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a Summary c:g) ‘Rarmu\ﬁe Cand o? Some «H}eom).

The Po“ow'm.s contoins nonnin\j new and. nothin cleep.

1'\' 1S wr'rnen i reo.c}‘-on 40 m?\ exposure f}c recen wor’\(

o? CARHoore and o? C.SScholten, in which T needed

all kinds of) (’ormu\oe o? which T was unkil recen‘\'\b,

on\:j vague\.:) awore. Some @:rmu\ae T kvew \onger
hove been included {’or the soke c:? completeness.

ﬂ: we \nove done \a}e\ s un‘wersa\ quan)r‘.?ircoﬁion over
C\H S;‘o;‘es Wa“ ‘oe Cleno;ec\ \0'3 QﬂC\OSLAl"Q w‘.H—\in Square.
brackets. The boolean OFeroJ'ors are in Yhe order o?
o\ecre,asint \Dr‘norl}n: = ANV =2 = To“cwin . SuQQes-
Yon o? an L., von de SnePSc\neu‘r's ., L shall nol rely
on con\')uncix\o#s \':or‘acri\' over d‘\s\')u\nchon: -}he omission
(o] \orac\te;s wou\c\ C\es:iro ’}00 muc\n S mme}r

The leders BP,ATR, LY, ond 2 will Qn\b be used }o
denO'}e Freo\ica'\-es_Tunc}'ionql Q)’ap\ica}ion hos the hiﬁ\'\es*

priority of all.

(@ [P>Q = (PAQ=P)) for oMl P,Q

) IP>Q =CPva=aNn for ol P.Q

@ TOBVP AEBVA) = (BAPIVGBAQ)] (ol TO3B

A Freclic.o}e -\‘rans?ormer {-) Yhod G\is}‘rilou%-s over

COI‘\\‘)L\‘V\C}\QP\, Le. thol sals ies

() PCPAD =0PAfR)l &rdl P.Q

s called ”Con\)unc\‘ive"- Sim'nlo.rlb, a \Orec\ico.xe Arans-

@m‘mef‘ ? that distribules over d\s\)unc\ion. i.e. that
sa\v‘ns?‘;es
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@ PCPva) = PPV PRI Cur ol 0

s called "c\i's\')unc}'we A Fredicak '\'r‘ans?ormer (' that s

conjunc}ive or disjuﬂchve \s \monO'\'on\c, 1.e. scﬂis?‘.es

) P=Q)=>WP=20Q) &l P Q.

For conjunchive ?, (s> @“ows F-crm OR Fc:.r ckis\')mnc}we ?,
(5) g-)o lows g’rCnm (1) . wnore ?rec‘\set Prcrm Yheir cemse-
quences [P=Q) =[1’AQ=’?} and LPa3QR)1=LTPuvQa=Q)
res‘:ec\-‘\vel:j._ . Since be‘mg conJunc-}';ve or d'ns")unchve, is not

uncommon, Ynono“onic. Preo\’ncc."e '}rans?ormers are no" un-

Common,

nn in{)‘mi}'e Sequemce o? rec“ucg}es ?é. ((.'7,0) suc\—\
Yhat (ﬁ i3l Pe 2 PC)) is caled "weokenin " one
Suc\f\ ‘H\OA (EC: (.'?,O:I:’P Cc:'ﬂ) %’? (.:D 1S C:o.“e,cl Y s}ren ‘})mn'm ”_
3 9
9 Sequence 'H'-a.} s wea\<cnin3 or S}rensfn‘neﬂang s CG.“QCl
mono}onm, Qﬂo\ MOno'\‘onic SQc:\\A.Ence.s C\J‘e‘ ho} Uuncomman
since Pcn" m«.)ho}cmic ? -}he SQOpAEﬂCC ?‘ F 15 W?.a\(a

enins ond 'H')e Sequence fc-r s s‘}rens-})’\eninﬁ ~ a3 Can

e Provec\ \o:) mathemalical induchon.

H monotonic Sequence OP frechca}es V¢ has o

\'\mi“. or which we have 'H'le wo G\H‘tho}'ﬁve ex":ressions

) (gi:éao:(EJ:JzE:’PJ))
(Ec‘: 200 <BJJ>'C/PJ))

"For O wea\(eninﬁ Sequence o? Fredlco}@s (?i we \nowe
a Yhird expression %r Phe limib, iz (Eit 2o (Pc‘.)_:,
s‘.ml\orlb For Jr\ne \imi} o? O s\rrensn'\en'. nb Seque.nce o@
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Pre&ic.c}es Ve , ViZ. Cac.': é;o:’?é) .

A redicate Aranstormer -H\c} sq‘r‘us es or an
Sequen\oce o? \orz&icais s dFCC30> g) g) 0

(6) [PQctaP) =Qcize @CPI)]

is called ”'m{"m‘.}e\:j Con\')wnchve "‘, on in 'm'.}e\b com junchive

redicn\re '}rans?c:rme.r 'S Con unc\".ve. Predie.a. e Jrans-
&X;rmer {) '“m\' Sa‘-is@es Cég
Sequence O:P FKreo\‘. calfes ¢ €20 s cq“acL "o__..n_ol_

Pred‘\cq)fe "}I'Oms@;rmer ma.ﬂ \'be O}_p_g\-c_un..

or Omj S;rens'}\')cn‘ung

Comi-ir\u.ous .

)rinuous w‘-}'hou“ \Oe'ms c.on\')unc}iv‘?n

ﬁ Frec\}co\e ')roms{ormer -F '}\'\a} Sq)&sg;!ues ?ur Ow\:)
sequence o? Frea\‘.cq es ’Pc’ (62—0)

C?) Y_?(Eé:d;o:?é) = CEC: cz0: ?C’Pc))]

is QQ“eo\ ”"m?‘.n'.&e\:j c\‘us\)unc}‘we"; Qan in m‘-}e\j c\is\’]unc}we
f‘eokico}e fi‘ram.s ormer 1% c\is\)une}*‘:ve. g Prec;icov\'@. 41‘0«713-
éxrmer P Yhat '.SQ"’)S@QS C’?) g’:’:r an WQCL\'{Q,n':f\:) sequere
o? re.c\ic.o}c.s ’-P?. (c‘?o) s Q.G.“e.c? “or— co-r-}‘muous ".

R Fredicaxre '*rcz'n's{ormem W‘°"3 \oe gi_c:n\-inuous \,\nﬂ-.
OLJ’ B@inb C\'\S\junc ive .

Tor ‘pne. ‘o:\nsuaje —?ro:ynw& ?ro-m "9 ’D‘\Sc:P\ine o?
/?rosm-mm'ms Hhe Frechco}e "rroms?ormer W Cs,M
'S in 'm'»;e\:) cun\')unc}'nve,\'oence CwJunc}ive and cm.:l_.
c:mhnuous. QS =% reSu“ o() \\S honc\e‘rerminac:) '.} S
no‘} dis‘_')unc\"-ve, heﬂQQ hc:A‘ '\ng)mi)c\:j c\is\)unc\"\ves as
o vesult of s noncle}erm'macn ]Deins bounded,
WFCS,?) 'ls,howeuer, c_;r-cohhnuou.s.
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Tor' Predico&e ‘*To‘nsformer -? '|&S ”C.On\')ugoﬁe" F* 3 de ihecL

b
> [?*’P = '1?(1?)] For &“ ’P .
“Relevant Proper’des are

(3) L .F*."P = ??] g)c,-r all gy , ‘e the cw\sugﬁxe °'?

F* 'S -f
(9) (‘? s monox‘bh\‘-‘-) = (f* 1S Vnono’roﬁ'IC)

(10) («P 15 (tn?m'-\'e.\'j) Con\_')unchve)
= (F* 3 (‘mﬁnﬂe\J) dis\sunc;ive)

CH) (? s c_;ﬂ:\-con}'muou.s> = (F*'\s gr_--conk'muou.s)

(1‘2) [(?"3)“? :I.-.({)*"ﬁ*) ’P] {)or o.“ P , e Yhe com usc\‘e
O?O\. ?uncl’iona) Ccrm)’)osi ion s
the ganc"icmo.l C.vmyaosi)'non o?

-}\ne conju3a+e3 .

As o coro“ar‘j we menrion [Féf? - F*é "P]

(13) For a ?redico}c }ro-nsromer —F de{?men\ \on
LPP=(Qco P Lr ol P

e \'ln.ve
[?x'P =(E£:é;0:g*?)3 For N P

* *
»*

Tor wmonotonic -? the ectu.a}-icns

(14) X-. [F X =X] ond Xl [FX = X] \'iqve S}nrnacs\‘ So\u“i ongs
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that are equal , and

Gs) X [.x = Fx-.\ and.  X: [X'—‘-‘?’ PX] have weq\«'es‘~ sc\u“"lons
Jhol are equal.

/Prorer\wjm(‘ls) {’o“ows_ ()rom (14) woth -? reP\acec! \ob ?‘
~see §— . Tor (14) T include C.S. Scholten's Froo?.

’Proo:l With Q deﬁnea \93 tQ:(aX:[{)X%XLX)] we shall
P.rsi‘ Skom ‘H’w& Q ES '}lne s}mnjes)‘ So\ul"loh o? X[?X':%:X}

')frl-ke
= {definikion of QF
[Q=AX:[£X=2X: X)]
é{?redimh caleulus}
[Q%(EX: [?X@X):X)]
={ redicale Ca\c:u\us:ﬁ
CCax: IPX=X1: Q=2 X))
= {}‘erdic.‘a}e CQ\Cu\us:’}
(aX: [EX=X):1Q@=X]) *
= {-r S mono'}on’ncg
(Ax: [fX=X]: [fa=sPXx1)
= { redicate Qa\cdus}
LCAX: TPX=3X]: £Q = PXD]
“—‘-{ redicode calculus}
LfQ = (AX:IPX=3X]: £XI]
%{ Frcd-‘ca.\‘e Ca\cu\uss
[fQ=(BXIPX=X]) : X
= {de?in’.\‘mn o? Q}
Lfa=q)

From H’ne }m}h op H)e lc.sl' linc \Wwe Ccrnc\u\cle 'Hno.} Q \S
a So\u}icm a? XY.-\?X%X‘_\; -})1@. |ine. mquec\ with an qsﬁr;sk
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then shows ‘H’\c& Q@ s s s#ronse.s} SQ\uA‘lon.

Conhnu‘i_ng 'H'ue QLOVG we hcwe

(P> Q)
= { ? 3S mono}bniqg

[ePea)= 2Ql
= '[ Q is Yhe s"mnses} SO\U.}'IQH 0? x[€X$X3}

[ Q={Q)

Trom the druths o? ers\ and las} lines we see [?Q =Q),
S}lowin‘s Q “)0 \oe o sa\u;‘-on o-? X‘. [ FX = X-_\ . The line
mo\r\cecl with an Qs}eﬁs\( ‘\m]o\ies CBX [?X= X) [Q = X]) s
showinj QD e be +the S}ronSeS" SO\M“SOH. (Enc\ o?’Prun?.)

Tor o while we cembinue our s\‘v-d-b o? the equai'«on
X[X:{)X] with mono!‘on'uc; -r’ Lel- Y Be o, So\u.}'lch.

Then we have
6> [(Eeéz0:fF) Y]
G LY P o 4]

We shall give the proof of (16D,

Proot”, -\-\ouinﬁ unirained my usage of) the ';m]g\;ca}ion, T
have Yo observe {?.rs}‘

L(e.. éao:.f)':?) > Y]

= {de-‘zmihcn o? \mP\‘ccq)‘uon and C\Q Morlsc\n&
[ (Bc‘: (f),o: ! -rcF) VY]

= {_Fred'-cde co.)cu.\u.sj
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[(B(:é;o: 'l{”F v Y )]
= {de{zmi'hon Qg‘) '1m,>hca“'ron}
(B¢ ézos PF=YI]
= {?Pedica}e Qg\eu\usi
(Bc': <o [-F‘F#Y:D

We Froceec! \93 mathem ot ca ) induchion over ¢ .

Base. L[F°FaY)
-_-.{de?mi;ion o{’ Jeraled F«Ahg)‘iona) anm]:os'-'honl
[LF=Y)
"“{)’Jf‘ecl‘. cote t:.q\tu\us_}

Hrue

—

Step. [P‘F Y]
> {P 3 "\'r\qr\o;on\c}
%(’(?‘ F) %’P?Y) } }
= {definibion of teraled uncliona) cemm osiben
i @c‘EF% () 3 F
= '{.Y 1S o s:::.\u.}ﬁun g{? X[X:'?X]S
[P"F=aY) .
(End o?’?r'oo?.)

If, )oes'ndes l'bcin mono}unic. » 'S er- conYinuous s
(Ec': f?,o; rc' -‘F) s ¥ e S]‘N‘:msGs& So\u}‘ion q? X: [ X= PX] .
1(’, besides bein monoctonic > S a_v_-_\__cé-. c.unhnu ous ,

CBf: 2Y-3 ?"T) 's +he wec\\tes\' So\'..-."mn o? X-. [X=?X:\ .

We SL\G“ FFOVC 'H":e —Psrs}‘ OF 'H,e. '}WO QLQVQ s)’ax'emen}s.

’M. In view of (16) i+ su%ces 4o show +hal

Cgc': é;o: {)C‘F) 'S (= Soll&}i(m 0? X[X=Px3 \I\Je o\)&erm
?01" C\nj 2:
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L12={(Eiir0 £ ) .

= {{’ 'S or- condinuous ond ‘?CF is o weq\‘en‘m\j sq“eﬂceg
(2= C(Eciézo0: PCRETN]

= ‘[deﬁni‘libv\ o? ‘deroc}ec\ ?’4“9;.“'"“\ c°m]>°5i;.'°h}
[2- (B¢t é30: P FD v £OF)

= {Frediccxxﬂ C.Gl Gu\“sg
(2= (Ee:cpo: §FD)

(End o? ’Proor-)

x >
L4

Qur interest in the equoc;ion X:YX':?X] s derived
?rom our ‘m}en}ion 'Hna): ﬂ“ne, ?mgmm Sesme“}s

(18) do B—>S od C(called "DO") and
(1) Y B->S;doB>Sod | 1 B>skp

be equ‘nva\eﬂn". Ccms}ruc}\n 'Hne wp's and %e w\P's, res-
?ec\-'-ve\:), or (18) and 13) s We c::mc:\u&e -“'-q\‘
wp (:DO,’R \oe = SQ\u.;‘ucn o-?

(20) X:IX=CGB v wp S, XM A (B vRY)
and that w\r.: (’-DO,?) be o solukion o-?
() X 1X = GB v w\F (S,X)) A CB\J'R)-_\

Noxe. WQ o\bserve 'H’\o.*‘ (’20) onné <‘?.13 are )rhe Some
equ.o.‘}lon ig) ["IB A (NFCS,X)= w\P(S,X))-J Fur o.“ X

(End O-F No'\‘E.j

We can rewrile +dhese Hwo Qc(u.q‘icms as
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X:IX=2hX]) and X:IX=2%kX)  woh
[hX = GBv wplS XN ABVRIY for &l X, and
Tk Xz GB v wlp(SXMN A (BvRID for oll X
With "TF" equal Yo "PB->S B we have
Lwp (F,X) = B A wp(S,X)] and LwlpGF,X)= B vwip(s,0],
and, Phanks Yo (2), we can redefine h and k
@D [hX = wp(IF,X) v GB AR §or ol X, oma

@) kX = wp(IFX) A (BYRIY for all X .

“Predi cale '}mn.s{)ormers h ond k are \n?‘mi}e\b con-
k‘)unc’:‘:ve, hence monotonic and  and-continuous, fs

a result w\r.: (Do, RD de?meol \o;
[W\FC'.DO,'R) ':-.(Bc': ¢z 0: \(‘T)l
s +he weakeat Solb\)“lOﬂ c? (21)

Th the absence o-? unbounded honc:\e}-erm'mow.b,

T:creo\;c.a.}e A—ra-nsformer \h s G.\so, or-~ Cc;n;-inuuu.s, o.-nd

as a result wp o, R cle{-},nee\ 19:;
tW‘P (’.DO,/RB —~ (E < c'ao-. \1“ _F)]

is ‘the S'}rgnges} Sc\u}ion o <Q.0) . We remind the
reader thal, with the chove de inikion o? WP ,(18) and (49)
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are , indeed, 4o be regarded as not equ,‘.vq\en3: as Soon as
\Ah\OOU-‘hCIeO\ 'nonc\e')'er‘minac » bo\'\ic\n AQS}!'OJS or - con*mu.'\‘b,

\w.s \oeen i nc\ uded..

X )
%

F\} ‘H‘\Q ‘Dea'mn\nﬁ a? "'}\'IS no'}e. j. thouneea ‘)}m\- '-\‘ wcw.\c:\

condain no‘H'\‘mg new ond no’n\'mﬁ o\ee]:. T wm#e 3)' 'Decomse
‘a‘s can'}enx's Seems ‘mw?{’scien# \«nown. ":Fundcxmeﬂ-)a\
Struckures o{) Com‘ow}er Sc‘nence h\ob \A!':“iam F\.Nu‘?, Marb
Shaws, You) N. \-\i\?ihaer. ond Lawrence Flon (Addison-
\Nes\eﬁ P\"ukl'ns]n‘.ns Comf:qn ,Inc. ‘\38'\) » 'F°r 'msxance,
n s‘oi}e og) s ambibious '}’:ﬁe, s {?:wsr ox.u.'nvors, ond s
more thom 600 es, contains ho'n'l'mg o? Jhe above.
(Some mi‘j\w} cansic\ear "n‘)e. lc)oo\:'s dedim‘icn @mbarr‘asslns-.
“To dhe CTMU Codeer Science Cbmmuni}‘bi Fhis codldn't
hove }la.ﬂoeneci e\semkcre . ". )

Plotaanstraa) 5 2 MQ:j AG32
5671 AL NLENEN ‘:-ro?. dr. Edsoer W.'DS\(SMO\
“The Netherlands ’.Burrouf,\ns %5?.%\'\ Telow .



