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Sewantics o-? yecwrsive jroceclures
We recall 'H\a} -\-\ne Semc\‘n;'lcs 0? -}he re\oex'\}'u on
’:DO: El._? 3 - S gt_:!

VS mos‘ coquc\-b exPressec\ m 4erms oP he ]oredim)fe

'}mnsf)ormer P Swe“ \o_:j
Reall X [FX = BAwp(SXD v (\BAR)]

—nne -]rad‘.lmno} @("PreSSBO'n f@r wP (:DO,’R) 5, V2,
(Ei:':;o: Pi Fz\se) ) (0)

s valid in Yhe obsence oF un\)ouﬂc\ecl ncnaexerminacbz
i+ 13 sahislied bﬂ Yhose imbial states 1n which DO
estoklishes R n a bounded number o) rer:e)fﬁ‘ucms.
1n the presence o? unbounded noncle)kerminacn, (o)
)ms -\'\'\a} Same meonin53 the 'm'n}ia\ s\-a\-es 112 w\nic\q

DO es}a\o\\s\nes K o (\ooss'\\:\ un‘:ounciecl)
num\aer o? reFe}ﬂ‘ao-ns -\\'\@n 30}\53 -n\e_ s}runae.s}

X: [?x = X] . Q)
(—ih '}he. o\asence og) Uh\oouﬁdad honc\exermmoc R

P s OT‘—CQY\\")“\AOULS) asS o resun o? k)»\ic\n. (0

equ.o.\s —-H'\e. S}TWSQS\' So\u\‘}on c? ('\). )

We wnenticmed the cbove since +he deﬁm\icm o()
? \no\s \'oeen ‘ms?‘arcc\ \05 -}he ‘mxeno\ecl Seman\'ic
Qquiva\ence o? DO ond s ‘?irs\' un?o\ciir:_c):

|_€’.B—> S, DO “ 1B s\ti\:. E)'»

So\u\-i o o
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Viewed as o recursive de?‘mi‘ﬁon o? 0 , dhe above
ur\?oldina s o so-called "‘\‘Qi\ recursion ”. We can a\wajs
deal with doil recursion using on equo&ion o? ?orm (0,

i.e. an equa)r'non n Prec\ica)res.

We now *urn owur a“en}ion 40 -‘:he ™more Senem\ ca=se

0? Yecursion, as exemp\iﬁeo\ \rab

REC = f B — So;REC; S1;REC; Se
] 1B~ S3
4
In this case , w]o((REC, ?7)  has Yo be o solution QP
the equ.o}ic:v\
h: (a/\? [h,R =
CBA.NP (So, h wFCS'\, h w]a(S'Z,’R)))) v
(‘lB N wP(SS,'R))-))

he. an eoluq\ion with o Predic&k Aromﬁg_@rmer oS un-

]

known, and hence 0? a s\’uo\Pe very d'na%.ren\' rem

-Hm} 0? (‘\) .

Our purpese 13 Jo show how wpCREC, R) an
be de?‘mecl bxj on equ\c.x‘mn Vetj similar Yo ('\) . To
this end we on\D have %o senera\'nze ‘H‘\e nohon o?

e s‘.nﬁ\e Taredico.}e Yo shruchures o? Prec\‘nco.)res,
such as poirs, triples, sequences, Yrees o constant
mu“-i\o\ic‘u¥3, etc. 'Be@re we con relale recursive
de?‘mi\'icms Jo equa\-icms N Such aredico}e s}ruc\‘ufes,
we hove do do some Srounc\wor‘(.

* ”*
>
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Tn the ?o“ow'mj oll Prec\icc.\es o? o s)ructure ore
o\ef)‘mec\ on the same space. For equo\\b s\mped Predicc&e
shruclures X ond Y _ 2 X, XY, XAY, X=Y,
XY stand ?or Precl'lco.lte shructures of the soame
s\m‘:e, -\he_ |03'.<:o.\ o‘oerq¥ions \oemj Fer ormed e\emenl'-
wise over -}he s)-ruc\‘ure. Un‘uverSc\\ quon\-'n 'lCQ}'IOh as

denoted \O:} squore brackers - as in {X“—E}Y}_ s
understood 4o be exlended over all elements o? the

S}ruc\-ur‘e .

Note Yhat the cbove is consistent with an olerna-
}‘;ve View o? o structure o? Fredic.o&es on Some Space
S, viz. as o s'ms\e ]:redicc&c on Yhe cartesian ProduJ
o? S and ‘n‘:e sFace o? -}\'\o. anonjmous coordino.‘*e
thod d’us\-inﬁu‘ns%es Vetween the elements o? the shruc-
xurc_ %ous\n }\f\‘ns o.\lrerno\%ve view wi“ no} be }%e Pre-
dominont one, i will be used whenever cunvenien},
F”or ‘ms*omc:e %Jus\")% an arzPeq\ Yo Yhe “Theorem o?
Knaster-Jarski n order %o prove the existence o?
S\‘f‘cmses\' Se.\u‘r'icm.s o? ec‘uo}ions 12 Prec\ica{\e s}ruc-
Yures.

"For c,cmven'uence, we ex\'enc\ }he c-.\o'mo\ﬁn O«F om:)
?unc.“iOn g) deg)med on Pred'mcﬁes Yo ony shruchure
o? such T)r'ed'tcaJeS: @r X such o Preclico}e s‘truc\‘ufe,

?X stands ?c»r Yhe 'denticall 5\10.‘:@:! struckure OP
the Correspond}nj Vunc)-icm \m?ues.

Nototional Remark . We would lke do draw oMenhion Yo
'n'ae Gmonami‘j o? ’r\\e COordinoAt ‘\'\\o} c\\shnsu'\s\wes \De.-
hveen Yhe elemanls oP o shuchure. Y Phe case o?a
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Sequence, we do not re?er }o dwo successive elements
as ,”"i ond X, ", bu} Yo the heods o? o sequence and
o? s Jail res)oechvd . Inslesd o? the single “41” we
now need 'p'le o uncho-ns "heq:l"o.nd qa‘-\"; or
»\e ‘3enera\ 4r€e-s\'\0.]:7ed S;ruc}-ure we s\na“ Wse H’te Qno.-~
logous ”rool-" and ”Sc;n;fees” —-@r‘ o Prec'.se deﬁni)\m\,
see later— . We b?-h‘?—"es\"ﬁwﬁ‘nf‘. the cost o?'m’rro&ucina
Yhese ?uncho-ns, we“-s‘:uen“'. -\he. seem "\'0 Ccm}r'i\bu¥e. '.ﬂsa
niﬁcan“d Yo brevib. (End e No"o}iona\ (Remo.r\()

> »
*

L) ’” L]
We assume +he reader gmi\'uor with oirs, "%i]a\es,

oncl 4'ﬁ"\—;mp\es “ mn Senem\. -—n -}\1e. Seque\ these Ww“

a\wads be considered ordered..

Qn ‘mﬁni}e Sec\u\ence 0? e\emen\s 15 o \jao.'ir'
(head , Yl n which
() head s an elemen} , ond

Gi) ku\ S an ‘mgnﬂe Sequence o? e\emen\s.
Sim‘.\or\:g,an ‘m?inik m-—\ree o? e\cmzn}s (1S

ot Crodt, samirets) in uhich
() root s an element

(ii) sonlrees i3 an m-‘m‘;\e o? ‘m?m‘n‘e m—}rees o?
e\emen}s.

Since a“ our sequznces omc\ m-\'re-es in “1& Seolue\

will e ‘men‘»\'e, the GdJ&th "‘m?ma‘e "will be omied .

_\_\)Q_lre_. /B '\den\r'\%inb Slng\e e\emen}s 'wwn"\ ’\—‘L«F\es‘
we idenh Sequences \on)r\n ’\-}rees. (Enc\ o? No\‘e)
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The obove iniroduced seme s?ecia] redicate struchures
-Hm‘ we shall c.ncoun'}er \o.*er, QOur ',rs* \emm\‘a Per\m‘m
to Prec\'tc.o‘\'e s\'ruc\‘ures o? O":j s\no.‘:e,

Lemma O, Le¥ X and Y ran over Fred'aco&e s}ruchures
o¥ 5’|ven s\-n?ess le-} b be c \ooo\ean ?unchcm Such

ot b XY s delined @r al X, ond such Yhal
the equo.hon

(X.Y): b XY (2)

has o .s}rcm\seﬁ solubion; led (Xs,Ys) be Jhe s‘mmﬁeﬂ
SO\LA]on o? (‘2). Then’ Xs IS %—he s}mnges} So\u}ion

°€ X(EY b X¥) . (3)

’ProoE_ -\rue
= { (%.Y5) s o soluhen of (2)§

b Xs s
=, { T:red'uc..or\e ca\c««\uss
(EY: b Xs YY)

>

hence, Xs is a Soluhion of (3)

For Gy X  we observe
CEX: b XY
=1 (Xs,Ys) s +he s}ronﬁes\' sclutien o? (‘2)}
EY: X 2X) Al YY)
ﬁ? {\)rec\ica&e ca\cu\us}
s 3X]

\\ence Xs s o& \eas\‘ as sx‘rcm_j s GF\J sQ\u.\"acm o?(’i).
(End of “Proof’ )
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/Remar\c_ Wit X and Y shuclures o ‘oredica“'es , ¢ X,\()
IS agoin a shuclure o? Preclicc“es, og which Yhe poir
(X,Y) rePresen{s o C\ic\‘\o"OrnD. 30!’ SucL (3 dicke\‘omlj
[ -rar ?rm umque."rc-tr ins\'ancg. ‘.? X and M are
both m-drees (With Jhe same value F;r ), (XY
s o pasr o? - Frees o? Fredica}es. “That Yool
s}mc}'ure -w\'\ic\ﬁ \o:j “\G Won 1S G\So on m-—"ree
o? redicale pairs ~ could be \aar\-‘a\-icnec\ very
‘?geren}-\j, e.S, Yhe roc_s} o? one o? Yhe Yrees

versus }he rest.

A consequence o? Yhe above s thal Lemma O
can be o,‘ophec\ n cl\ 'scr\‘s o? W OWnS w\'\eh
(Xs.Xs,2s) s Yhe shrom es? SQ\:R%CM O?Q
equ_thm OF the gqrm (X,Y,?)‘. b XX 2
e.9 .

2s s the S"rcmges\' So\u\-icm OF Zz(EX,Y-.: \DXY2>
Bu* O\‘SO

(Xs,25) s the s\-rcmses} solution o? (X,Z):(EY:-. b X\ 2)
(End of Remark.)

Lemma1. Ley X and Y ranee over ?rec\icc\\'e shruchures

o? Wen 5\10 es \d‘ ?K Qnd ? \oe dou\o\ rnonoitmic
3 P 9 |

(-)u«nc"'l ons such +hal ()x XY s o? he s\\a?c o? X

ond PD XY s or Hhe s\narc o? .

Let 9 X be e s}fm&es\ solubion o?
{fyXY=Yl ; €4
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\e\' Xs e the S}ronaes)t So\uhon o?
X: L& X (gX)= X) . ()

then (Xs, 3 XSB Vs the S\Tcnje.s¥ Sca\u)r'mn g?
OO (B Xy =X) A fy XY=yl . ©
’Proof. Since —see EWDEsSG-2 — shruclures o? )orer.\'uco.\es

can be viewed os Prec\&cq}lts, and ?3 is wmonoltaonic

M WS secend araumen'}, Yonaster-Tarshi s QFP\ica\o\e
ond 9 X exists. Furbhermore --\93 Lemme. 2 o?

EWD 8490 — | 9 s monotenic. Hence ?x X (5)0,
6{ \oeins dou\o\\tj mono‘onic, is & monotonic ‘?unc\ﬁo'n |

o? X ond -—Knas\er:_\-orski ajc«‘m—- Xs ex\s\s.
Subsh\'u‘}ns (Xs’s)(s) i1 (6) we o\oserve

[?x Xs (3)(5)5 Xs ] A [E’ Xs (3 Xs)= 3Xs]
= {de?ini}ions o? Xs and oeﬁ respec\rwc\:)?}
hue A drue >
hence (Xs, 9 Xs) s a soluhiom o? (6). In order
o show that it is the s}rcmges\‘ SO\L\xiOr\ o? (6) we
observe ?or any X and X

Wx XY = )(-) TN [ffj XY= \(}

= {c\eﬁni}ion o? 9 as S\'mn\ses} So\u\"tons
wxXYEX] A logXaY])

= {Qx 's wmonotonic in bs secomd chumgn}S
16 X (X35 X) A fgX DY)

= {de?m‘.\'icn °F Xs as shngesh sduYion, and Kﬂas\cr-’ro\rs\d}
[Xs=X) A [g% 5YT

= {5 s mono\'chic}
[Xs 9 XT Alg%=Y]). (End of Procl)
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N_C_ﬁ}_s. Equa}ion (6) S o? the {)Ofm 2‘-1?2 ‘-'-.'.2] -
with  the Yred'ma}le shructure 2 Pm—h\-’;one.cl as O\’,Y).
(End o Nobe.)

We use the cbove two lemmata o prove the wmore sPec%@c

Lemmu‘l. Le{- F’x . €3’ oand Fz be vnu“‘i]:b mono\'onic‘, le’r
3 XY be 'Hne s}‘ronjes'} solu}ion OF

2.1 XxYZ2=2) @
“Then, the skrangest sclubions of ¥he equakions
X(EY,Z: (G XY 22 XAl X Y22 Y Alfe X Y2 =22]) @)
X:(BY [GXY (XN = XYAL0 XY (X Y)=2YD) (@

are equa\ .

/Procg, Le} XS be ‘}\ne X—comPor\en\ o? '}\'\e S}rcm\ses*
solution o?

G200 XY 22 XY ATl X Y22 YY) A [z XY222))

gccorc\inﬁ o Lemma o, Xs is Yhe s)rcn\c)e.s\ saluYion oAF
equakion (38) . ﬂccardtnﬁ 4o Lemma 1 gnd (?), Xs s the X-com-
Ponen* o? the s\'rbnaes‘ so\u\‘ior\ of

OO (LG XY (X =X] ALG XY (4 XY)2YD) |
hence, accordinj Ao Lemma O, Xs % Yhe s\'f‘on&es"
So\u}‘ncn o? equc\\’ion C@) . (End o? ’?roo?.)

Ou.r nex\ \emmq P\o:js 1§ Cen*ra\ rS\e-. 'n} dgg\s N'n\‘)\
equmhons n m-}recs °F ‘Jredicc}es. ‘In orcler ‘\‘o ?ormu-
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lode % Succ;ncnj , we wn¥roduce the ?o“ow'm s\‘andcra

{)unchons on m-\‘reeS_. For m—-}ree. X m:}‘\j

r X = (e root of X))

s X = <-)\ne, Saonjrees o() X)
rs X = T(S X)

With X an wm-tree OF ,"“\'lnss " - ?fedicc}es,
redicate poiTs, shructures -~ the value u? r X s a
hins"; Yhe value o? s X can be Parsec\ m hwro

ways: ether as an m-tuple of m-Yrees of Fhings”.

or as on m-'\ree 0? m—}u \E'S 0? ”‘\‘h'mﬁs ;5

‘m#eryrc}qhon -Hne. Va\ue v Ys s 18 oan m-\uP\e oP
/'-W\'mgs” —-wsua“j re?erfed "o QS ”'\'\1e Sans o? H‘ae

root o? X .

n either

\/Jurnina, Above , Yhe ﬁanc\-icm roo} s Primari\\b de?mec\ or
a Yree has been comsidered de@ned of on m-\u):\e
o? Yrees, viz. the m-tuple of the corres‘oondirb roats ;
the exyemsion s n the vein o]? ¥he exlension o? +he
domain 0(7 o Pred\ca\'e Armns?armer GS men)ioned near
Yhe botrom o? EWD 859-2 . Th Ye case OF < %nc\im
]’inmo\ﬁln deg)inecl on o struchure o? Seme \-br:e ~ Such
as “root’— a word OE cauhon is in order since we may
have shructures o? S ruc\-ur‘es_ Le} P be de%nec\.

on "A-shuctures ” buy not on "'.B-s\ruc\-ures"; Yhen
@X s dcg)mcci @;r on X Yhat can be equg\\b well
resarded as oan  Q-struchure o? B-shruckures or
o DB-shuckure of N-shruckures; the vale o Px
is independent of” the view Yaken. With an

aPFlica\D\e ;o \Don't s\ruc\-ures —2.3. because 4“'\2:3 are 'nﬂc
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Some —~ two volues would be oss‘-\o\e; if the case arises,
we s\nc.“ mc\\.:e -”ne vo.\ue o? X dePenclen\‘ on }he
Forsins o? X such '“-.c\} -H'!Q roo" o? C. 4—%’?& o?

5-trees s & S5-Yree.

T could —ond very robo.\olj should ~ be o.rgv.ec\
'n'no} oG Ccm‘fex} oW ic\n )rkis Case c.r'lses,eden XF
onl ance, the si\en\‘ ]c\en\"a?} CQ]"»cn o? on '\:-)-S)rruc}*ure.
) ,_B—S)-ruc}uf«es mH\ fo% /B»S\fmcluﬂ: o? a-s}rmc\‘ures
s G Me‘\-\wodo\o&iccl m'aS*o.\(e. We s\m“ see \-o '1}
r\'}qa} i Hs ma)rc -n"le case does not aorise. C[‘:—nc\ U?
\Nornins.) ’

Next we de@ne on m-irees the re\c\\-‘ncm sub bj
de?‘mn A ¢ sub X —vread: "X s a soblree of X"
Gs ?o\ WS

Gy Y :_s_c.:_b X ()cﬂ' each Y Yhal s om e\emen)r o? s X

(i) relakion aa_\_p 's Yransibive

Civ) §i!)_ s the sx‘ronﬁes}' relatiom Sa}}s%n‘-.j Jhe above .

For the cbove ?unc\icms we mention o ga,uo comsequen-
Ces OF -}-\ne ccmven\‘mn '\o exsfenc\ -}\ne c{oma‘m o?a ]orec]ich
-}ronsPormer Yo shuchures o? Fred'rca}es_ For o Fred‘..
code 4rons€ormer and X ond Y  m-}rees off

we \wnre.

e (8X)= PG XD] (o)
Ls (? X)EF(S X)) (1)

pre dicales
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(Y sub X) = (Y s XD (2)
T dhe seque\ we shall be inlerested in the s‘rcmg_.es}r

solution o? ec'uo.hons n Prec\ico.}e *rans?ormers;, we

de?me. ”Pt‘e&ica)ﬁ‘e '\mhs?ormer 15 Q), \ea.s¥' as s\'ftm
os predicale “rroms?ormer h” ?q meon ”[SFRE)\(%}
Cor all R”.

Q?—\er the obove, we ore \"ead:j to -?ormu.\a)te and
vae

“Theorem O. Let (P,q) be o dou\o\? monotonic ?unc"'mn

on (Predica}es X m-tuples of predica es) Yo thad same s pace;
let X,Y,U, and V ronge over m-trees o? Prec\icc.)fes;
| et Preelicc&e —\rans?ormef' 9 be de?‘med b‘j

[S,R = (-’t\ne raot o? the X"COM‘PQI‘)EVA o? the S}rcrﬂjes\'

solukion OF (+3) )] , ?or all R . wih (12)
gven \oj

YR (IrY=RY A (43)
(B W,V: (UV) sub (X,Y):
(rU= P G V)(rs U)] A trs V=g G V(s UYY).

“Then 3 s  the S\'ronses\‘ solution o?
‘1: (B’R :: (E Zzz[th = P’R (\n 2)) /\[ZE 9 R (h ZYD) ,(14)

where Z ronoes over m.ku\?)es a? ?rechco}cs. (Nole
ok in dhe Yoolean expression  (U,V) sub (X,Y)  boh,
sides hove Yo be considered vn-}rees o? ]oredico.\-e Pc.:rs)

’Proog;, Yor \orev‘\\'js sake we indroduce e UV as

shorthand ?or



EwWwD35g9-1

ru= P GVGEWYADsV s q (r V) (ss U))
This obkrevichon reduces (43) }o +he Yorm
XM ([e Y=R]IAQUV:U s (XX c UV)) | (3D

TTo begin with, we have Yo show thol Phis equahion
has o s}rcmaes‘- So\uhoﬂ._ro this end we note Fhak (12)
s o? Fhe Form (X,Y)‘- [g (X,Y)E_(X,YY} with wmano-
bonic &) (ond R as arameYer):

Yhonks 4o Fhe ?\rs term o? e UV, each root o?o;
sublree o? X —~ie. e.adm ]'Jredica.\‘e occurrina wn X — s
3‘|Ven as < monoxcmic Punc\-icm o? X and Y-, hence
X s o monsianic ?unc\"lcm oe (X,Y);

hanks 1o Yhe secend term o? cUV, all ?reclico)’es
m Y, exce?)r r Y, which s the comstan} ’R, are ojven
as manotanic ?umc\-‘ncms o‘? X ond X ; hence XY is o
mcmo%:mic ?unc."'lo‘n a? (X,\();

hence CX,Y) s o wonotanic ganc\\'m\ o? (X,\().
Hs o result » (‘\3) has o s)rrcmseé' saluhion.

We shall {)Brs} show +hat 9 1s o solubion o? (14) .
To s end Wwe observe ?or any R

true
= {de?mihon gf 3} A

[3? = r(X-comFoncn'\ o? ssfrcmbes} solukion o? (1%) )]
= {\.emma 03

[S’R = r{ the s}rtmses* solukion o?

X (EY: [r Y2R] A QU UV) s (X)) cUVY)))

={Lemma 0, with X decom]btﬁed as ('P,X') ond Y decom.

Posec\ as CRY'") with X' and Y m-\'u\o\es o€ m-irees
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~i.e. 83X and s Y respec\-we\:j_.s
[s(R = +the Shcmses) solu¥ion ¢€
PEX Y AUV UV s CRXD,RY'D: « UW))]
= {with (U,V) sub (X'¥") meaning that (U,V), viewed as dree
o-() Predic_o.’fe pairs, \s o sublree o? one o? the trees o?
predica*e poifs occurring in Phe m-‘-u‘n\e o? rees (X',Y'),
and the definition of ¢
[ 5 ’R = Jhe S*ronges} So\u)r'uon o-?
PEXY': [P= P REXVIA[rY's q R( xJ] A
R UV: (UV) sb XY D: c UV)) ]
= {Fred'-co:\‘e caledlus; 2 ranges over m-\uy\es o? Pf(d;Cq s§
[SKR = the s\'ronaes\' solution o{)
P (EX‘,\(‘,'Z:: [P= P R GEXD) A ['Z = R e XD1 A
e Y221 A QAU VWUV s O c UVY) )
={'|'he roles o? XX, and Z in Lemma 2 ore F\o:jeci \D:j
'P, 2, (X‘,Y') ?rcrﬂ'\ ‘\'he a\oove ,n H‘nq\' orc.\er*; H’ue
bottom lne of Yhe obove is, apart frem Yhe replace-

men\~ o() Preclico}es ‘p\wj m-}uf\es o? \‘;r‘edicc}es. o?pne
form o? (43'); hence -see Note below ~
C32 = r(the X- compenen? of ¥re s}mjes}' solution
of (13) with XY replaced by Z,%,¥ )3
[er = the sx'ronaes}r soluhon Q?
P:(E2: P2 pR (2] AT229q7R (20D )
= {Pfedic.o.'\'e ca\m\us}
(EZ:lgR= p R (g20] A LZ= qR(g2)D)
'n other words, 9 s o solution o-? (14)

2

Note . “The eq\.\.a\'ion
x'Y): (TrY'2Z] A (B_U,V'.(U,\l)gh_\z D cUVYY)
1S a wnJunc.hon o? m equotions tke (120, (End o? Note.)
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"F‘ma“:} we  show that 9 s of leost as sxron\s oS
anj scdulion °€ (14) . JTor 0""_‘3 h Sa\isﬁjmﬁ C14)

we observe

Arue
= {(1‘03
(afR : (EZ:: [h? = P 'R (h 2)] ~ [2 = Ol R (h 2)]))
=={H-\e existence o? on m-}uP\e Z Cor each R salis-
@_‘)"“& bR Z equ‘\vo\es the ex'us)fc\nce. o? on
m-}ree Y with orbi }rarb r‘oo} W'lll\’\ b ho\ding
all o\cmﬁ the Hee:s
(&'R:t (EY Y_T‘ M= R] VAN
(AV: Vb Y.
h¢r V)= P GYYOh (rs VD] A
Irs V = 9 GVIh Ges VDI OM
= {(10) and (11)}
(a’R E (E.Y Y_\"YE ’R] A
(AV:VeabhY:
Ir bWz p GV (s (VM A
Irs V = Q GVYGs (VMM
= '[ since Yhe ronge ”V‘:"‘.‘il?Y ~ [U"-'-.‘ }\V]" \s gor (U,V)
¥he same one as the range  “ (U,V) b (0, YD}
(a(R:: (E_:Y Y_V‘YE’R‘} VAN
(R U,V: (V) s (RN
[r U= P G V) Grs W) A
[rs V = 9 V)Y Gs UYYIM
=>{de@nﬂion o? 3?3
AR:(EY: IrY=R) A R r (WM
= {(qo) Ené ?red‘;ca.\c ca\cu\usg
@R: [gRSWRY (End of Proof)
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In Theorem 0, Yhe sole purpose o? (13) —~ond Yhe
whole oFPo.ra\'us of m-}rees of Fred'nccﬁe:, eYe. ~ was
to T:rove Yho} (14) s solvable ond has o s\-ronjes}
Salw)"tora. \/Je are 'm*‘ere.s‘}ecl in Gé) because ‘u\‘ reﬁec}s

w\ruﬁ is do be ex ected o? o recursivel c\e?‘med.

Prediccﬂt '\-rans rmer, _To ’u“us}ro\\'e. 4 iIs we m\urn
o the exam‘:\e o? REC as given on EWD859-1 .

To this PurPose. we re)o}u'ase:

hR=(BA wf(So, h wp (51, h wFCQQ,'R)))) \
(B A w?(SS,'R))]
:-{Pre_c\‘-cﬁe cc.\cu.\us, }n}mducins the dumm\-.j )ored'aco}ms
20 ond 243
(€ 20,24 ::
(hR=(®BA wF(‘So,\-\ 2Zo))v(AB A WP (53, RN) A
(Zo= wP(S'n,\\ 2‘\)] ~ I_'Z't = wr(S ‘2,'\?)-))

With 2 =<Zo,21) —~ond, as uswal, h 2 = (n 20,0 Z1)~
the we lines ore o? +he ?orms

IhR=2 p R (h2))  and
L 2= q W h2D) resPec\ive\h, with

o)av‘nous\\j v onotonic P ond q - With  m
internal calls o? REC  }he obove Proc.eclufe
leads Yo an | \m-\-uP\e Z ond the Corres'.\oahcl'm\s
equo}r‘ucrn (‘\3) 'S o Qo‘u\q\"mn IR m—xrees.

The obove \orocedure works ?cr o Bodn withou}
calls o? KEC inside a re?e-\ihon. Since each re]oe};-
Hon can be written as a Yail-recursion, the occur-
rence o? HEC 'nzide o repc\s\iem can be viewed as
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o. sPec‘m\ case mducz\ recwrsion . T.h 'n\e case

of n muha\B recursive Procedures we de@ne
c. Pred‘:c.a.)te *ransfqrmer W osudh Phet KR
5\‘07\&5 @:r on n—\'up\e. o? Prec\}co.;-es

one Componen“ {Dor eac\f\
Yhe corres

- VIZ, W \)‘)’o

Er‘oceo\ure . NoYe Yhat

P°ndin3 volue o " equq\a e sum

o? '“\e num\oers o? ‘m;-e-rnq\ co\\s c>ccwn'-'r'nr\\r3 in
Fhe n bodies.
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