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Ju_"!sjivi)-j ole exireme solulions
\D:j Ec\sser \«‘.’:DB\(S‘NL ond C-S.Sc\'\on'en.

ln-\' rodu c}‘u on

) Pred'nc.o.)re -"ronsformer Yhot dis\‘r\\:u}es over

Con\)unc;-}on S c_q“ed ”Con’ unc}‘wc "; s'um'n\cr\ , one

Yhol dis}ri\ouxes over d'l{')unc}ioh ‘s called "diﬂunchve".

Example. Since ?or A P, Q

[wp(s,’PA QB = WPCS,'p) I wp CS,QB]

?

WPCS, ?) S carl)unc\-ive3 we remind )r}‘\e recader

H\o} W+ os d'ai')unchvc

For de}erminis;‘:c S cml:j.
(End o? EXQm};lt.)

The nolions o{) cog)unc\-iv'.\b and clis\')unc\'iv'n\'j can
\oe ?enerql‘uzeé "\'0 ‘lsxr'\\Ou}‘ion Qver u\n‘uver‘sq\ C‘a‘nd

€x\s en\-iu\ quan\ﬁﬁca\ion T‘eSFec)r'\Ve\:j. —n"le maon.
ners \n w\w‘;c\n w‘.\\ be made rhore Frec‘nse '\oe\m.

“Yredicote Yrans Vormers

wp ond w\\o con be de@‘nec\
?or repehhons as s\'ronses\‘ and WQQ\»(es\' sc\u)r'xon.s
Ves:}oec.\-'ave\:) o?ec\uo}‘aons o? the ?orm Y [“_YEFXYJ.
The \our‘oose o«? Fhis nole 1s Yo re\o}e. Yhe \_‘)unc’r'w'a\
Ero‘:er}ies o? Yhese extreme solulions Yo Hhose o?

'T\r\'ns note dea\s exp\ici\‘lb with con\')uncx"lv'a}‘ onE-_.).
AF ts end we shall shouw Yhe dualil cgns-.gem_

Yions Yhal allow us Yo ?ormu\c\sre Yhe corres»)oonchna

Y‘eSu“—s ?cr dis\)unc\-ivi\b.
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No)rc\\'ions

ﬁ“ 'H'\rOua\q -}h‘.s )rex‘r G Number 0? 'den\‘;ﬁers wi\\

e wused with the €°H°Wi"‘3 \meon‘mgs:

X and Y wl stand sz Fredico}es on Some space

f

wil s¥o.ncl -@,r G Preclic.o?re ):ransgormer w\’r\f\ %wo
argumen‘rs Yhat s \mcmolrcm'nc. mn \Doﬂw s QArou-

ments

wil stand -ﬁ:r o Fredicc)re '}-rans?:rmer with ane
o.r&umen¥ such 'qu} sx s H‘ne s}rongeﬂ'
So\u)‘ion 9{) ‘l‘“‘le equo“ric.)n ¢ [?X Y EY]

will sland {)ar o predicate Yroansformer with one
Od‘sumen}- such Hhal MX s +he 'weo)<es\-
Solu;‘ion o? 'H"e equa\‘non \f‘- [Y = ? X Y}

NO'\re. Since F 1% rno-no)fon}c N 'n\'s :Sec':mo\ < umen},
-‘-hese ex}reme So\uhcms exis\ on Qccoun" ) '\-\'\Q

“Theorem QF Ynaster- Tarski . (Enc\ o? No\‘e)

V
W

X

Y

wil stand {%r o} \oaj o? Preclica)res

w‘-“ 5\'01\(:\ E)or Ca ba-3 o? Preclico}e GIrs (W\hic\w
will be denoted \ob (X.XY) and <>nre‘:> ardered
Fo.rrs)

will s;'a-nd ?or ‘H\e rec\‘.Co\\re S‘we.r. \03

[Xw = (E\_ (X,Y): (‘;,Y) N W - X)-l

wll stand ?or' Yhe Precliccx\e given \'{j
[Yw = (a (X,Y)-. (X,Y) n W Y)-l
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'Deglmb ons

let k be o Predicq\e. Jfro\nsgarmer with one argu-

ment} | %:) h\( 1S Cor::)unc}ive over V" we mnean

Shx ’;:Jres o? conJunc¥\v'-\Lj are '\n)rrod.ucecladepené-
‘ms on Yhe resirickions 'amlzosec\ on V, note '\'\wq}’,
'\—he S;‘ronaer Jrhe res}ric\‘\ons Qan V_, %e, wea\<er~ %e,

BPQ OF ConJunc\‘w'aB.

o] univers& Con\')unc\iv\\b neans Ccm\')unc}‘w‘u\b over

e R e e e

all V

© "_/‘D)PP_“PS}S&* Coﬂunc\’w\‘b means c.on\'_)u nc}'w';\‘\j over

C\“ non-emFb V

- m w e e ]

o de““’!}ero\o\e Con'ur\c\'\vi\:—\j means Con\')unc\"w'n‘j
over o\l non-emp denumeroble

) (E’m‘&gﬁ con\)unc*‘w’n\b means cgn\)unc)-'w'n\:b over
all non-em‘a{tj ?’mﬂe Y

— L B e

non-em]ob denumero.\:\e. V N '\-he e)emen}s o?
which can be ordered as « s.)rreng%-\memna

o Qﬂd-COn}iT\u'\\":\; means Cot)unc\"nv':\:j over Q“

SQC'ULGY‘ICE.

] mcnc*ﬁnic]\‘ rieans COHJU\nQ\-'JVE Qver c\“

— e e TEm e e ol -

hon-em‘o):j ?‘mﬂ-e V9 J-he Q\emen\'s 0? bo\'\'uc\\
con be ordered as a s¥ren3%—\-\en'mj Sequence.

Note that removal ?\"’om ‘he okhove \ish o? either
?ini}e Ct:m\')unc\-w'\\'j or o_m_ﬁ~con\"muﬂ3 ~neither o?
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w\'\'\c\n '1mp\ies -}he other — \ecwes @ve. ¥3Pes o? con~
\‘)unchv'ub \isted n the order of' decreqsin3 strengh.

B:j ff{) er:Jo‘js o certain \‘\DPQ 0? Con'unc\-'wﬂ:j
n its ?‘.rs) arsumen\- " we wmean that e?\f en-

Jobs Yot same x-:j)oe. o? con‘_')unc}‘w'u\:j ﬁ.‘rr‘ o\l Y R

ond Simi\ar\J ?or i\'s sSecond arﬁumef:!“-

Besides €'S conk)unc\-‘w':l‘?s in irs individual

oraumen\s, we ‘niroduce so-called “double
Con\')unc\-iv‘u\' " —in the same six \UFeS—-. With

"

?'\S dou\:b COhJL\hC\"lVQ over \/J we meon
Lg% Y = (RO wMW: PXYI L @

In the case o? double Oﬁ_-con\'\nuib and double
mono¥onicib the notion "S\'reng%en‘m g should he
Yoken element- wise : ”(X,Y) \s as 31‘0:03 oS (X‘,Y')"
means | XX'TADr=¥)

Examples. fDOM\D\e Con&‘)unchv‘a)-\j 1S ‘no}‘ sum)\ o wun-
\i\te\:j PmPer\:j as 3} m'aj\n¥. seem al g)irs} siﬁ\n\-.
With k0 ond \(1 En\_‘)o:j'ms Some }JFe, o{) conjunc-
w v':\-:) 5 de F‘meé b._;j

LEXY = koX Ak Y]

WJOD.S ‘he same \‘Jpe o? c\ou\o\e con\}unc\.]w\-b;
so does ? deg"necl \o.fj

[?XYE]_F'B-»MOX 1°-B—= %Y &7
(End o? EXQmP\es.B
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The rvesulls -

Theorem 0. fin ? e“,_)c'j"“ﬁ Some x-bpe o{? dou\o\e
can\junc)"lv‘l\d en’ 0.35 the same }er o‘? Ccm\_‘)unc}‘-v‘:\‘-j
in both i}s o«r:ﬁumenxs {)cr all ‘c:ers excefﬁ' universa
condum c.\-ivﬁ\-v .

—Tbeorem 1. Qn {) 'H‘»o} S Ond-conhnuous Qr mmong -~

Yonic N both 'n}-s c\r‘Sumen\'s en’ o\sjs r\-he some \L‘jPe
OF dOu\ole cw\lunc)ﬁv‘.\:\j. J

?emor\(. —Xn view o? “theorem O , ‘phe @)rmu\o}\oh o?
Theorem 1 could hove been extended with "and
vice verso . CEnd o? Remark. )

ﬂn)e.orem 2. With ? er:joa$n3 dou\o\e con\}unc\r'sv‘:\:.) QP
Some ¥3Fe , h Q"JOSS Con\:)unc}"\v'l\‘n o? the same
\Dpe.

—n)eorem 3 \'J'd-\n -? eri)ocj'mﬁ dou\o\e Ccm\'}unc:"iv‘nb o?
Some \":j]ae, 3 e':)"j‘-f Ccmjunc\"uvﬂy o? Hﬁe same
}UPQ_ , (’or all }npes exce\o\- universal c.c:njunc\'ivi’r:‘ and
g_qg:\- cohhnuitj .

’In some o?Oul‘ cmsic\era\-icns -F and W w‘n“

be O::mnecxea\ b:j
A OO wM: LEXY=Y]) ().

Theorem 4 Wikh en\')odzns un‘uvers.o\,uhboundeé,
denumerahle or inite” double con\')unc}ivi\b and

W 0{? bhe correchmcl'mS )f:j}:e ond so.\-is?bin:) )

we. have

AN M Lo Xw = T A a X1)
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or, o[“'ernahve\ﬁ,

CEQHL): (XD e W ng =YD = {3 Y =Y )

The. Proogs

In manj Su\DSQquen} Proo@; we sha“ ccms"rue*,
3‘|ven a V » & Specia\ W thot suibs our \aur\oose.
“These construchicns beh:ﬂ simi\ar, we can connect

universal quanki fications over Vo and W by

lemma O With V and W for some k So.\-'ts%jinj
(X)W = XV AD=kX]) for ol XX G

we have for any predicale dransfarmer g with dwo

argum ents
TR wW: g XY )=(@X:XwViq X CkXN] &)
with  }the sl:»eciq\ coses — [c\ XY =X)-

[Xw = (EXXQVXY) (s)
ond - [qx\( E:Y].._
LYw = (AX: X inV: kX)) . (6)

(Lemmmo. O is neither deelo nor be&u\-i?u\; W \')us}
comes n \'\o.-nd:j.)

/Proog. We have Yo establish (4); in order Yo do so

we observe ?or all 2

[2 =AY (XY 1 Wi g XY)D)
= {33}
[z =R XY : XV ALY= kX): q X YD)
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= {YJTECL'ICQ\'Q CQ\CL&\U.S&
122 (B X: XwV:(AY: Ty= k X]: o XY M)
= {Predica’re calcaus §
[2=(RX XwV: q X (XN .
(Enc\ o? /Proof.)

’Proolfg? Theorem 0

On QCCDuh\' O? -"}1e S:jmme}lb I\' 30.?025 )‘0 S}IOLO
'\-}10& ? %JOJS 'Hie O»Fpm?ﬁo}e \‘:j]::e. Cun\')unc\-ivi\b

in ks ﬁrs& Qrsumen\-, (-
L€ @X%:XuV: XD Y = (AX: Xin V: £ XY
{'or ony Y‘ and opproPr‘na\re V. —U'!e cruy o? Hhe

o\rsumen)r S -}he. Cons\'ruc\-ion o? on O.FPrOFrio.)te

W , and then o ex‘:\oﬁ {IS double con'unc\-‘nvi\b
over ‘\‘ha\‘ \'\l We FrOFoSQ )‘O Cons"ruc} \\-\)l b-j (53
with

LkX=Y")

No\e H\o&- N .’“1?- c\QSS'uﬁca\-‘ncms /’hm—emp\- /

C\enume.ra\o\e/ ?m'o}Q/ S}renﬁvpnenin ’ \i\} \S r;ij e
y

Soame \-\er, as V . \rJe Now observe %r‘ om.D 2

[2= £ @X X VX Y]
= { (s} |
[‘2 = ? Xw Y'Y
2{\/ 1S non—emp‘ 3
(220 Yu (XX VoY)
= 4(6) ana ThX=Y1DT
[ZE? Xw Yw]
= {? dOu\o\j cc:.n“)unc.\'we over \/\l, i.e. (‘\).S
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L2= (AOON: LY w W: P X))
= {(4) with ? @::r q ond [\(XEY‘}B
2= (EX:X\_@V: g) XYM
(End o?’?ma? oF'Theorem 0.)

/Prmal? of’ ’nlg_orem 1.

We associate with }the s)tre.na}henin sequence o?
]oreclieer porsrs CXi, YY) -Fof Osi(sN ¥he s‘:rengéh—
en‘mj sequences Xi and i with the Some non-ermp\u
ramae. Under e QSSumP}ion o() “‘\e QF?roPria"e con -
Junc)‘wi\n in Yhe 'mdividuq\ orjum-en}s, we \-.ove Yo show

[? (E\_i::Xi)(Bi::Yi) = (Bi:; ?(xi)(Yi))]
Vo +his end we observe For ol Z
[z=0 @i=X)(QixY)]

={? QFPmPriah\n cOnJunc\-‘we in s 1s} o.rsumen§g
[2 = (E\l ., Q(Xi) (9_‘.) YJ))]
=.{€ o\PProPr‘ac}c\ COT)JMYIC\"IVE. wn s 2nd o.rsumen}?]
(2= (R (Xs)(\’")))'l
:{ redicale co\cu\uss
12 = ,isispPXOG AR i,j;)si:?(Xi)(YJ'))]
= {Prec\}cde caleulus]
[2 ‘.-E(BJ:: (Bi: } sj: {)(Xi )(YJ))) \ (Bi:: (B\}:\)SB:F(XE)(\G))))
= {{ is monotonic in either argumen} and Xi and
Xj are s}renan'len'mﬁ se.quences}
[2=(9y= F OGN A Qi CxCnMN)
= { predicale calculus}
12 = (A F(X‘-)(Y'.))]
(End o?’Proo? og;'rhecrem 1.)
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S'mce. —\-he_ ‘remc\inina -H)eorems c\ea\ w‘.}h extreme

solutions, Yhe ¥ime has come o caplure the proper-
Yies QF % and o? h %rmo«“\j. “Thanks o Fhe

Theorem Krnaster— Jarski we coan srote

[?X (3)(3 = SX‘_X ?or all X (7)

AY: 1L XY¥Y]: {SXEBY-_D Gor all X

(8)
LhX = €X X)) Ror o\ X (9)
@Y OXYLIND WX for ol X (10)

’Be.@ma emburkin\ﬁ on owr Proo?s proper we Presen\-

dwo lemmata.

Lemma 1 With ? dou\b\\j conJunc\"we over W and
W such that

QO (AN 1 W: LEXNY =2Y]) (2)

we have
L2 X% Y =)

()
/Prueg Yrue

= {{) d0ubl:j CCM\‘)'«AWC\"NC over W, hence (‘DS
[€ Xw ¥ = (RO i W £XY))
= { ()
L8 %w Yo = ANMOXND i WD)
= {de??n'uhon o? \rw}
[? Kw EYw-l

( Cnd o? /Prc-o? )
«? dou\o\:) ‘mono}-onic, 3 oncl »-1

ore MmonoYonic as well .

Lemma 2. \J'\“\
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Hemark . Note Ihat Lemme 2 18 subswmed in “Theorems

2 and 3 ; W} s vaed seFo.rq)re\ Since we wish }o

use i+ in the ‘oroo?s o? Yhe g)u“ 'H\eorems. (End Q?
Remark. )

/Proog. Theorem O tells us Y‘haot IS wonoronic in
both its Qr‘aumEn}S~ We oloserve R?or‘ Om:j X0 and X‘\

LXo = X1)
%{ \$ monotonic n 'l\‘s 45" ar u.men}"i

L2 Xo (g X)) = ? XA (3 %) |
= { (33}

L€ Xo (g Xad=> o X1]
= {(®}

[3 Xo = 9 X1)
and &lmilor\j

LXo = X1
= {? S Yncmo¥c:nic n ibs ’\s'}' Or Jum en}g

L€ Xo (hXo) = £ X1 (h X))
[h ¥Xo = € %1 (h Xo))

= { (10D}
Lh X0 = W X1)

(End 0? /Prco?.)

’Proo g O-.E —Th eorem 2

Since per:)obs Some bPe, of deuble cor:_'junc\-‘.v‘.\&

? s c\ouu:j mono\‘or\}c; hence -Lemmq 2—~ h s
mono'\-onic.
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Ih order }o shouw 'Hno’r ]n 1S ccm\‘)unc\"we over V, e

Th (BX:Xw VXY= BX: XwV: WX
we show that either side ‘nmP\ies Yhe okrher

() Recause h s lmono-\-oh'\c. we howve

(i) Vo s\'nouq the '\m“:\ico\}'\c:n in +he other direction
we conskruct a bag W accmd‘mﬁ Yo (3D ,bur

H’t‘ns )r‘ume. with h g)or % . Since \) is monoknic,
to o V ordered os o s}renﬂ-n'len'mé Sequence

corresPcmds e W ordered as o s renséhenins
Sequence ; sSince , fur”’wermcre, W is as non-em)o}b/

denumero\oie/«ﬁnﬁe as V., N oand W oare o?r}\we
some \-SPe.

Because [Nz hX] '\mpl\es on account o? (9)
Ly= ?XY], o second consequence o? our choice
o? h ?or k s el W SQ\isees condition (2)
o? Lemma 4 5 hence (41) holds. RAnd mnow we oh-
serve gor ony 2

= {06}
[2 = Yw]
S {(11) ond (1)}
22 h Xw)
= 1¢5)%
(2= W(@®X:-XwmV: X))

(End o?f?mc? o? “Theorem ')..)
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Yhe remoinin ')WO l}leorems we rove _Thﬁofemll
Grﬂ since thot 1s the heart of Yhe woatter: provided
thol among o bunch o? solu¥ions at least one s the
S}ronses\', their comjunchion is a strongest solution.

Once Theorem 4 has been esh\:\is\necl, ‘he pmo?of

“Theorem 3 s o walk-over.

/PY'OQ-'?QE —]\120rem4

’I.Y\ order %o e.shuis\n [3 Xw = Yw /\3 X}

?ar‘ on x Suc\'\ 'Hw}, ?ar same, \(_ (X,Y) ‘3_9 \n] , We
eshoblis Mol ether side 'mp“res Yhe other.

() The conditions o? Lermmo 1 \oe‘u-:a so\hsge&.;
we conclude 'From (411) and (3D

Lg Xw = Yu )

With {) dou‘o\:} ConJMﬁC\‘iVQ ,)\emce c\oublb mono)ﬁnic,
-...\_ewnm-.c-A 2 —~ 3 S mono§0n‘uc , ond on occ ount o?
[ Xw = X] —de?‘mi\-icn og ¥~ we cenclude

Lg Xw =9 X .

Comb\na}'aon Uie\ds [3 Xw %"\rYw AN 3 X]

() The crux o? Yhe Proo? 0? v A SX = 9 Yo
cons‘\s\-s 0? rewrﬁ-'ma this as [SX = 3 P \/"\Y\d}
anol showinj ~see (8)- thot SXw v o Yw

So.\-\s?ies "r\ne Qqua}ion 0? w\'uic\-\ SX s +he
s%-rcnges)r solulion, ie. o? s\\owina

[?X(SXNVﬂYNBQSXwVWYw} Y

To Jhis end we observe
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Yrue
= {(}
L f? Kw (3)(\4) = 3)(\.4')
= {{’ 15 monotonic in both ks oraumen\s ~Theorem OS
[F(XAX\») CSXN A YY) D 9 Xw )
={ redicale ca\cu\usk
[@(X/\ Yw ) ((5 Xw vV aYa) A Yw) =5 ) X}
= {? 1S dou.\dj CQnJunc¥iVezj'
[{JX(SXNV'IYN)/\?Xwa = XW]
={(1'\) ?f‘om Lermma 1 , CQ) beinj Sq\isgeda
LEX (SXw vaYw) A Yu S 3Xw-l
= { Pred‘n cote <al ca\uss

(12 (End b??fbo?o?%éOme 4)

’Proog og Theorem 2.

We C.Ons’rruc)r c \00:3 W o.c.c.ord‘urlg Yo (3),\09\\-
Yhis x“nme with 9 ?or k; W beins os non-emp\.j/
denumera\o\e/ {?’mi\‘e as V., V and W are o? Mhe some
bype. -

Becme IYE SX] \mF\}es on accoun‘\ o? (?)
[? XY=sY]), (20 s So.\-‘»sﬁea\. ond Theorem 4 is

QFF\;ca\o\e. Swnce W s non-emPB, we conclude
?mm 'T\ne.ore.m 4

Lg Xw =) . (13)

And now we observe ?ar oy 2

iz2= (EX:XU_)V: 3)()-]
= {(6) o? Lemmo. O with ) F‘i’" \‘}



EWDB490 -13

[-Z ’iYw]
= {13}
L2 = g Xw]

{(5) of Lemma 03
[2 = 3 (BXX i_'gV: X)}

The above argument deds with unbounded, de-
numerable , and ‘%'mﬂe Cor‘\.')un:}'lv'l\:); the cese OF
mono‘ronimb "S covered b:j Lem-mo. 2.

(Encl OF ’PPOOE o? 'The.orem 3)

§u@\emen}gr5 remorks about the -}'\'\Lgrems

Theorem 0 's exce»f;hcm 04? univerSc\\ con‘unc\-‘wi‘r
\$ \')u.s\“-?iecl: ? Swen ‘).j [? XY= X ﬁ\(] '18.5
U\n')VefSQ\B c\ou\o\ con’ umc)r‘nvc \ou.)r no} uniV&qu\\

Q 19 39

con\‘)unc}‘we MOaTS 'lhd\v‘uduo;\ erumtn\'s

_The.orem ‘\'S fes}ric\"aon )ro and-—Con*inui\D and

Vnono'\-on'uc'.l:j s J'uS}"lgeA: F_— wven b
[? XY= XvY]l s univerSe\\55conJun2¥ive n its
individual o;r‘aumen}s bul not even ?in‘.}eb dc‘u\o\:j

Con\)unchve.

Theorem s excep Fon o? univerSa‘ Con\')unc\"w'nb
1S Jus\-‘-?iee\ . .? S‘wen \o:j t?x\( = Yl 18 unia
VCFSQ“ dou\:\ con unc}ive N -}-he s}r'ortaes} So\u\'ion
o? :1Y=Y]1 s ,\\nowever, ?o\se , e, unkoundeéb

bu}y not Lm'.verscx\&j con\)unc‘rive.

Alse Theorem 3's exCe\o\-ion o? onc.\-Con\'imi}u] VS

———

\)us\-\ﬁec\.. Vo Yhis ?u.f‘]:aose. we consider o Space e?
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which in*eger r 1S one o? e coorc&\no\'es. With F
S‘NQ'n bj [FXY = X VY:H] , ? Vs dou\ab g\_vlc_:\—
conkinuous sSince i} s ond - conlinuous in both W¥s

QTBUMQ*’:"S -See—naeorem 1—- . _T}IQ S\TU\'\ CS'} So\w\ion

9 X o? Y: [X v Y:“ = Y-_\ ¥ @:r al\ ji\lcn bb
Lg X =(Ea 0. X, )]
“The S}rena}\neninj Sequence [XJE rzj-} ?or ‘:);o

s o Sequence. ovNer w\'\ic\n 3 S no\- con\)unchve’
hence 5 is not oand-continuous.

Theorem 4'5 exceplion o() g_f_ﬂ_cl‘-cOn"'muib ond
h'\ono}ronici\:j I3 Jus‘if‘nec{: with F vaeﬂ b,j
[?X\(E XvY), ? 1S (ojosn) dou\:{j and - con¥inu-
ous Cand , hence, dou\o\:j monotonic as well ). For
Hhis '? we hove [SXEX] . The s)frengl-henin
Sequence W a‘wen ‘ob {(¥me,‘\rue3 (?a\se,):rue%'s

Provldes c coun}erexam‘ale_.

The  dualit u

Associated with each Predico.)re "mnsg)ormer is s

so-called "Ccm'usak»”, dencted b o\dd'mj an osterisk
Yo the f:.mc\'ion s\jm‘ao\. ’Bn de in‘u":on

(" X=1 %G, 10Xy =1 P ENOGEY] , ok

The re\a\‘\on 1S & mu*uo\\ one : Yhe coﬂugo}es o

k¥ ond €* are k ond f resPec\rwe\b.

"From Pne o\oove ﬂ' g::“ows 'H)o\\‘ G Erec\} Co.\;e }r‘oms-
(-)orme.r over which neja\r‘\on c\is\r'\\pu es, &9.
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11 ?XY = ?(‘\X) G

is s own CQnL')Maa\'e.

\\Iorning “For on rogrom S such that dhe final
stale 1S @ ":04a\:j{azc\?on of the mitial s\o.!-e.?, e,
any delerministic S with [wPCS,*\'me)] , WFCS,?)
is s own con\)uao}e. Ccnsecluen}\j, ' or der to
aPprcc‘uo)re n Pro rammirb +erms 'H'ne d‘ns}inchm\
bexween C Prec\‘ucq e *ransﬁ';rmer and '1\"3 COV\;}\A&OA‘Q,
we have Jo include non-\-erm‘ma}ion omd/or nonde-

'\‘erm'mcxc:j ‘m*o Oour cons‘udero}‘:ons. (End o? \Jarnina.B

We degne. ”k is dis\')unc"ivc oVver AVA Yo mean
and 'm*rodu ce “ne_ siX \':jPeS o? disjunc\-‘wi\- b:j
rewrix'\n\j Yhe de?‘m‘uhons o? the Conjuﬂc}ivee\j }DPes
W'I'H'l -}-\ne g)o“ow\nﬁ su\os\-ﬂ'u\‘nons-_

ey sjunc\'ivi\j ” {"gr ”Corl')unc.\r‘wi\bu
“ or - continuity " @;r Y and- con"'mu'-bq

" weakenira " g)or ! s¥ren34henin3 " 3

dou\g\e d‘.s\')unc‘\}'wib 1S 'm\rod.ucec\ S'um'n\or\u. pls
G reSun‘, the. d‘us\‘sunc\-ivib o? k oand bhe anjunc-
hv‘:\:) o? k* are of +he same \DPQ, and Simi\ar\:)
Fcrr ? and F*

“The s¥m3e53 soluYion o? Y:I?XYE}\’} s
'”'-e, conJuao.‘-e o? Yhe wgo.\«es)r solution o? fHﬁe_ Can -~
Juso}e equa-}ion Y- {Y$¢*XY]

T\‘ie obaue cu“ows -Hne dwa\ ?ormu\ohc.m o€ v}-\ne Theorems,
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e.q. Theorem 2% Wit FEnJo:j}nj double c\iﬂunc\-'-—
v'\\:j o? seme \dpe, o) e-nJo:js di:i‘)unc\-iv‘.b of Yhe

same -lmoe .

Qc\(now‘edﬁemen¥' We are Sreo\-\j indebled Yo Yhe Tles-
doy BBernoon Club , which spen} iwo sessions dis-
9n¥0n3\in3 Yhe prior Version EW'DB49. (Enc\ c? QC-
know\ed&emen\-)
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