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About predicole *mnsformers in qener-o.‘

"_‘j E453erw.D5\<S‘\:ro. ond C.5.9cholten

Considerabions obout the relabion belween ‘weakest

liberal Frecono\i}iont and ’Q}ronses}' Pos‘condihon.s " \ead

‘}0 sSome ver:j sener‘a\ 'H‘leor_b O«‘bow]' )arec[icw‘e -\ransﬁ:rmers.

In the following P and Q@ wil shand for dobal pre.
dicales deﬁneﬁl on a Fossi]nlj, inﬁnixc shale Spoce] ‘,')u pre-
dicale T is de?necl Jo be 414._9_. n all s}-alres, oand the
\oredioo}e T s deﬁned 1o be Ea\se n all shﬂes. Universal
quan}iﬁco}th o?q ‘Fredica;e over q“ S\'Gl'es w.“ )De cle-no;'eul
b\'_‘j Surraunc\ivls ’”ﬂa" ]':rec:l':cc\-]'e b:j Squore brac\tex's._r]\is
convention allows us Jo wse the |osica) Cemmecthives C‘l, ALV,
= =, .-,é) 4o coneruC')’ Preaicqxes me Freciicq}es,
2.3. fP—.:Q is a Precliqglte, —-'_}_r&q._g " '”105: o.ncl cm\:] -H'\c:se
s}a}-es in I-o)'\icln ? cmcl Q ')no.ve cqu.q\ Va\ues-—,w\wmqs
[:P=QJ s a \ooo)ean -—--);ris. ‘.P oma Crnlj EF in each shale
P ond @ haw equa\ volues — .

Tur}hefmore, -F and 3 will sland Fm‘ I)Tedico}e
}‘T&nSFOrme.rs, j.e. Yokal @mchons reomm ]’Drec\ico.)'es te pre-
d.‘cq}es. R]:)o\ica‘l-ion QFO‘ I:reclico}e %f&ﬂﬁ@rmtf‘ will Be
denoled 55 Juxh]posahan, e P—P : ?unchom\ arr\icalmn
\nqs H’ne hi3\ﬂes\- Priorﬂb.

-Le} ? a-nd 3 \De ‘)wo Preclica\}e ")anSFZer-CVS Suc\\ H‘)a"
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(0) [‘PV‘FQ] = [Q VSP] {}or Q“ P ond Q

Such Freclicqste -‘rqnsformers exist > €9 both equo\\ to
the iden*il‘b 4r‘ams\3:>rmo'lion, or [?Q --.T} and Y_s?:Tl
?or ol P and Q . Note that eoluc\‘-‘con (0) s Sywn-
melric in Pcmcl 9 -

Lemmq 0. Equqlion (O) Aeﬁnes o ch'trina {)w (Somej

Frec\ica‘}-e '}r'ca.ﬂs{>c-nrmer'$sa i.e. Pc:r- ANy -F equ.a)ian (o) od-
mits b? ot most 1 selulion 9 -

Frool) Let the pairs  (P.90) and (Rog1) both sakisf

equo.l'non (0), e,

[’PVFQ] =[Q VSO-P] For all P ond @
['P\,FQ]:-.[Q VSIT’] ?Or Q\\‘Panc\Q

Hence

(QveePla[Qv g1P] {or ol Pand Q

On account o? Lemma 1 we cemelude [SO‘P =31 ‘P]
?Or G” -P . (Encl OP ’Pro'a?.)

Lemma 1. Trom [Q V?O] =[Q \Y; ’P'!] For all @ Po\._
]ows [?0 =’P1-_\ .

’ProoE. Su\asx‘.}u]ion QP "fPO or Q :._j‘ue\c\s [’fPO V’P*\} 5
Su‘oshxuhon OF "I’P'\ {)af' Q \'jEe\cis {'I‘P'\ V’PO] . Hence
[Po=P1] . (End of Preol)
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:Begore. Proc.eeclins we in*r-oclu.ce sSome +ermino\o3:j.

A )ore.clico."e ‘}ransf)ormer «F s"‘hsﬁj‘"ﬁ
(1) [ (AQ.QeS5:Q) = (RQ:QeS: FQ)]

'ror‘ on ﬁni}e Gr‘ld ncm-em‘alj SC“S S OP r)redicalres IS
called " '

COnJunc‘hve '. No'xe 'Hr\cvlv, in order 4o prove bhat
F 15 corz_‘)uncl'ave, 1 su??ices +o Prove that -P sq\-is{?.es

[£ (QoaQi) = (fQo A Q)] {ér ol Qo, Qs .

ﬂ Frealica')e ‘!ransﬁ)rmer -r Sc.}-isfjinj” €) {)or E".n se)'s
S s c:o.“ecl !
s S'}'ron'ae.r Prd]oer}:j ']"}mn J'us;' C.or:;)u.nc\"we.. No’re ')’LIG;'
For‘ O umvzr‘SQ“ c.onJUvncl'uve?'”le FrOFer):j [FT] l’lo\cls.

univcr‘sc.]l C.c:rl)unc“‘ave , w\nic)» 'S ‘H\ere-gre

l:_emma 2. ﬂ Con")unc-‘ive ):reclamxe "}r'ansPOrmer ‘P 1S

monotonic , i.e Scxl-isﬁes
LPvQl=> [‘IP('s'P) v Q] ]Q,r al Pand @ .

Cg mare U\SU\Q\ ‘Formu\ Q";On o{) mono'}onic_}l:) (X

IP2>Ql =21{P=3£Q) for ol P ana Q@ )

’ProoF LP. Ql
= '{ )orechca\e Cq\cu\uSS

L GPa Q) =17P]
= {-r s a ‘Func)ion}
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[-r('l'PAQ) P(‘\’P)-_]
{r VS coqunche.}

PGP A PQ) = £GP

= { redicate caledlus}

[ ?(‘fp) v -PQ]
(End of Proof)

In ‘Hne G:rmu\aiion O? Lemma QO we soid "Some" and
':ﬂ- mgs} #; 'Mne.'n were no id\e Precaulic»ns, as ‘}')'be neﬂ

Lemmq S‘TOWS .

LemmOs3 ’Preauzcx\e ‘;ransg:\rmers 'H'\c.‘\‘ SQ"\S?S (0) owre

ManerSQ]I\j C‘.or:Ju\n c)‘sve

E_o_of Let (F ) SG.)*:S% (0) ?or reasons Q{) Sbmme"'tj

l}‘ Su'ﬂouces ‘}o shouo 'H'm*
Tor all P and all S we have

\s un'nversa“:) Conjunc}ive.
[(Pv(AQ:Qes: Q)]
= {_Oh e~ ccaunt o?(O)}
[(BQ:QES:Q) v S’P]
= { redica}-e CQ\Quthsg
{IEQ:QGS: Q v 3?)]
redicate c::.\c;..‘us}
(AQ: ®eS:IQ v 4P
= {cm accoun4 o{’(())}
A Q: QeS: [PV PRl

= { recl.’.co.\'e ccx\cu\.us}
[(AQ: QeS:Pv Q)]
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={ redicale co.\cu\us§

(P v(AQ:QeS: £QI]

T]'le {?urs* and \Qsl' )'mes \De'ms equa‘ -ro,- c\" ’P G?‘IC‘ o.“ S 5
arylic;c}ion o? Lewmma 4 com]::\e\-es the TJFOOF. (End o?

Froof’)

_ﬂ\e hex* Lemmo. can \oe viewed as 'H\e inverse oP -n'»e

)»:.r'evious one.

Leme4: Tor univers«;\\_zj c::rjunchve -P —}-}1&. l:-czir (F),S)
salisfies (0) with g defined by

for all P: [P =CEX:[PvX1aX)]

’Proof. [Q v S—P]
= { because [([PvPRIA1Q) 5 g P}
[Q v gPv (IPvPQI A Q)]

= { recl‘.c,q"e Cq\cu\uss
[Q v 3? v ['PVFQ]]

= {Tareclich ccx\c;,.\usg
[Q vg?] v [PvPQl , hence

(2) [’Pv‘?Ql'—‘)EQV‘B’P] @r c\n ’PG\'\A Q .

LQ v 9]
@ { on G.ccoun‘l‘ OF Lemvna 2?}
[{?Q v 1?('\3’?)]
= {de?‘ﬂih(}h o{) 3 omd de MOI“SGﬂS
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?Q v 1?(9)( LPvPx1:X)]
= {{’ s umiversall con unchive oand de Mor OmS
[fa v (EX: L'?val - Px)]
=3 {Pf'ed-ml‘e cq\cu\uss

fQ v (ex. \'_’PVF’X] 2 XA -fP) v P
"‘{ redicale cn\eulus de MO"SG" n POU";' culor}

[r Q \V ’P:] R \nence

) [QvgPI= (PPl for ol Pod Q.

From (@) and () Rllows that the par (Fg) sakisfies (0.
(End of Proof?)

:Besides 'H\e o.\oove we c\erive c\:‘r‘ec“‘j

Lemma 5. For o Pq,r {? ) SGLS% "9 (O) we have
,(’cn' Q“ ’F): SrP 1S '}-)'le WQo.\?es'; So\u‘\')oh Q? [’PV?('IX)B
cee (D [PV PGP

@ [Py g’(qmj =[Q=24T] {ral Q.

’Eo_of D) Su\os}ilw]‘icm o ‘\3? oar & n (0) Uie\és
[’P v ?('\ 3’P> = [T-_s .
(c¢) Subs}i}'w}inj 216} ?crr QG - (0) Su%ces
on OLCCOuh“' o? [<@$ 8?) b~ C'l Q VS-P)} .
(End of Proof)

Comlbmmj '“‘Ie ‘C\s“ '}wo lemmath we Ccn’\c\ucxa 'Hna}‘
?or umversql\& CWJMV\C)'IVG P *‘12 equql'|0h [’P v ?X] n
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X has o S)’ronaes“ So\u}'lon.

¥* ' »
»

[/

For Frec\ica‘e '1ro.ns?ormer ? s ":oncjuja}e" V* Vs

defined b \ |
n[mv,_—.g)(-ml for ol P

Obviouusl:j, the ccm‘_')u.ﬁde o? ?* Vs F

9 Precl}cc&e '\rqns?ormer ? Sa‘is%;nﬁ
(4) [.F(EQQGSQ) :(EQQGSPQ)-l

for c\n —Pin't}e o.nc\ ﬂon-emP}L\j Sel-s S c:? ?redico}es s
c:a\”ecl ”c\is\')unc}'we 't No}e '”'\a}', 'n order ‘Xo Prove “\a\'

-? 'S c\is\')unc\-ive, ‘J Sumces Yo Frove Fhat {) sahs{%es
‘:?(QO v Q1) = ({)Qo v J‘?Q'l)-.\ Fcn- al Qo,G1 .

F‘ Ffeclioale ")'ro\-ns-ﬁ:rmer P Sa‘hs?\‘j;“j C‘-’a) Fcrr' O«“
sels S s called "u.n'.vers:a“j ais\ju\nchve " which s

therelore ao S')ronaer- Fro]:erb Hhan Jusl- cl‘:s‘_junc}"uve_
No}e 'H\a}' ?or o U\niversalb c\.is\]unc}ﬁve {? 'H\e Fr‘oPerxb

[PF=F1 hdds.

\Je observe For Qﬂb Freclico}e -‘rqnsg,rmer ‘? and a-nj
se} S OF Preclica.}'es

[{)(E)QQGSQ)= (ﬁ QQES"FQ>]
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"—‘-{de?‘mi\'wn OF ?* ond de Moraom.&
[ (EQ:QeS: Q) =(RQ: QeS: 1f7( Q)
= {ne akon QF bonx sides and de Mor cmS
3 N)
[§*(EQ:QeS:20Q) = (EQ:Qes: G Q]
= {inkoducing S de{?n.4 by (AX: GX)eS" = X eSO
[{"(EQ:Qes™ @) = (EQ:Qes™ £7Q)]

bohere S and S Qre OP eq\,\q\ C‘.o.rcl.nc.\ Tr'om "'he qua”:j
?“n irs\' ond the last line in he above amc\ the equal cardin-
alities o() S and S' we comclude
Lemma 6. “For any Frec\ica}e ‘}rﬂﬂsFormer ? we have
({’ S Con\junc\'ivc) =r (F)*‘ls d‘us\)unchve)
Levnrna?. For Qﬂj Freamﬂ)‘e '}rGﬂSPormer '? we \'\owe
C?‘\s univerSca“J c.cm\)unchve>= CF*\S un'nverSalEj AZﬂunc;‘nw) .

EXPf‘ess:r‘aj n (0) ?Qno\ 3 in JQrms n{) ‘})‘leir cynh)uaqx-es

we 0\3*0\: n

(PvafGR)[Qv9CGP]  for all Pand Q

or, rep\ac-.na T and Q ){j Yheir negﬂicms and Q)Orldins
de MOY‘SQn

LCPA'RI-F] = T(QATPI=F] Qurall Pond @ |
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Cons‘nder now G looir o? Prec\icak '}T'Gﬂsgm‘m‘—"s Cﬁs)
Sa\-‘ns%mg
<5) E(’PA '?Q)"-'T] = [(Q/\s‘P)=?] ‘ﬁ,r a“ ’P ond Q

We derive ?fom dhe obove ond Le'mmq 3

Le.mma 8. fPFEC\ICo.‘Ie "}rans-formers 'Hno} Salisg):) (55 are

MniverSanj diSJunc}ive_
Ne derive ?ra-m -}}m o)oove and Le,w.mq <

Lemmo. 3 be‘ universa“b disJunehve -F 'Hﬂe. \Du'ir (?,35
SO\)‘iSﬁeS (s) with 9 C\e.—?inec\ \ob

@r ol V. [5?7- (BX:\:('PA PX)=F). 1 X)) .
We denve Gcmﬂ Yhe obove omd Lemma 5

Lemma 10 For a I;o.:r (?,3) SQ\-is%inj (‘5), we \')o.ve

?or all ’P: 3?. s '}]ne s}rcmaes¥ solution o‘?
[C’P/\Q(‘IX)) =-F]

te. () [(PAPGP) = F)

Nole . Expression LCPAPQRI=F) can also he writben as
LA PARRI). C(EBad of Noted
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ExPressmﬁ,Gna“ﬁ, in (0) om\ﬂ 9 in Yerms o? s
chl')u.Sw)e, we are slmi\arlb \ed Yo the equol‘lcm

(6) [’P%PQJ =[5’P=%Q] Vcrr a“ Pand Q.

Nele ‘H'-o.\' in Con"ras‘ Yo (O) ond (5> Qqu.o‘xao-n (6> is
D__O_} S}Jmme"nc n '(-) G-nol 8 \'\Je SUuMmmaori e ‘H\e. resu“*s

in Levmma 11,12, and 13

Lemmc\ 1. an Pﬁlr (-? 5) ? )orec\ucc\)'c "}ransﬁ;rmers
Sa)'!s%nna (6) ?

universa\lb C\lS‘Junc "nve

s unwerm‘:] c.cm\)&Ancxuve Omcl S S

Lemma 12. Tc:r U«niVQrSQ“J C,c.m\}unc;)‘ive ‘? 5 -)'\'re. Fmr (€3>
sa\-lsg)ies (&) with 9 de(?.ngc! \rab

for ol P2 [gP= (AX[P2PX]: X))

ﬁ:r all ,P: SrP is the s)rtm\cjesx SQ\u}icm o? Y:_P% FX] .

Lemmca. 13. Tor wuniversall dis unc‘ive the ir qj )
— J S 3 g '3
3&\-:9{7659 (6) with -? c&efnec\ \03

Rroll @ [£Q=(EX:IgX=>Q1:X)]

@)f‘ all Q. ?Q s +he weakes} so\u“ton O? [3X'% Q] .

* »
X



EWD813 -10

Now i)l s "hme "!o 'lie n W'u“n owur in"roduc}-Orb remour\s,
which re?errecl Jo weokest liberal Preconc\i\"nons ond s-}rwﬁes}-
Fos)-‘.‘.bn di}i ons.,

Le} ”WIF (S,Q)” dencle the weakest condilion on the wmibial
stale such that Virins S is guaranieed not Jo eslablish 2 Q
Gie S eslcdistes @ or @;\s lo Jerminate ). Note +hal
wlPCS, ?) 15 Q '}o}a\ Fredicc\)e '\‘ra'ns?or-mer and  thal
[W\pcs,T)-_\ holds -()or all slalements S.

Le} ”ch'P,S)” denote the s}ronses}‘ asserhon Suaro‘vJeecl
‘o \oe Vo.\ic\ u?on Corm Jelion when S \nqs \oeen ?irec\ 1%}
an ‘m‘uhc\ s}-cﬁe Sa\is :jmb ’P NO'\e 'n'la'} SFC?,S) 1S a
total predicalte ’}anSPOrmer ond that [a sp (F,9J] holds
J?cr oll shalements S,

With the chove clePini}ions

[P=wlp(S,Q) =Lsp(PSI=> Q] fral RO

1S swee’:lJ reasonable : +the ruth o? Hhe le@-\nano\ side

is the o\sser}'ion tha} the E)irirm o? S n an ”mi)-\q\ 8\@)%
sahsfyna 7 will eher eshablish @ or lead Yo noner-
Yhina":on, 'n)e. ’;ru\'\n o? }})e riﬂ\n)-—]na.m:\ Sicle s “‘te QSSQP)“OV\
Yhal Hhe F‘urha OF S in oan inilia) slate Sc\hsﬁjinj T
\N‘c“ s u.«f:cm ccmn)—:.\e}-‘acm, es‘a\a\‘.s‘w Q

“The ngve re\g\im, "\omeuer, 1S a? ?orm (6) i Qs a
resull we cenclude (?rcrm Lemmoa 11 thal whoCS, 2) s
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umversan Con\)uncxive and SFC?’S) 18 un‘wersa“b

d]SJUmcl'ive. Arom Lemma 12 we conclude
(3r ol P sp(P,S) s the shungest solubion OF [P=wp(S,X)] .

’Fl‘om Lemma 12 we cenclude

'@}ro\\ Q. w\P(S,Q> S -Bw Nea\(es}' Solux"mn 0? [SFCX,S)®Q3 .

rReservalion. Ou.'r unin}\‘.\o‘.lecl quan"‘i{?Cal"ﬂUh "@r Q“ ?oma\ Qh
1% 2 reason {%r Some concern. (End o??eserva\‘ion)
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