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91\ di%ren‘\ notions Q? -}ermino)r‘u:m

f rePeh‘ion "}'erm‘mcﬁes Eor o given 'm'u}iq\ stale means
+hat af’-\er some number o(? Jderohons +s Su.ards are ?a\se.
Tn Yhe ypresence o? unboun ded nom:\e\'erminm.s an wupper
bound. ?or' s Nnumber o? i'\'era"‘nons reed no“ ekis)r)
the canonica) exomP\e be‘ma

do x>0 — Xx:=x-1

“ X<0 — X:z any na‘uro\l number

od. _

So-called s\-mn&-}ermina-\‘.on means thal such an wpper
bound exists. ('1\03 obove rogram Yerminates {’or all inikial
stales, but On\'j S"I‘onalb or X),O.)

Note. 1n Yhe obsence °€ unbounded none\e’:erm’ch‘«j Yermina-

hon 1s always s-\'rcns. (End o? No\f-)

We would like o relate the above rather o-faera}iona\
notion o? Jerminotion Yo semanlics de?inea\ b Pre.&'.ea’m
—}ransﬁ:rmahon. To Pis end we have o co.P’mre. ‘%trs‘r Yhe
notion o{) mochine sloles in derms o? Frec\‘ncu\es.

* »
.

Toint complements

In %e %“ominj TJ ond 0| w'un\oe usad "‘O aEmo‘)e SO~
called "Po'm3t com\o\emen\s " Tor eoch Po'\n" in shate space
there exisks one Fo‘m’r comp\emeﬂ\', ie. a Pre&ic::.\e Phet
1S ?a\se n that Po‘m"f and Yrue Qvel_':jbo\were e\se. We
];c;g"u\g‘e gar Fo‘m‘\' QQmP\emenk

Plxlom Q: [(E P::'} P)]
Qxiom 4 [FVQ]#‘- [FV‘tQ] q-)or o\l Q and Po‘m*‘

COmP\eme'n‘ P .
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Tor o person with an inkuihive GPPT‘GC'IGhOn o? Fo‘m’f
comp\emev&s, these axioms express ‘Sbvious” \Oro]:\erhes
o{) Fo‘m* com]:\emen’rs, ?o'm‘} _Comlo\emen\‘s CnJO:j more
equ.o.ll:j “obvious ” Pr‘oper\'ies. —ﬂ'!ese ,homever‘, we s\'\an
prove ?rom Hhe chove two, thus J\Ash%ina their be;na

#
called "RAxioms "

Lemma O [F"-—"-Q]%[F\Iq]
’Proof)o()l.emm 0.

[]o Eq]

= EFrec\ica\'e QQ\CV\\US}
(p v ag) A(o.w?)}

= {eredicale caleulus$

[PV-‘q] A [6, v 'q:]
= {Rxiom 1, QF?\iec\ Yo both terms§

pval Aalgvypl
= {]or?.dica)re ca\cu.\u.s}

“lpvql
== {\Ol’eclicq-‘re CQ\cu\usE

iF v q-j (Ef\a o?’?rocf O? Lemmo. 03
Lemma . [Q-—:(Epzfp VQ}.'IF)] @;r‘ al @ .

,Proo()og) Lemmal.  We have gbr all Q

Yrue
= {ﬁxiom 03
tQ=Q A(EF:: 1 ?)]
= {\vredica)le. C&\cu\usi
[a=(Epx QA-\p)]
= {Qxiom 12
Qs (E‘a: \-_pv Q) vY_FV1Q3: QA-lp)]
= {T)rec\ico}e calculust
[Qs (E]o: [Tw Q): QA 1\9)]
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~{TPv@I= [ P=QA1P] Gor oll P and @}
[Q=(Ep: Lpv Q)0 pd )
CEr\d o? (PT‘OO? u? Lewmma "\.)

_N_gig. The role of the above Rxioms and Levmmata cam
e in}e.rc\nqnsed.: Axiom O can be proved ?rom Lemmo‘l,
Bxiom 1 can be Frovec\ From Lemmata O oand 1. (End
o{? Note.)

Su\:sh“lu}ﬂns n Lemma 1 1Q ?or' Q Uie\&s,\::j
\tir\'u.e‘ OF Axiom 1

C‘oro“arﬁ QO [Q"—'—Z (B P [\9 \Y Q} \% F)} @f ol Q

Tor \o%er PurPOSes wWe ’neec\ Lemmm'l » w\'\ic\n dena\s \nf-n'l
a situchion n which existential and universal quanhﬁm-

Yion can be 'msrer‘c\nqnaecl.; s xarc:o{) relies on RAxiom 4 on\:j.

Lemma 2. Tor all poin\‘ cOmP\emen\rs P and all sels S
0? ]oredica}es we have

E\OVCEQ.QQSQ)]E(EQQQSEPV QB)
/Prm?of Lemma 2. We hove ?or all P ond S
Egv(EQQmS:Q)l
+ 1

xXiom 1}

[pv 1(EQ:QIS: Q)]
= {\orec\icc&e caleulusy

lpv BQ:QmnS: Q)]
={_ redicole cal Q“\“”S
= {‘:rec\icc.\-e caleulus}

(fQ: P inS: Y_pV'IQD
= {'ﬂ xXiom J\}

(AQ: QinS:n {PVQ])
%+ {Prec\'lco.\‘e CG\Cu\usS
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(EQ:Q'I_QS:[PV Q]) :
(End g?’?mo?o? Lemma 'Z.)

* ¥
*

Let —@r the ime \oeins without Furbher o‘u.o.\i?icu%on oF
+he no\rion (o) -}erminc.\\ion_. wPC ,'P) S}Gnc\,as wsua\)
g’or Yhe weokest condition on the initial state such thal
S s guaraw}eecl Yo es\‘c\\o\is\w R . In order }og%mi\i-
orize ourselves « bt more with Fo'm\‘ complements,
we exF\ore Yhe meanings o? EFVWFCS'»‘H)ﬁ and
1[? vV oawp (S,q)] )

L ek Sp ond 59 denote the single stares in which
P and o‘,res‘:echve\_j, are Pa\se.. Then, wp (S.9)
c\narc\c\-ernes al ini\'ic.\ S‘ro}es Suamn&ed Yo \ea.c\ Yo
o ?ina\ stake diﬁc‘arerﬂ' ?rcmn SO\ . Hence IPVWFCS‘OIY'\
Vs the asser\-icm al on execu.\-'nan o-? g , s}ar}eo\ n

:SJJ s will -}erm'mo&e n Q s\'c&e cliﬂ?ererv} ?rcrrn sq .
onversel:j, 'TWPCS,C.D characterizes Q“ in'r}ic.\ s\-o}es

2 w\\lc\\ lrerminq\'icm ou\‘sic\e Sq Cano} e S“Qfm"

eed.; hence EF YA wFCS,oQ-) s Yhe asserbien that
the class o? executions Poss“lo\e wkeh S s s\'ar\eé in

sp conloins at least one execubion Yhol either @;:\s

Yo derminate eor ends in sq -

On account oF Axiom 1 we have
[Fv wPCS:T)] = | PVwp (s, ™)
and  we 1nvesh3c.*e ‘he 2 exclusive cases.

[F v wP(S,'T)]: in this case —‘erm‘-na}-‘mn o? S when
storted n Sp is Suqranxeed ond \-_\‘D\/ 1\4?(5,(:'3
Yhen means sq 1S @ 'Y.?ossib‘e ?mq\ srale.

[F N I wp CS,T)J'. n this case '\'erm‘ma)ﬂon o? S w\nen

started in Sp s not Smran}eec\ and , on account
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o{? the monohmcﬂj o? wPCS,?), we have \‘_Pv-mp(s,q)]
-For all q -

With some Poe}ic license we s\'m“ c\e5cri\oe the s'.\ma‘fion
[P VoA NP(S,q):\ , regardless of Yhe value of lpV wp CRN

I
as "q i$ a Successor o? P

We are interesied in derwminadion, that is in re_pehhons.
With
TO: do B5S od ond IF LEB-»S&

sur interest in the equivalence
DO and if B ST, DOJ 1B skip fe

con be translated indo Interest in the equivalence c{)
wp(DO,T)  and  wp(IF, wp(DOTH v "B

e, the question whether wp(DO,T) s o solukion
of

X:[x20X) wirh [fXz wp(OFEX) vaB] for Al X.

The ‘Prediccr\-e "rran&?ormer ? cannok be '\‘n)rer‘:re'}ed
as o weakest Fr‘e.conc\i‘r‘uon —iF viclates the Law c? the
Excuded \\‘Urac\e—, :je'} , S-}re\'c\'ﬁnﬁ Yhe notion o€
usucce.SSOr" sh\\ Fur)-\nex‘, WeE s\-.o.\\ q\so c\QSCN\ae ‘he
situation [P \Y 'I?C\} os "q 1S o successor o? ‘-;".
Ca\ric“ﬁ SFQ&\ﬁn‘j we s\'\ou\cl have Ckclcied :wi\-\'\ res.
pec\“ Yo wWp (S, ?) ‘ and h‘w'l}'\') resFec\' Yo g’ reSPec}'wc\y.)
For a Purﬂner 'm)rer‘:re‘\'a}‘\on QP [PV'qu} we consider

qu‘m Q2  exclusive cases .

[PV'B]-. n this case, DO, when started in Sp , does

not \mmedio&e\:j -\ermina'\e and [P V’l?q} meons }\mﬁ

ihe closs o ossible executions o S when started
P

m SP Conlains OA‘ \eo\:’;\ ore execu\‘mn '}\nq'\ e'\)r\ner &%Cs\s

o Yerminate or ends n Sq
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[F’ VaBl: in this case DO, when starked in Sp ,

'|mmedio'\rel3 Yerminates and, as will be shown, sp has
No successSor,

,Prc.'c;{. [ P v "\’B:]

= {leiom 1}
'1[ )o VvV 3]

= {b:j Predicoje calcu\us ?::r‘ an q§
APV (B A rwp(IF,gN -

= {o\e?inilion o? f}

n[]o\!‘l{’q] : (End oP/ProoF-)

_.[n Yhe case o{) nested rePe}'ahons an ingni\'e cumpuiahion
obviousb ‘th\ies Fhat a¥ least one repch)non Fo.i\s o ter-
mina‘e; S*ronser, in an ‘m?mi\e Compu}m}ion pmc‘useb one
repekition displays lnﬁni}e repetifion: its interior repetitions
obvicusli_j terminate and ils em\omcins repe\'l\'ions don't
make progress. —n'iereForc, 'rnves\"lsu’ncns about termination
or ihr[)if\i\'e 're\oe}ihcm o? do B>Sod can be carried
out in i.‘:o\a\r‘mn, i.e. under the O«SSumpHor\ PFrat eoch
achvahon o? S lerminodes . Under this assumphcm,
[PV-;Fq] means thal, oPem‘riona\\.‘-j SPeca\«nS, sq s

Q Senuine Poss‘u\o\e successor og’ sp .

A ”decreas‘nns chain’ is devﬁnecl to be o V‘Ion~€.'mf’\:j
Sequence o]() Pwin‘\' Com]:\cmth*s Suc\\ 'H'm" o? 0“5 Awo
consecwhve Pred’rco&es in this sequence the secomd
one is G Successor o? Yhe F‘ars’r one; o decreasms
Shain 1s said “Yo shtart o)’ ids frs\- \ored.ic.q-\‘e. A
maxnna\ decreas‘ma chain is & ecreasins c\ncx'm 'Hfm*
cannot be extended, i.e. does not end at « Predica}e
with one or more Successors. B maximal decreasins
chain o-F ?mi’re \ens}h -}here{?ore ends ot o Fredicnle
with no successor. The l\lenoth of o decreasinfj chain
S deﬁnec\ as the number o% Prediccz’res in +he chain,
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ABer the above we can now ?(Drmu\tﬁ'e Yhe dwo woin
results of’ this nole,viz,

Theorem 0. Yor un\oounc\ec\\‘j Cor:‘junchve {’ ond any

)oo'm} C omple men'} ré

L PV (gi:c';c: {)‘F):]':'_—
(Yhere exisls on wpper bound, {)or Yhe lenaths
0? Yhe decmas‘m3 c\nom'\s shr*‘:n‘ﬁ a} F%

Thesrem 1. “For unboundedlu conpunctive ,\e} Q
be the s*ronﬁes} solution o XL'-)[{-’XEX ; then J{-)c:.r'

Oma ]oo‘m} comp]emen* F
[ F Vv Q.B =

Call decreasing chains s}arting ot
are o.f 'P‘mi\"é \eng}k) 5 ¥

/Remar\& on nOanClQ)‘U\fQ. ’Predit;qlre ‘\'r&\r\s?ormer {J S
un\ooundec\\a Qe?_")unc\ﬂve meons

(€ @%: XS XD =(@%X:X1S: £X))
-For Q“:j hon-QmP‘ 59* S 0? ‘)redico}es. CEnc\ q?'?e-

mar\f oOn Nomenc cﬁure.)

Nole thal Theorem 4 could hove shated thal @Q s
{fhe WQQ\&eﬂ' Yar!c\‘;co;}e Suc\\ ‘“‘IQ\' H‘le Solu\-ions 0?
I [‘PVQ] ore We“"?owﬂdec\ with resrec\ Yo Yhe successor
T‘Elahon.

We hoave shown earlier - see BEWD822- Yha ?or
monotonic {) ~oand hence {or un\:ounc\edb corl')unc\'ive
\9—- <§c‘:<'30: V‘?) \s of QQ:A' as Sirono, as an solu-
Ylon o? X:Y_QXEX:\ . Tor\-una\\-e\:j, s s com‘o‘o?\ﬂo\e
with "o-? bounded \Q"‘f)}“ ¥ \oe'mﬁ a s’rrcmaer r;ro?er\r:j

Yhan "Q.F Fini\*e \en34k
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In EWD822 we have also shown thal ?or Qr -con¥inuous
? ~i.e. n +he a\b_senc.e ol unbounded hoh(\e]'erminc\c.j__

[Q E(Ec‘:c':;o-. C'F)] CIn Phat cose i} s ‘\rre\e.uo_m} whether
we de?.ne wp DOTY as Q or as (Lo FCT) .
O¥herwise we have do dishinguish hekween wP\o ond
WFF ~or "bounded” and\?ﬁn;\e ‘ ress:aec\"we\.:j— , ¥he
3enera\ g:orm“\qe bein‘_cj

[wa (/_DO,?) = (Ec‘: (3o ?‘F)‘)
[w (’DO,’R}‘—E @1 with @ Yhe stronaest solubon
ot £ X 1px=x)
where ? S de@ned \:J Y_?X = W\'JCI‘F, X) v 1B /\’R]

Tn order 4o prove Theorems O ond 1 we need a
lemmao. connec}ana Q@ ?or Senem\ QR with the succes-

sor re\o}icm N which 15 one \oe)ween \Do‘m\' comp\emen\s:

Lemma 3 FYor un\ocmndeél:j Conyunctive ? and ony
\oredico.’re Q SQ‘r'us%'mb '\‘:Q V[?T] ond ony
Poin\- COm)o)emenJr P

[]ova]':E(E\q: Lpv “£q): Lqv Q)
’Proog. “The somewhal mysterious condition -‘[Q-\V“?T-\

. |
occurs because , in combination with ?5 unboun ded

conjunch\lﬂg, W Q\\Qws us 4o conclude
i ? (if\_q-.{qv-lQ]: o,) = (B_q:[c‘ v1iQ): g)c‘)-!

Th the case 11 Q) Yhe cbove g)o“ovos @om g”s, unbounded

Con'unchvi\b and the Fac)r Phel dhe rance o? q s
ro emP\'j; 1}2) Yhe case E?T] '\'he, Q\:)ovc o“ows \Dec.o.use

“‘nen ? \S \Aniverso\\\b cgn\')unc.\-':ve‘

-“ﬂe Ye\mo«‘mder 0? %\e. \Prm:? ?mceeés os ?o\\ouos.
"\::)r‘ Om.:j P

»*
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Lp v{Q)

= { Coro“&r:l 0}
Lp vi(Bq:lqvQl v g)]

= {Pred-ca\c- and Axiom ’\}

Lpv £ Rq:[qvQ): )

ee ® above
Upv @q:lav1 Q): Pq)l
= red. ca\c.g
Kgﬂ:[‘*“@ pv{Ead)

red. Colc.

e ) o P

= {Pred.cq\c‘ ond Qxiom 4

(Qq:Lpvifal: LqvQl)

—
—

(Enc\ o? ’PTOO?->

We shall Prst use Lemma 3 with PF Gr Q,

\die\dinﬁ —us\r:a Mhe deﬁ’;n}\‘uon o(> ?unc\'iona\ QQmPoSihon -~
Lemwma 4. Yor un\oounded\:) Con\_')unc}'we ? _ motural ¢,
and Po‘m’r comp\emenlk P

Lpv £ Fl=(@a: Tpvafal TqvfF))

’?roos\ —In order "'OJU.SM% '}he QPPea\ Yo lemwmao %' we have
do demonsirote [f‘ T [?T} . TFor <=0, Hus s Iniviel

?or the remaining  cases we observe

rue

= %Pl’?c\ co\c.}
P T
%{ ?'\5 mono’ionic?s
LPF=fm
ﬁ { rec\.r:a\c,g

[ é‘F}% Y_QT‘.\ (End o? ?roo?.)

Tn order Yo rarove —n’leorem 0 , one E)ur\-her S\‘QF S
needed : using Lexnma 4, we shall 'm‘\erpre* [Pv("ﬂ
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W terms oF decreo.s'ms chains.

Lemma 5. For un‘:ounc.\e.d\\-j coll')unchve ? , nokural ¢,
and \Po‘m}r COMP\Qmeﬂ¥ v

[P ~ 1(’ c‘T-"-.\ =
(rhe lenghh of any decrecsing chain
s}ar\'ins o} P [E3 OA‘ ymost i)

Proof. For (=20 the obove equiva\ence Yolds, both
sides \oe‘ms Fu\se ?or‘ oll )—a . Yor the remainder

we Pmceed \o:j mathemalical induction over ¢
‘- o {_‘)é-ﬁ r]
= l)_:,emma 4} .
(Rq:Tpvfq): [qv PFD)
= {dec}'ini}‘ion o? successor Qr\d induc\ior\ \1 fo}-‘nesis},

(ﬁq: q 1s O Suecessor cu? P . the \ens*-)'o of any
decreasin3 chain s)ro.rhng ot ¢ s

; ? ax*Fmos‘\ ¢ 3
=4 de inihon o} decreasin c\\Q‘m s)ro.r‘}in Q}'
(The \enﬁl-\n o? e d&rgqsing chain gar}‘wg

ot s of m:% 34 )
F C (Enci o?fproo?) :
?rc:or o? Theorem O.

[P v(Ec‘:é;o:(?(r)-)
= {\.emmo.. 'ZS _
(Bc: ez0: {pv {°FD)
= {Lemm& 5
(Ec:¢z0: the \ength o? ony c\ecr‘eos'ms chain
| s\-or"\ng at P s oF most ¢ D
= {de?ini\'ion o? wp per ‘Dou.nc\‘s

(Yrere exists an wpper bound gw Yhe \eng-)-\ws
ol ¥he decreo&‘mg c:ho».ins s}rarhng Q\‘ P 3
(End o ,Proo&) o-? Theorem © )




EWD&83%0 -10

Tn order 3o prove Theorem 4 , We use Lemma 3
o second Yime,viz. with -?or Q o solulion oP

Xe [?X‘-_‘- X-} .

Lemma 6. For unbounded\ cor:')u.nc.\r'we ?, Q
a solu¥ion o? X[?XE%:\ and Y;o‘m\' comp\emen¥ P

[F v Q:\E(Bq [FV'\?O‘}‘. Y_q\rQl)
/Prog ~ Since Y_P \Y) Q-_\ = [‘P V?Q] . ‘e a\owe s
no%hinj bu\- "}'}\e univa\ence rom Lemma 3. —X_h orcie.f‘

o 'us}ig) Ye cpveal 1o Lemma 2, we have Yo demon-
S Pra1 e

Frue
= {de@ ni\ior\ o? QS
Q=)
= { E) \s monolonicl
Q= {T)
= q Pred. cale. §
@)1= 1f7) o (EBnd of Proscf)

/Proo? o? Theorem A \We shq“ Prove Theorem 4 in the

chrm o
1{\;: le =

(Yhere exis¥s an ‘m@n'.‘re decreasino, chain

s}arl-inj ot P)

bj s\now'ms -H’ua)r e‘v}her side '\m]:\‘nes 4—)‘12 o\-\ler.
QFP\bmﬁ de Morsqn's Law Yo +he conclusion OP

Lemma &, we obrain

'.E[P?v Q)= (Eo\: [-P v-\fq):-\tqu_})
=1 definition o? sSuccessor
‘1[? Vv Q) = (Eol q 1S O sUucgessor o? P 1T_qv Q])

Hence

‘l[P vQl= (\\nere, exis¥s an in?‘m‘.\'e dec.reosin5
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chain s\'arhng ot P)

Converse\j, et g @,r ¢30 and Y_qOT—:P] be on
iﬂﬁni)fe decreos'mS chain S*Gr}\n‘g oA- P . \,Je \'\cwe,
\-’or any Z

[2=f(Rcizo: qd))
= {{) is unbounded\y Conjundive ond ronoe < non-empb}
[Z2=(Rc: ¢3o: g’?qa))
= { ?re.d. Ca\cg
{2 %(Ec c21: ?(c‘ c))]
= {Tenam'\n '}-he dumm
[2 = <B(': €20 F(q (c‘-H)))j
= {since [ q¢ Vvn ?(q(d-ﬁ))]}
[2 "3 (Bc‘: <20! QC)] ,
hence (9(‘: {200 qc') s o so\u.\ﬁon o{) XY?X%X]
Since. ) » the s}mnseﬁ solu ten o? XT_{-’XE X-_l S -See
EwD822 — alse the 5}mnses} solution o{’ X[?X""—E\/ X],

frue

=‘[ reviouws remarks
[Q:—>(9c ¢20: qi)]
-—Jp{rred. cale. and [qOEP]

[Q= pl
= { pred. calc. and A xiom 1}
2 gp v Q)
(End o?’ProoFo{)T\’leorem ‘\.)
15 Oclober 19872
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