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gbsx-ro.c.}. The ?urPOSC oP his ]:a)ocr (R 1o 3'.ve G crisp inho-
duchon ‘o 'Hnrce a\sorinﬂms Por .sor;'ins n si‘u, viz, ins:rhon
sort, heapsort, and smoothsort, The more QOMP\icﬂeé the
o\\sorinmm, the more e\a\;ora}e H\e Jus‘i?‘-ca\'ion For the c‘esian
decisions embodied \93 . In ssing we oﬁ)er o s\::)\& F.;r e
Prestn;rahon o() ncm-}r'uvin olaor'.nnms ‘n\a} seems ’]‘O kavc

‘u\va Meri}s. * *
»

Tnkroduchon and '\erminO\OOih

-“12 Purrcse OF H-.'.s ]oa)of.r is -lo 'lh)lrocluce ‘H\ree. a\aori}"wns
@‘.n‘ Sor)»ina in sita. T\v:cj are deall with in a s;nsle poper so
H’\o} '\-\1e ‘nh“roc‘.\uchons can 3»\0"1 w‘ncﬁ 'Hu.:) \'\Qve. in Ccommon;

‘\'\neb are Presen}u\ n the order OF increaser cgmr\exﬂb.
'“"e YES“ o? 'H'\\s sec"icm S devo'lecl “'0 Hne. l‘ermino\oab ‘]’ho«“
is wsed n“ﬂ:us‘m@h“ s Paper and Jo a ceniral Subo.\sor;-}'hm.

We assume the reader 3o be ?Gmi‘inr with the nolion o?

a “sequence o-f dlemenks  and with the corresponding notions

] ’”»

" L]
o?a. Successor or Predecess:w O? an e\emcn-\ in H’ne sequence.
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We de Bne a -Ch&‘.:‘. 1o be o Pimk, hon-emP¥5 Sequence oP
elemen}s, each hnv’mﬁ <0r OWhinS) an 'm*e er vqlue. Eac\n
element with a successor in the chain is called the :&‘&'

hal successor: each element with & predecessor in the
c\'m'm [} caned +he Son o 'H\a’l‘ ))rcdeceSSQr. The Q\em'ﬂ+
without Fa.l-\ur- 15 called the rooh QF" Yhe chain, the clement
withoul son is called the k_a.g op the chain. (Co'mcidtnct
ofroo* ond 'eo.? means . the chain Beina o ome-element
chain.)

-nng o rin o? on g\emen'} S O recursive\:j de?ined $¢¥
QP clements: the Oﬁ)S’:wins o?q \ear 18 em,:b, he °ﬁ?s)°ﬂn3
of (- ?o.}\wer T 'l“s Son \‘Osenur with -}hq\ son's © S)orins,
E\eme-n; <0 c\omina'}es e\!.mcw} ¢l wmeans 'H\a" <0 )‘Ias o,
value Yhal is o} least the volue owned \53 el ; dement @

dominales o set o? elements means that e dominates

Cﬁc\m ’nncvn\oer' O? 'H’m‘ Se}‘.

For an e\eme& o?& c\no.ln, '\"he red}cqle S;'rong means
Yhal the element dominales its o Spring | a chain is de-
scending weans thal each ?Qn)er in the chain dominates
s son, and we leave Yo the reader 10 convince \nimse\?

Ma}l “chain ¢ is Aescende" IS eolu'.va\lo.n¥ ‘o

“Po. (ﬂe : @ incC: S¥ron3 e)

—

We are '\n\ercs\ecl in ma\dna o c\na'm C AQSCCV\Ains
—i.e. n es\'a‘o\‘:s\'\ana ’\20- wi“\ou\' C.\no'naing n\e \‘:ab u? values
otoned \on s e\emen‘n. —n’le \cﬁ'}er requiremen-} is wnet \n:,
‘“ﬁe ULSu.o.\ "ec\'\-n'-que: va\.ues owneA are c\ﬁc\nseci on\b ‘o:)
‘.qu.F?in? e\emen\- VQ\ues, WQ are in Farh':u\qr in"eres‘eel in

Yhis dask when chain < 'mﬁ'm“: s:a\'xsg)ies
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’P‘l: (Be: e inC: S"rona e or e=rou-\ u?c)

(‘g C\\Qin < Sa}is?j'ms ,P‘i \S, gr iﬂs"ﬂﬂct, {jOfMQA \D:) C\‘\Qnains
‘}}!t va\ue owned \:3 -)he roa'} oF on 'mi]'io.“ descenc\ins c\'\mn
Or b exxEndln an 'mi‘io.“ descendin C‘.?IQih cA rco\ Side ‘)

J ) 3 ) 9
o Furnur e\emenL)

Tn view o? P1 we inhoduce —~with the intention Yhol 3+

be \mo.in‘o\ined.—-
’P’l: (Be:ei_gc: s;ron’se or €=H) s

which -thomks Yo P1- can be estoblished \o:) the inihalizalion

Wiz rool o?c . (No‘e -“sol' vo.rio.ue WS no} oF “moe in\'eaer'
\ow} oF ‘:m:-e e\emen".) ’Re‘qlion ’P'Z 15 o{) in}eres’} Since we

are c.“Ou.:ecl "o Ccmc\ucig ’\DO ?rom

P2 and “w has no son it does not dominale -

L
NO‘Q. ”w \'ms no son i} does no+ dornina;e CGn OCcQur in

more 'H\cm TUNe Wawu: W mmo. )'m.ve no Son o.}' c\“ ar w

may be « ?anmer, \Du} ofF Q Son w\nose Va\ue s smc\n

enoush. (End 0{? No}e.)

The Prosrqm Qs“a\:\is‘hing ’PO s

{’P’ig Wz roo} o()c {’P‘Z: ’mvar\c.\n}'g
‘,(_lg “w has o son s i} does not dominate "

" L3
> Swa)o the values o? W ond € s W:zS

od {'Po}

.—me ‘ﬂm q\oove Prosram x'irminq;es since WwW:=S Yeduces
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}\ne C.a.rdim\i‘b o? w's oﬂ%rr‘ms. Tur{-}\crmorc. relahon T2 is
the invariant vaided the swap establishes

<Be: € inc: Shrong ¢ or e=s)

Tor all elements e such that e#w ond egs , P2 implies
(sl-rons e); since neither the \oa3 o{, values ouwned by the
oﬂ’sprm\s or such an e nor es own value is changed
by the swap, (slrong ) skill holds.

Tor ezw , we observe thal prier o the swap s
dominales i¥s father w on account of the guard ond
dominales ils o?rs]:rins on account o? (P2 and Saﬁw)_;
hence, a?-\cr the swop (s}-rona e) holds.

Tor e=5 , e=s holds. (End of Proof)

The qlsor-.ihms 4o be Presen%& sort the inleger array
m(£:0$¢'< N) nto Qsccnains order.

In se:'}ion sor}

\fJe consider re\q}lon 'FS .Siven \Db

'Pe.: the clements o{) m (. 05¢< h) with
(BE: Asien: m{E) is the ?a\-\'oer o? v (6-4))

gorm o descenc\‘ms chain

'Re\o;\'\on ’?3 s QF inkres¥ Since i} *‘rivBc.“j \no\e\s ?or n=
and enjoys Yhe Froperb thal P ?LE‘(“"- N) allows us Yo
conclude thal arra m(c: 05« N) s in ascendin

orc\er. We can QPF:‘ '“'oe a\sori‘“\m °€ -H're Previous sgg\‘ion,
which leads 4o +he Fo“owinj o.laori}hm, known as "‘mser‘ﬁon
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I/
Sori '.

l[ n. in“; n:=1 {?8: invariqvﬂ}
sdong N —

Lw:int; wizn

> d_? W>0O cand m(w)< m(w-'l)
= miswap (Wwyw-1); Wiz Way

d; nizn+t

——

1
od
2

In the hest case, ie. if arroy M s ascending o shart
wi#h, ’H’IQ Qbove Q\Sori*km s 0? Oraer N . Ih Sehera‘,

)'uouaever, W+ s o‘P order N2 (Bo”\ " number o{) comparisons
and in number o? swn)os).

The O'Eero.‘}ion "Si&”

-r

The notion o?a Choﬁn, in which each Fa-nner has exqu:j A son,

can e Senero\izec\ b:) c\"owmﬁ ?a'uwers 1o have o number o?

sons. The resulkin struclure i3 well-lmown: i} is known as a
3

rooled ‘ree . TLe de-ﬁnihon o-’; °P'FSP”"3 s Senerq\ized oc-
Cordina\-j: ‘H‘te oﬁ)spr'ms oFc\ ‘ea? [%-1 emP‘j, 'H\e oﬂos’:r'-ns o{)
G {’o}\ner consisa's o{) s Sons '}osenter with '}'\neir Oﬂ%rrin'js.
A descending dree is degned as a rooled Iree in which
each e\emcnrdOminq*es its oﬁ’sPrinS.

‘Q descenc!ins tree On..‘)o:)s the Pro]oer)b 'H'zc\} its root

dominotes the endire iree O\ncl.\nence, QWNS & Maximum

value ; the o.rromaemen4 is aMraclive since hthe averace

dis*ance ?rom Hne roo'} Srouos \osqri',km.'cqnb 'ms;em:\ oF
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"meo.rln with +he number o{) elements. This Pac) wunderlies the
exisknce o{) sortin a ori-)-\nms ‘anﬂ are n senerq] o? order
N-loa N i‘ns}ca.cl o?’ o?order Nz.

The oPer—ahon si?‘} es}-qk\is\mcs For' < ‘lree t rc\a“iOn
?4 ’ S'iven b.j

?4: (Be: e 2; E: S“rona e)
Provi ded inihunb Ps ke]cls, w\neu
Ts.: (BQ-. e !_:;Ei s}rons € or gz roo} oP é)

Si\ruo.i-ion ?5 Can, F.’;r ins)‘nnce. arise wunder H-se Fo“ow'ms
CirCumﬂoncet:

circumstance a: the value owned lo:’ the root o?c\ de-
scending dree has been chan eal ;

circumslance b: o litlle {,ores} I clesccnclina trees ond
an Qdcli}lono.l e\emen'} \')QVe been ormed ih']'o & 3Sin le
tree with the addilional element as ibs roo} and the trees
o? Yhe Porcs} as i}s (Grﬂ-senem'})on) Sub-}rees;’

Circumslance c: {rom two descending irees a Single 4ree
has been F'Ormtd L,_‘) "Smpinj" one wupon the other, i.e \o‘j
dec\orihs 'H')e roo}' o{) ‘H’!e one an Qddihonn] 3Ion oP 'Hwe roc}'
0}7 the other,

S‘wen ’PS, oPeru.}ion siF} es}'auls\mes P4 , L€, makes the

'}ree descendins, bb qrra\binj -H'\e a‘sor'p”wn o]() our in}roduc;im
Q\Q'ns o, \‘)udiciousl C"'OSQh c'l"m'm S}'Gr)'ms o}' ‘}he r'oo‘-:
Yhe roo} o(? +he CE&EH s the root o? the ;'ree, the suc-
cessor o? an element in Ihe chain s omong that element’s

Sons in Jhe dree one thal dominates those sons. (Ccmscqum}ly

the ‘eaf o? the chain s one 0? the leaves oF the Yree))
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TProol” Tor e an oﬂ?-c\-.a'm element o? the Yree, sh-ons e
con}-inues 40 ho\cl. Since heiH»er- 'l‘s own vo.lue nor the
vn\uea o? i\-s oWsFrinS \'\Qve. \Deen chq-nsed. Tor e on the
chain, we se)oarq}el:j consider its oﬂ’spﬂna on the chain and
its oﬁ’-chmn of‘?s?rinaz e dominales ils °P'FSF""‘_3 on the
c"nqin as ):epore ond '-‘- ‘\'}\ere?nre dominq}es i;s oF?—c\no;'.h

OWSPrinS because, due 1o }Bejud‘aciaus choice, each element

on ‘H\e cLaO\in dom‘cno.}es ‘l\'s OF)F-CL\D‘in Sons G'? Qn:j).
(End oF 'PrOo-r.)

The greal invention evbodied b si underlies the
9 ha)
{o\\owinb Q\Sori}hms ﬁar Sor}'mé n s‘-‘u;‘“’mg are worskcase

o? order N"osN .

Hea? sort and s MQO‘)'LSQ:\'

In Yheir second P)mscs these G\Sori“ﬂms maintoin PE ,

where

Pe.- (B “J 0$c'<J and qu< N: m((‘)s\'n(\_'\)) ;
which vacuouslb holds Fnr g=N and enjoys the useFu.l
F,.OPQ,.}D Pal  “Pg °..‘.2!.i(°|=1) allows ws do cemclude +halt
arro LLa R |3 ascendins. ’Re\a}ion “P¢ means that
mle:iqsic N)  has ibs F‘mq\ value and thal the rest of) Hhe
comr)wl-ahoh Can L)e Cr.mflne-cl ‘o mampu\a}ina Hne So-~
called "MnSor‘}ec‘ Fre?ix m(c‘:os£<q) . The purpose
o? Hhese W\QniPu\Q}'ions 5 o ensure thal the 'rismrnos*”
element o? the unsorled Fre?ix dominates the elemenls
+o the "le?}kof ¥+, so that q <an he decreased by 1
withowl vio\a‘ina 6 . (Tﬁf +the e\erner."s o? array  m He
order o? increosins Su\:s':ri‘—a\' s rePerrec! ';o s '“'-e order
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?rom .‘g?}. ‘o ”ri'j\n\'".)

-IF non\ir:s is known oboutl the unsorted prefix , one needs
o Com‘pie\e scon aP } Jo locale i}s maximum value, which
}hen can be P\uced a} its rijh\moﬂ Pos'-\ion. The ensuing
a\aori}}am vs linear in Yhe Nnumber OP .qu?s, bt quodmhc.
in the number OP comparisons. I? the unsorted Pre?’:x s
known o be Qscend'ms, hei}her Swo.Ps nor com]oar'lsoﬂs
are needed, but this would be loeasins bhe ques‘-m-n. The
mora\ \s 'H'mi' ?or o vnore eﬂ?ic‘.en-} 50)“}'"13 o.\sor'.nnm we
need somennina in belween: in order Jo ?oc‘n\l;‘cﬁ: the loca-
tion o? its maximum value, the umsorted Freex bhas to
sa\'is% Some re\a}'ic»n, HE\P@\\ ;o hat ]‘aur’:ose bul less de-
manding than \oeinj ccm\‘o\e\e\ sorted.. Qﬂer a Firs’r phase
w“\ich es‘nb’islne,s ‘H’tis re\o.}-'non Qr '”"le en"ire orrqn’ -“'le seconcl
Phasd. Yno\ih)to.'ms i} For 'H’le s)‘ir‘m)\'inj unSor*ec‘ ‘Pr‘e@k.

?

1 e here thal} the des¢¢“¢!;n3 jree enters the T.Hc‘ure:
i? the elements oF the wnsorted Pre?‘nx are the verkices
o? o descending Yree with a known roo}, we know where
'}o ﬁnd -“\c YnaXimuyn Vq\ue. 'T'wo 5wee}\:j reasono\\o\e
C\moiccs ?or‘ -}-\we Y‘oo\' °P 'Hﬁo.* c\escendin +ree Prescﬂ)r H\Em—
selves: the \eP:mos\- or the riah}mos'} elemn ent o? the wn-
.';or}-ed Pre?f:. ‘The ?irs\' c\no‘nce \Qads ‘}0 }\QQPSOF“ 2 H’ie
Second one -}o Smoo-}\wsor\‘. -S.h buﬂa cases s’.ﬂ 5 wsed
in the ?lrs\- Fhase 'Fw buildin Yhe desce-nclm& Jree
C.overins -\-\ne unsorlﬁc\ Pre IX © \Ens'nn N G'nd m -}\ne
secemd \o}msc —-durins which the \ens‘r\-n o? the unsorbed
\orEPix shrinks Yo 1 - {’or W& maintenance.

Note. (To avoid l’em]:ornr‘\j Cr.mgnion, we worn Yhe veader

that the b\nor:j }ree occurring in this nole has nannns do do
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with the descend'ms Yrees occurring outside it.) The N!
dishinct Possi\o\e co:m)ou&o.hons can be qrrnnaed in o
B‘mqr:j bree wibh Yhe grs)' Comparisen 0S its root ond,
c\epene‘.ina on i‘s ou}come, ‘he rest o? Qo«c‘n com u4ahon
in the one sublree or the other. Eadh COmFulmhon Phen
CeresFoan Yo o Po&\n q)rom the root Yo o \e.o.P ond the
Oweraae num\oer o Comparisons 9% Qqu_q] -‘o ‘nie Qverc.ae
dishance OPO». lea? ?rom Yhe rook. ’.Bec:t:-.s.«.se> 'mdepenclcn“b
oF its s]nqpe, this binonb ¥ree has N!' l\caves and, hence,
N‘.-1 "ccmparison 'nodes ", 'H\'us Qveraae dls"once is Yn'm'nmn\
\P the distoances d‘.ﬂ?’er al most 1 , ie. EF best- and worsh-
case be)‘mviour (as measured \:5 %e number OP Ccrmrao\riSQns)
are as equal as \oossi\o\e. Hequr\' Q\P)aroonc\nes such be-
hov‘uour’, m"\ic‘n C-Hnomks Yo S"‘lr\in‘ais ?Ormu\a I;:-n' N\) 18
o? order N-\oaN . Swoothsort is warsh-case o? order
N‘\og N , bul beshcase 0? order N, with o smochth
“'f‘O\"nSi}'iOh \oe'}weeh -“-re +wo. Trom -“\e o.\oove i+ Fo“ows

Yol smoothsort Yequires on the overage ynore compari-

Sons +han )‘leapsor}' . CEnc'} o? No\e.)

neag Sur\'

In heaPsor\' Yhe \eamoﬂ element o? Yhe unsorled pre-
?‘ux s chosen as the rook o? the tree i+ is ?o“owec‘ BD bhe
nodes o? the F"rsl' Senera)ion, which are @“owc& \"3 }he
noeles u? Hhe Seconcl Se.nero.l'-on,e\-c.. (ﬁn exqmp\e 1S O
b'l'ﬂo;r':) dree in which m{(¢) has m (¢ +1) oand w (2442)
as s sons.) In the second phase , in which, s
decreased P"“'“" N do 1 , the volues o? Hhe \eﬂ-mosl-
clement and the rtah}mm’c element are swopped so
‘H\Q)‘ H)e U\nsor}ec\ reF‘nx can S‘wih\« ‘A%Ohe e\emenl"

si

U«mder invariance o Pg > &PP‘Dins to the rook
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M(O) res‘ores '“'e F::\n‘ter/s“ '\nequa\ihes in ‘-\ne unsor-‘ed
)ore?ix Ccircums"o‘nce o».).

The ?;rsl- Flnase maintains thal eoch m(<)  with c';P
domincles +he sons it has. This is Sm}m“a estoblished k.‘.‘)
c\'loosina 'P Su%cien}‘:j }\nsh 'H')e elemeﬂ}s o?

'f'ﬂ(c': FS¢'< N) SO ’r\nen ‘oe viewed as a Fores} o? ‘eowea.
Then ]o [} m?eq\reé\b decreqsecl \"3 1, eoch decreose
bems fo\\owed )’3 on c.]or:.\‘. cation o€ Si@ to m(p)

C‘h e'ne.rql CirCumsx'ane \0) -nle num\:er of) }rees In
Yhe ftorest coverin \m(c‘:\os{< N evem)-uq\\n clecreases-,
when P:O , H‘rej%res‘} has become one \913 Yree ond
-Hne second \o}-.o.se COr 9]’01‘". No\'e H‘\o} an 'milio.“ increas-
'ms o.rrm:j in cm,o'e‘-elj Scrambled in the ?lrs} P)’m“"; ‘}‘he

Second pbase un serambles ik aqoin.

No‘e. Tor s'\mP\ici\j‘s SQ\&Q, n'\e uw\:sorxeci \ore gx is
usu.cdl:j cherecl b:j Q. \o'maf':j Jkree_ Q *erhc‘rb A'ree,

)‘ONQVQH 1eadi '}o Smc:“er- WQer-CG.S'Q. hu.m\oers o{?

Comparisons ond Swaps. CeEnd o? No‘e.)

S Vnoo”’ SO!‘“

-.[n Smoo“)bSor}‘ > 'Hwe. Jescend'-ns -}'ree coverin -}he unsor\'e&
Pre?ix durins the second ):kqse 15 Q So—ca“ed *le@wqrd
rea *. i.e. o dree in W\'\‘.c% eac\\ Son s sﬂuoxecl ‘l"o he }29
o? i“s ?a'n'@r. RS G resun', H\e ﬁj\&mos’- :\emenl OF ‘H)e
unsorted preﬁx is the r°°" °? e }ree and \aencc, domi-
ha}es Q“ o»\er e\emenls OP ‘n'ie. unsor}eci repix, NO"e 'H'\o-"
\egward rees ore the o"\b ones perwmissi le wnder the
constraint thal smoothsort leave an ’mi}iq“b 'mcreas‘ms

ar‘ran U\nc\\anﬁecl 0“ ')'erta\n '»le. COm‘oVAG\;ior\. -T)'tis <on-
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S}‘rain']' is S‘\'ron\ suagcs\ecl B.'j -“ne aim ‘“‘.a‘f smooussor\'
j)jorder N

be besh-case

-Ds n‘a\\\‘mos} e\emen“t domino&i'ns Q“ i}s o'Hners, -)-)12 wn -
Sor}eci Preek con be s}':or"ened by one e\emen" w‘»nwoc.J'
ViOl&‘hOh o? P6 » and i} s here at  smoothsor}t s\mn‘s\j
deviales Prbm heanor\— . 1n the second ]:J-mse, heqrgo.—\“s
'i-ree s trunec\ \ea? ‘D\j \eag, e, @Gc"o ‘)ime 'nmc Unsor}eé
Pre?.x S rin\xs, H’»e se} o? G}‘}!er/Son inequa\i\ies '}o \ae m&in-.
toined 13 reduced bj one. In Swmoothsort's second Fhase,
howeuer, the tree s runed a} its root: i+ becemes a
-Fores)' o{’as many (descenclins) trees as the rewoved
rool had sons and Hus ?oresl' has 3o be rebuilt indo o
S'Ing\e des:endms \e@’wqro\ -)ree \03 the m;mducxlon o{>
Newo -Fz)—\aer/son iwnequq\ihe:. (The ob\isq\ion Jo kee‘o Yrack
0? -}he c\ﬂd\n&lng Sl‘IQPe o? }'\ne +ree }ms no o\no.\osue N
‘EQPSOT».)

The ?ores" A3 -re\ou.i“‘ 'm‘o Q sln‘s\e descendin \e@wo.rd dree
b, C bedly) ino, ¥h } ) J Hh b

Y repeqe 3 Sra?’m? € roo oPo. ree o? e ?ores wi:wn
su.c\'\ Q. rog)- ‘}o H‘ae ris\n og ﬂ- CSi-ﬁ be.\ns a‘a?\iee\ n Circum-
S\unce c). Tor ')'he sa\te o’tonvcnience and con%o“q\;le
w°rs¥-case l':el'mviour —~ nole +hal Si@ s not u? ‘cao«ri}kmic
Yime comka;\-J iF the number o? sons with the same »?a."\'zr
s uh\aoundecl- \n Hne des% n o? Smooﬂnscr\' '\\' l-rc.s \becn de-

cided nol 4o ‘m;'roduuce, Yhers with more than 3 Sunms.
This requires thal ecach (Gther with 3 sons has m}k-ma
bub ils cwn oﬁ?sFr‘mS ‘o its \e@, which is mos? ea.s'sl5
achieved b ma\cina dhe Unsorked rzg-x Phe dree's 'Pos}orchzf
Yroversal. (The ostorder ‘}mversqr o tree is o s ecial

e.rrnu\a\-ion of 1S Ver)-ices, viz. 'H"e co'nca)rencn}-‘non o )r\ne

os\-orc]er %aversa\s oF ‘:"s @rs"-aenemhon Su)a}rees, ?o‘-
vowed bb its roox.)



QngO/ EWD 847 -14

‘Tk.s meons .‘H'oOA '“ne unaor}ed re?ix IS o conca\'cno.hon
o? +he )oos}orcler Jraversals o{-) descending \omqrb ‘recs
Whose roo*s have Vo.\ues ‘Hno} are ascendin in ‘H"nc order
From \e@' %o ri's\nl-. The on‘:} des:'jn decision \e?’* is the choice
which blnard jrees Yo adwmik

_n‘le b‘mcu- h'ees Qc\m‘a‘l'led ore '”'te So-co.“ec‘ Leonqrdo
trees LT‘: : LTO and LT‘ both comuist o? Q Sin\g\e \EQ.P,
WTipe has LT, as ik left sublree omd LT; as iks riaht
sublree. The concalenalion Covering the unsorted Preﬁ?t

shr‘s o& 'Hwe leﬂ winn '}he Posbrder }rcwerso.\ o? »H\e. ‘Curses\-
?oss‘.\a\e Leonarde Free, and so Por the remainder. As o
resu“‘ 'H'ae unSorLeol ]Oreﬁx IS Covered b:j as {)euo Leonnrdo
Irees as possible. <Leonou-clo }rees hove been ‘:)rePerrecl Yo
balanced \Oinurb drees becouse, om the average, 8 Y% wore

trees are needed Fcrr coverage \°3 Yhe lotHer.)

When, in the second phase, the unsorted Fre?ﬁs shrinks,
}wo cases are c\‘\s)'mﬁuis\ne&. -I{) i} ended on LT, or
LTy, that one-lea}’ Leonardo Yree is removed and the
values o? Yhe rooks o? the remaining Leonardo trees are

shl) ascending: i{? i} ended on L-\_‘ s q.r-’-er s\nrm\(in i+
9> +2 ?
ends on LT(.“ and L-]: 'ms'}ead: in 3enem], o three-Free

fores']' has emersecl and Fwice +the \ef‘}-mos'} ree s

sraf)-lecl upon the root OF the Aree immediq}elb do its rislnl‘.

ﬂs N heo.l:sw\' > Smoo-n\sor}‘s Second hase s Pre-
ceded by a {’irs¥ Phase in which the unsorled re?m
. P
o? lenal-h N (i.e. cover‘mj "H'oe w\mo\e orra_j) 1S Pre ared..
1n con‘\‘ro.s“ to hm?sm'} s -H'l‘ns PreParQ‘hon s*or\s éo"\
+the \eﬂ: the \ensﬂw 9 ogj-nne Fre)oqrecl. Prz?:x T
ini"’:a\}‘zed. at 1 and rePea ec”.__) increased ‘ob | un}'il
= N
q =
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The ?irs\‘ Io\'msc's main Yosk 15 }o see Yo W Hhad a.p\er each
increase of) the leonarde trees Covering }he )areﬁx are
desccncl‘.ns. 1?) the Preﬁx ended on LT preceded \oJ'LT(.H,
Yhese trees and the new element are chsorbed in a mew
L-l-;-+2,-1o t.o\nose root sif-} 1S qr:.)o\ied (c;rcumS“Gnce b);
otherwise @ one-node Yree is chclec\, which is descenc\ina
):’:j delinition.

The first phase's second Jaskis Yo see do # that cvenkuall,
-j.e, w)wen q:N-—- H—.e roo*s o-? '}he Leonar—c\o -}rees \'\ave
values that are ascencl;nS in the order ?rom \e@ ‘o r'ﬁ\nl'-.
Ta this Furpose Q Srapinj oFerc}'non 1S tns-zrkc\ CC'N“Cu.m-
stance c) each time the Freﬁx comes 1o end on the next
Leonardo +ree o«F the ?incz\ coverage.

In order Yo arrive ot an Q\ﬁo:-iuwm o? order N in the
best case , & stack records —in both Fhases— which
leonardo trees cover +he Fre?fk . ('Beca.usg coch Leonarde
Yree occurs at most once in a coverage, o bit Sl‘nc\‘,

n {)031-, Su%ces; its maximum |en3§-\- s C\OS N)/(‘Oj(’é*%v.%))
bits .

Conc\u-dinq remm—'ks
L4

The reader will have noticed thal we have Fresen'}ec\ the
three q\ﬁoﬁnwms n decreqs'ma clesrees c{) de"ai\: {)or inser.
Yion sort dhe code has been a'wem n ?u“, desiﬁnins ‘?rom
our clescrsP'h-ion Q& nice Code }or keapsw* is rre%n s‘-m'ﬁm-
{)cu'warcL, \Du& clo'mS ‘H‘ne sSsame or Smoo'}}ﬁor} w't\ Pro\oq\:\j
require o -?eu: c\a:js. (In the case oF heqPSo& one hos
1o design, @r inslance, o siﬂ +ha nicely deals with he
rare siluation o.P o &}ker with o .ssné?e son; {2,.- smooth-
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Sor'\ one hqs 1o desisn, -Vor 'msxow\ce, an cﬁ%cien“ merge a{)
s ?‘ws* Phase‘s Ywo -}as'ks.) We did so on purpose: we
wonted 4o S\VO. descrif,\“uons thad s ONCe well- understood,
can be, remembered.. -j.n VIew c{) -}ha\- soa\ we have omi-}-}ecl.
as much detail as we -\-}'louﬁh* Perm\ssi\o\c. We nvite dhe
reader do qcce)o} tha} n s\-noonwsorps Case so much detail
has been orn'r‘“ed: ceven }odu‘j's S"‘Gnc\a.rcls, smoo¥hsort
15 o {)Q'"lj 30‘;}:\34‘-:&:& Qsorin\m. We have dried 4o \ns}rud

-}}\e reader w‘r\'\'\ow} Showirﬁ him under; we \10?1 we \to.ve

succeeded..

In‘}en;ionanb we }‘nave Siven the }as}" two alsorin'\ms a
less «fermoj dreaimen] than the Grs} one, thus avoiding the
introduction 0? +he machinery needed ?or the {%rmq\
dreatment OF rooted *rees. % should be possible 4o extra-
Po}a‘l‘e w\m* '}‘)’\G} .mac)'\inerb wau\d \oo\v i\<e ?rom owur
Qo\‘.rl FFoer\ ‘*reod‘men; o{) -Hre. c\'\Q‘m, a '\'m‘}men'}‘ 'H’\a‘}
Has Eeen incluelec\ Frec“sclb ?or H‘\a} recaen.

in Vview o? 'r‘s onnxro‘oomor‘o\\is:m we \nave \nesih‘e&

o \on ?‘:mo_ be@rc Q&ofﬁ‘ms the -{E‘k“\ex/sm—\ me\o.]:‘\or;bj
Q?Jcmn?ensa}ion we hawe consistenH re?zrreo\ do o

\MOL%‘
. AN
@ﬂ- er or o Som a&s it

Finall

F‘ cknow\e J&me n\‘s

We owe our usual thonks 4o the members o? Yhe
_ruesdo.n R@ernoon Clubh. For de\-o:.\ecl Comments on an

earlier version we owe our S ecial thanks to W.H.:S.

Tegen, . Meger, C.S.Schallen, and WM Turski .
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