cl o'}})erw‘.se Fequire o. Number
OF OFQI'G}'ICMS 0? order Na. 1’}' em\ooclies an ihsehicus nven-
):ion, and ils a&equa)e Frcsw*a)mn 13 no Yrivial tashk.
There s Seconcl!j the qu.esl'}&n QP houo do embed the C’.]Sori»ﬂn
in G F;)hikz )o')ece o? eo‘u‘:):me,n)‘: n a sec:]u-e.n}io) machine
with o random occcess memory  we would like Yo mini-
mize -s}orqse cle.momcls, ih & tmachine with Cem current
COM)Ou}ra)ionq} &c}ivi\‘j we wou\c\ \1\« —}o minimize dime
anl Connec}'ivi{\j. M:} Virs)r cCancern was 'Hnere?c‘;re '}o )or'a-

sen} the iden of the fos} Fourier dransform in a way
tha} s eo‘ua":j adequote -For boih ways o? emLeAc\sns W},

The TO.S'\' Tourier —rroms orm

A e e e am o i e o e mm E e e e Ty v

ven -nwe sequence g(d:°$c’< N) » We are l’eques-}ecl

-}O cor'n)ou\;'e ‘H’it sequence ?(€10$£< N) cle[?mec\ L:j
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@ £ =(Sk: 0skeN: AG- x*™

2.K-C .
where A= e /N -_where_ ”c, " s}‘o.n&s F‘.sr 'Pne '1ma3‘ma.rb

unit— and ! §\e” stands Far Summa}ioh over R a ?o\—
Yowed \ob the range {)or k  and the term 1o be summed.
S;'rmijh}?:rwqrcl GPF]im}BOh o? CO) wOu\cl \e.ac\ Jo am
N> Q\Sori}km. “The FTast Fourier —r;'ahsgarm derives
ks speed from the fBob that R evem N XMy,
in order Yo reap Hhal \oe.neﬁ]- all '}\'moug\-\ the ccnm)ou}a-
}ion , we shall reslrict ourselves o the case tha)

N IS a Fower oP 2 .

The Fast Tourier Tmns?orm is most easil:j described as
mMGssSaging in QIQSN s*eps o '}’WO"dimensiOHQ\ Grroay ©
N wvalues. Ini-}ia\b the array Consiss DF the B in
a sinale co]umn; in each s‘-e]-: the number oP rows is
}’\a‘vecl and the number OF Co_\umns is c\ou\o\ecl,- c«ﬁer

2‘:;3 N S‘e,:s we encl u.]:: w'-Hn o Sinﬁle row COn')Ox'm'mg
-Hne N ‘F‘VO«\MQS.

More recisel . with
P 9
m= the number of rows oFeraj c
n = 'H)e number or Columns OF C\rro.b C

we ini-\ialb have

m.—.N 5 n=1 » and C(i,o)=ﬁ(¢') F'or QO Si<m

.
-

we end wp with



EWDR07 -2

mz=1, n=N_, and c(o,\j):{’(‘j’) F::r 053(“

where 'Hle (2\03 n)-\ai)r binorb reFresem-]o}‘:ons o-?\j ounc\j'
are each other's reverse (i.e. the clis'.}s of'”ne one occur
in the reverse order in the other ). We leave Jo the reader

the Veriﬁca‘}'ion 'H\a" ini}iql s"o;e and F‘ma\ s‘-q)c m\-is?b

(‘l) (§£:Os£<m: C(r.',J)-xn‘é'k) = F(nk +3’) For

osk<m and ogj<n

In 'H"e {Z:"owinj descri):hon OF o ¥ Si'ns\e Sl‘elo we s\m“
use )':r'.mes 1o denole va\ues a-ﬁe;- ‘Hnax s)'ep. S'mcc m
G2) has to ke halved ond n (S N/Q.) has 4o be
doubled , we have  wm'= m/2 and n'=2n . We shall
descri\oe ]nouo \95 proPer‘ de?‘mi‘l-ion oP ' a si'elo main-
‘}c\‘ms C‘\) Even k and odclk will \oe c\equ‘ with Ser;-

o«ra)'elb.
k:'&\n_ We \'\ave OS\'KM' . \'\fe ?irs* su\os‘-i)w}e n Ca)s

—— e - ] t
\eﬂ —\nand side s remem\aersns x nem =1

(Sé: 0¢é<m: C("»J)'X n.a.h)
e “ 3 } .
= (8¢ ogeem” JCH N o c(é+m‘,3).x“ (irmd- WY

—

]

(s osé<m‘:(c(£,3) +c(c'+m',J'))- e h)

We de?‘me '”1e even-'mclexecl co\umns o? c! \D‘J
(2) c'(c',j')-_- c(éd)-rc(c'a-m’,i) with Jl=‘7'°.:\’ osi<m'
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g Consequence o{) J':'Zj is J:j with '}\nc under-

| S}andina -)}.q} -nne Primed reverse reFer.s 40 )oino.rb re?re-
senia}ions o? lem’s}k 2103 n' s e 1 bid lonjer thon the

U.n)orimecl yeverse, QS e} TQSu“’ n-\Q-u-j': hl-"\ +3" and

we deduce {’or even J'

(3) (Sc¢:ogi<m: c'(c',J’)-x“"".'h>= ?(n'-\—. +3") ?or

oshem' and osj'<n'

(Ehd a? \_Q__.-: .’_2.-_\3 .)

‘ko2-h+1. We have ogh<m' . Su\osh}ulinﬁ im (D's

""""""" [
m n=-1 we deciuce

\e@~\10mo\ side anc} remem\oerirﬁ X

(Sc: ogi<m: c(c;J)-x"".'cz'h+'))

= (§£:O$6< m' C(C,J)~ xn‘c..(‘z-h-b"l)_’_c(c}m:j).x n.(g*ml).(z\h*,))

n.¢.(2-har) )‘xn-c\ (2-\'\-;:))

= (Scosiem' c(c',J)x _c(c‘+mb
-(Sc:osiem': xn'f-(c(gj)—c(c#m',‘_')))- xnl""‘k)
We define the odd-indexed columns of < g
) 'GP x" (C(C'{j)-C(c'ﬁ-m',J)) with J22:§+1 , osdem’
With the same understanding as above, a comsequence

0? ":'?.-J+1 s h-l-j':?‘ ,\'\ance n--\q-a—"‘":n'-h +h+3..—.

Rh +J‘, Thus we have deduced (3D ?or oclc\‘jl .
(Eha oF kR=2.h+1 ‘)

- en o e i
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'Re\al'lcm (3) >} -n'ne same ane Por +he Primecl qv.c:m}'a\'aea GS
(‘l) s {E:r- ')'he L\n]orirnec\ ornes. —nne s)e,o '}I'iere{)c-re. ‘mm’n)mins
the invariant (1).

A e e e o amm wm— e B =t — — e e e m e — e S e =

1n o Sequen}ial Compulahon we wish Yo wse +he
same N Sl'orase \Oca-l-‘mns dlc: ogc< N) 1o reloresen“'
the successive values QP ¢, but in such o way that
the successive qss'\shmew}s o? '}Dre (2), &) dont desxnﬂ
O\d c—values 'H\a)r are 5)‘3“ needed..

For this Purpose the Qrray € is shored Cﬁ\umh-mse;
..
(5) C(c',J) =d(mi+ o)

Consicie.r the riah\'—\nonc\ sides o? (2> and 4) Yor G pair c;J.
F“ccordina o (5D '“le.n mvalve +he old values o€ C{(m-\j-)-c')
ond o? C{(m‘\j-l-i-}m'). The \e@-homc\ side o? (2) ,i.e. c'(c',j)
with J'-_-'Z-J' , involves Qccord.inj do (5D c\(m'-j'+c')=d(mj+£).
The \e?l-\mnd side o? () ,ie. e'(,\) wibh 22,1+, in-
J J =)
volves d(m'-5'+ &)= cl(\m"C‘ZL')'H)-}c'): ACm i+ m',
-n'le le@-l‘mnd Sides inva\ue *H'le sawme ‘:mir' ) \occ\\:icms
s J-)'ne correspondins r‘us\ﬁ-—\'\qﬂnc\ Sic:\es_-, }\emce 'H\e ‘lrcmsi-
-hon me < *o c" cawn e eﬂ%c‘uoxec\ \03 . Seguence
OE ]’)Qir-\uise QSS'l&hmemH‘ NO*Q '“\Q‘} -Hoe POiﬁhﬁ depemds
on m' and hence diﬂoers ?rum S‘er: to S‘e‘:.
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Ih o c:onCurren\ compu}a}‘aon we w'us\- ‘o use 4\\2
SGme N nodes G\(C". 0$£<N) o? o he}work }o T'e)':resen}'
‘)'He. Successive Va\ues QF c lou} m Suc\n (-3 wa:j ‘Hm\'

‘H’le_ hexWQr\n [ C.c.rnhec;ec\ as SFcrse\J as Foss}}:)e.
Vo ‘\"’1‘.5 PurFose “”12 QrmJ C s S;orec‘ row-wise, i.e,
() SRy ;d(n~é+J)

ﬂccorc\,ina o 66), "Hﬂe Va.\ues \hvu\vecl in %e rla\n}-\’\ah&
Sides o? (2) and (4D owe d(n-c’ﬂ) omd cl(n-c'U'+N/2).
The left-hand side of (@), 2, s d(ntérzy) =
d(Q'C""'*J>)3 the le@~}7and Sicle o() (4) s c!(‘2-<n-c'-t)>+1),
1\"\ 3\10!‘}, the P&?r‘ of Sources d(k) ond c\(k-} N/’Z)
\las Ao Ee CCrmnec}ecl 1o the Qir o? '}-oraek cl(?\q)
omncl d(’l-\?+1) . This comnection Fa}"ern, which is the
Same -()or QH Sl’eps, 1S known as 'Hve FPQ!‘@C* S}\uf?le.

Noke Jhal in the inilial shade and in the (ina) shale <

15 o 'sinb\e Qo\umn or Tow , in w\'lic\n cases ‘Hnere 1S ho

dig?er‘enc‘e )De)ween Yow-~ or Co\umn-wise S}‘or]ha.

Qg&r‘ a c\iscuﬁsion G\-]’ Jr}re 'Tueséob ﬁﬁernocn CIM}D I Wr‘:)\'e
the above with QJH Van Sas-)eren \Oo\tins wver my shoulden

’P\Q\'quys}raq‘}‘ 5 225 —Fébruarn 1982
5631 AL NUENEN )orop. dr. Eclsjer W'Dj\!s-]-ra.
’nle Nen')e.r'lcmcls 3urr‘ot{«3}|s f]?eseare\a R“ow



