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Q S‘um?\e E;xa")oin} oirjumeﬂ)r Wﬁ)nou} ‘n‘\e_ res)ﬂric\‘rcfn Yo
CCIT\)“IY\L-\'\)"—“.

2y
Edsaer \'\I‘/._DB\(-SXFCA and Q.:j.m.\ro\n Sas}eren

InYrodu c‘-'.uh

Nototion Tw Yhis srex\-, e letrers B, PR, X, anda Y
stend q?or‘ Pr‘ed]c.:;Aes on the shrate spoce QFC« Progrom
6nd  square brockels are used as nokatien Car univer.
sa) quom\‘\?ica}'\on o() Yhe enclosed over Yhe ro grom
variables. The ledler S shands Fc;r o statermen)
and = DO Fur the repe}'}we cons bruch do® > 3 od
(see 1371). (Ewnd o? NoteYion )

/Re walin DO %O \oe .Semc\n\ric_o‘“tj ec‘u.'\vc.\%\i‘
o '\}s ?)

:FB% ,S;—_DO “‘I’E—)s\caF E"_

DiE\c\S Hhat wp C:DO,'\B/\‘P) S o soluon o?
‘»\e equo\‘|0n " Prec\"cc}e X

(0 [ X= <’B A wF(S,X3) v (B AP

irs\' “un o\dlrzb

Ex?\o‘ﬂo}iun Eo.uo\\‘mm (QD %\\ows 'G-cmn }-he, T"E.quif?q\

Semanhc eo.u"va\e'nce andg
(1) Yhe semankc de in'n\'lcm b S\CI‘P, VAiz
I_w\s (I{S\(irﬂ,?) = ’R] ?C.rf all /R',
(i) +he semankic cle«?im\icm o? skaYemem} comcatrena-

)Hcm s V12



[wTJ ("So; 51",?) = wP(SD, WP (51, RN )
?or o\ So .5, and R t

(i) }\ne seman He dej(p'.w,)‘ic:n o? ’\r\')e. c.“erno.\"we
cmwg\rruc‘r, m o\r\FiCu\Qr

[w?<)_«g)3—> So "R 5 S E:”, R) =

(B A wP(SO,/R)) v (B A \JP(SW,’R))]

POT‘O«“ BT ,SO ,S1,Qn0\/R. .

Tor Purn‘\er c\e‘c".\s, see | 3 ). (Ev\c\ oF E)“P\G.n&}'mn-)

' NO)"Q)l'ion ond ’\erm]noloﬁf} \J\Hﬁ ’\'}le EXCP.F\'IUY) OJ]D WP

?unc\'iono,\ C-‘\'.)‘P\'ICO\\Hon VS deno‘xecl ‘33 Jux\'ayos\\lon

omdl illerc.;ec\ Fuhc}ior\o\\ Cc;mpos'|§ior\ \:)D EX\FOnen;"IQ—
}ion_

”X \S c.} seaslr Qs S}'rcmf) Qs Y” meons " [X%YBH.

v ) ) 2 . N
‘prec\lCa e, ‘\rans#ormer’ 'S monoxonnc ™megns

TX=2Y1 = [(PX3PY) Gr ol X ana Y7

/Fredlcof\e *\Yo.nsjrcrmer 4? s o_r-ccm}muc‘us " MRANS
! I?(E ninyo: R ) = (En.nyo: ? R ) {Jor any
\z\)ecl\'(*enm3 sequence OP Pred]ca}es /Rh " €. such
Fhat (E‘n:nzo-. [’Rn%?hﬂ]>” .

(End o? No}o}icm ond —Term'\no\o&r),)

Jor mono}gnic Pred'scc."e )from:s?ormer C) —‘he equa-
Yo in X [X= ?X} has « s}rcmses} soluYion
(see 18 ]> 1?, iz QAC\'I"»Oh, g) 34 Qf—Cc.m}}nuuous )

s S\fYCijes\r Solu Yion \S S‘weh in closed Yorm )o:j
(1) (En:ny0: f“ Pa\w».)
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/PrOoE) s\ﬁe}c\n' Lc-ﬁ' Y b& ‘Hw. S}‘"Onsesx So\uxio’h o

[X '_—'”%)X] . 5%0»4'::15 [Y = (En:n}O’- %)h %)a\se)] s Aone
Bt) S\wow'mﬁ Se}oaralre\:)

(i) [(Enznao-. ?n ?a\se)‘—%\(] ond

(i) [Y:«—;(En;nzu:?" Fc\\se)]

_T]ne Froog) o? (i) \S \;D mo.n\ema)nc:c.\ ino\uc\joh on
and relies on The monolonic a %) ; W} “ses

Yhot Y 15 O SO\ux‘hon o? [X.:.?X-_\ i

The \Proof o? ('n) Ccr‘ns'as’}.s mn S\\owinﬁ '))’10‘)‘

(En: N30 " ?G\SE) S o So\uxioh o-‘? IX= ?X_.\
(o&7 w\mc\w Y s Mve 5}ron esx 50\u¥10h>; W re\ies
on %\’le OT"‘COY))"”'WU‘IB )

N

! € (Omd o '\\rs mono}o-
h'nc'b) ?cn‘ ’}he c\emcmsyra Yon f}\no.} Yhe red'.cc}es
n

olse

orm o weokern Sequ\ence). (Ena o?
Prool Skebend =

The Prec\ic*_o.\re_ Wp (DO, BAP) is (see L5)) delBned as

Yhe s\rrcmaes;- solubion OG (0). (Because wPCS XD
S A monodanic Punchon o X , So 1S Yhe \-')3\'\\r-
hond side OE (035 hence Vs S}rcrnkrje.s} solu¥ion
ex'\s}S.) 1?, (18} O\c\di})on, wP(SX) 'S n Or -

COﬂ}lnuOuS ?u\ncxion o? >< , 20O 1s ')r}\e T'I‘E)\:Yf-\\&hd
side 0? (0) ., and an expression o? Yhe POrm of(ﬂ
3.“‘"23 o closed est:»res-s‘\on 'G_)r WP (Do, BATVD .

_Xh T)roaramm'nng '}Erms, 9_F~me)rinui):j o? WP
IS )r\ne SGme Qs ‘nmde\ermknacj \oe‘mé \ooumdecl.

—ﬂqe stum]oxicm o? \ooumc\ec\ nondexerm'mcac':j [
o Lsuo ] one Yo moke - the \osed eorm ?cn"
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WP<DO;. W(BA/P), which S n')en QVO\"]G\D]E‘., s }rad]—

\riona\\:j considered avy od\/o.n\'o\fje because 'n\r reoc\’.lj
coters {or Yhe avoidance Q? ?Cam:t:j —~and n Pf’c\c.}ice.
CUM]DQTSDMQ (See [1,2-_))-_ )rec:)rm'.o‘ues \3\(3 ‘)i'ransl?in'n}e

'Pnduc}]On.

Since unbounded nondeYerminoc: Cannar be
'\mp\emen§ec§, Hwe res)fr'nc\r'mn Yo 2r~c0h§ﬁnui\a has
%r‘ Ca \o'ng *Iime been regarded as o‘u.'&re reasonable.
-I} has,}\owev@r, \ed Ao ‘“’)eorems ila] Lo"\ic\'\ 'n’)e Ye -
S)rric\icm Yo or- Ccrh\r'nnu'n\ra has been Introduced
not because Yhe )r%eOremS_ dermomded 1} buk ?or‘
'}\)e Sa\<e o? )}%e;“r \Proo?‘s. /Y\')e res)rric}icm a\so
become o nuwsonce  in lr\\e, mo.\r\nemo\\ricq\ )reo}_
e OE O\\')S}T‘O\c\r ‘j)roC r oS, /:Fira)r\:j, G6n abshack
T)roaram mo.tj we“ COh\QO\'IT‘\ H‘)e_ Qs tje\r UmreGne_cl_
statement  “establish P’ where TV, viewed as
Qo‘uc\)‘icrn, ma\\j have ‘mgn'\)relb mom':j SO\U\)']UT\SD
an O\Ciserva)‘lcrn we owe Jo L O ). Se_cor\c“\‘j, Yhe
Yhode\ n o CoNQurrenc as o “ (XY 2 § ‘;n\-er‘eo.vin
Q? o}c:)rni?c Ec\r‘tcms in\rroguces un\giunc!eo] ncmde\-a

'\rermxno.c\.j (sece t6])
We ore %’\'\Efﬁ?(:ﬂ'e ver \eased Yo show ?Or

%‘he TGN ’}\')eorem CA:)Uu )‘\e_ rePe}})'we, Ccms‘rruc\‘

an Q\emen}(zr ‘Proo? “H’\o}, f\r}\ouf)\»\ hos” re\ n s
c_:f-con)r'unm'\%, does Y\o} Y‘eolu'n"e. ’}ransg)'lnﬁ‘je. or-

mo\\'tsms.
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The Yheorem

No}’o\"\on In Yhe seo‘ue\, X omnd Y stond {’cn" e\em enls
?rcrrn o sey D Sey mem\oers\mwis will be denocted

\'3:) the 'm?‘;x oFer‘G\ror "‘m”; our c_crnven\"lcfn T o
Hhus be summarized \9:3 X in D  and 9 in D |
Function t s o mo‘PP""‘S ?rcrm Yhe shratre space
(o? e \Pr‘OSY‘OM> s ™D e in each Pcin}‘ OE the

S}C.)re quce_ )\ne \ro\\.»ue o? {T iS Gn e\em@n)’ OP
D , O S}o}e o? o\ﬁ?c\i'rs ’)‘\'\Q} Coan \'De_ Summ arized
b I'L in ’D—J ] Ley € be e su\osc) o? D,
rc_%wa ol H’)en %‘ E_[;C S}‘ar\o\s ?Or O TJrec\‘.cq\e
H’\&)’ mo\\._j be Y}rue in Some Soints o? f}\ne s\‘o\‘e_
S\DO\C‘Q , 9nd ?0«‘56 "M onmer's. EEHO\ o? NO}O\F‘W~)

jr_or *H'we Y\‘o}':o*n HWQ“— ?CJU\'nC\ecl ¥ wie refer‘ xo —})7?,

o\]opeﬂd'.x in which we show Yhalt We“-?oumc\edhess
1S )r\we SGrme oS ’H‘)e VO\\'IC\;?F OP oX \s)roog) \0

n

motYhemaltical inducYion. r that réason, The

C\€S‘\C)h QP foN we“~g;uv\c§€c\ Se\- Yhet does Yhe \)ol:,

S re&u\c«r\ YyeCurrin 'H'\eme N Qr&umen}s
O.\.)OL»} Q\gor':%'\ms.-)

Q@er Ar\ne C\\OOVE’. re\iminom‘es We  Ghre rczc\ck\_\j
A‘O %fmu\o-}ﬁ ouy -—wz\)\—\ﬂnown—-

Teorem Le} (D, <) be o Po.r\io.\\:j ordered Se\r;
leb € e o subser of D such nal (T,
3 WQ“-?OM'OC\QC\‘, \€¥ s\o\ememx S 5 T)r‘ec\ico.}es

B ond ¥ ., ond ?Uvnc\‘\o*n ¥ oo H’\e ‘&\“a\e_
5\’)&(‘_6 SQ\";S%
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The \Pred.‘nca)le_ )frcms&rrmer wPCS,‘?B is wmono-

Yonic s
LY w DY
(> [PAaB = ¥ C)
() IPARB A tax 2wp(S,PAY<x)) Grall x .

Then
@ 1P =3 wp (Do, B AP
where WPC'DO;\'B AP) s dee‘nec\ as the
s}rongesx‘ Solu\icm o? (0).

fIh )r\'\e Q\OOVQ, "\—\’\e WQ“— 'm?ormed TEaéer \»h“ T‘GCO3~
N2e in /P 4\\e ”'W\VO-F'ian},’ c? A'\'\e, )‘e?e}}}ﬁoﬁ o.nc\

in + W ”Voﬁom} unc}}crn”, which is 3he Ve}\‘nc\e.

@Jr ‘“76 }Ermina})cn\ Q}’Sumeh)‘.

’ﬂ'\e \l’)roof
_ﬂne Proo? Ccmsis}s oP }\\ree Wﬁ)\aqses. —Ih )r]ne.

irs} Y)\nc\se., we derive Ywo lemmora we mneed %r‘
Yhe :)ushg?i co b om 0? mom':\ou\ 0;)'107\5 i Fhe
Seque\. 1n Mme Second P\nase) We mossaane

)f\ﬂe Proo? ok\iﬁa)ﬁm SO as s'o mal-(e ';\- O\meno}a‘c
% Ca Y)roo? us'mj mo.nﬁem'c.\ﬁcc.‘ ‘nhduc\-‘mvn (Sihce
'\'\no} 15 )—\ne cm\ waﬂ o(-) ex‘)\o';\"ma 5{)\@. \N‘E“—
(?Ob\ﬁdec\'heSS 0&5) CC<Y D). Th Yhe Yhird \P\wase,
we Carry c:u} ')'\\a induc‘.\"ﬁve o.rgumen\‘.
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Conclusion (A} 15 Provec\ ]93 P,-ov'ms [’P'—:‘-&X]
with X G":j so\u\non OF (0)

(Y In e (?o“ow'ms , b 5 G variokle +that man ocCur
n R 0"‘3 ; GS i} need noF occar in R . ’?E sYonds
@:n“ Om(:j Prec\]:m;'e o '“'12 5)-::}6. sPace. We o\oserve

[P AR = X) (%)
= {since, from (o), (X=X v (OB API]}
[PARE 2 XvE@AEBRAP))
= {Prec\i-:a)r: CG\CU\US}
[PA@vaP) AR = X]
= {PféC\\Caxe. cal culus §
[PAB ARE = X) Gi %)
= %
[PABA twC AREI = X))
= {equivalence of (x) oma Gx) with Riz ywC ARS
IPA 3mC ARYE = X))
=4 Crne-.Pu':n} rule §
LAy Y=+ TaymCaR=aX)
= {*Prec\icc.\e cc.\Cu\usS
(Bn:b‘mC AR:1LPA b:*%x'}) €D

(“) Nex} we massage our demons}raﬂdum;

[P X)
= {equ'\vo.\ence of (*) ond C%*‘#) w'}\-. Y= }rue c:mc\
ond c\'mnging ‘H’\e durnmb 40 H‘Ie ??’95}‘ voriokle X -_ZS
) (Bx xmC: TP A x=t X))

In view oF Cs we“~€c>unc\edne‘55, (5D is )'Drovee\

20
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\D:j C\er"v'mﬁ -@)r O-n:j X N C—
(6D IP A x=} = X]

under Yhe \n:j]oo)}oesis
&D) <Bb3 mC A Y<x: [T)/\ b:'} %X})

(i5) To Yhis end we observe

(D
={equ.'1vo\ence. OP (*) ond (**F) with W= < x)s
[’P/\ +<x = X]
é:{ Lo (S,O) \S monox"onlcg
LWP(S,’P,\‘\CO = wp(S,X))

= { (3D} |
[/P/\B A F=x 2 wPCS,X)}
= {‘Prec\‘nco}e. ca\cu\us}
['P/\'B/\ =% %BAwPCS,X)l

= {T)rec\ic:ﬁe Cc.\cu\uﬁ}
I PACBYVAP) A Yox =5 B A \N‘P(S,X)}

oredi cele Cc\\(‘.u\usg

= 1
{ YA Y= x =\>® /\w)o<53>() v (RBAY)
= { (oD}
[1)/\ x=¥‘ @ X-l >
hence () has been ]omved undery \n‘b?o)u\nesis ().
(Enc\ ﬂ? —“12 ?r‘oo?)



AvG38a /EWDE®4a - 8

Con c\u S10n

To Yhe best of our know\ec\je Tloyd (s <)
> Y e
hos \oeen }})e —F'\rs one )ro ?or\mu‘c-}e '\‘ermihcr.}io‘h
Ql"&umen)'.s Ry —}erms OE wen-ﬁmndec\ Sex‘S; )ne c:\id,

\ncwever_ res)r'nc)- %'mse\ Yo de}erm'm'ps)ic )Drb&ro.ms,

F)cnr* w\nic\'\ -“\e na\urou] num\oers ,SLAFRCQ.
1n Hne. ?ix-\oom—\- )r)‘\eorzj %a} bQCQme e vogue
3

O\urin ‘he Seven)ies, Con)ﬁnu;b WGS s}r'.cn adhered.
’}o, ml,\q )r)'le. resu\} '»10.} G ooV ’H’\e no.)ruro.\ numLers
s iced CSee. [7])

Vo the Yes) of our knowledge, Yhe chove orgu-
ment s Yhe F‘:rs} one +o connect we“-?oundeci ness

1a} i}s [?un enero.m- direcH Aro C. NON-0 erc‘\ionc-\
J 3 Y
hO\‘]On o? germ'\naxion, \.e. '}o %e, S}ron es’}‘ So\u-
5‘]0\0 o?c.. '|X—Po'm} ec‘\AO\)r]On. —DIS 5imP ici\':) S}Iou\(‘j
d]S\De\ '\%e m Yh -]'\f\a} }\’Ie Y‘es}r'lc\'ioh }O Ccrnq'inu':)b

Pcsr Fhe 5a\<e, °(S) camvenienice 1S L)us\ig)ied_.
q—:mo.“b wie wOu\Cl \'l\ae “n')e. \"ec\cle:" }o rggar& «H,e

é‘%?ec)-ivehess omc\ Qus\‘ere YiSour o? Oy orgumeﬂ-}

Aas ¢ \f_)\eo. or Yhe CO\)cu\o.\riona‘ Pmo? meYhod em-
F\OJed.

A c\(how\ ed gevn en}s

We are sreo.“ indebled Yo C.AR. Roare !?or his
(')ormu\ahoﬂ o? anmleceden} (3), w\w}c\a \we s)-owec\ Yo
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lead Yo o shorder roof Yron our orcina) g-)ormu\ﬂ-
Yon, Yo C. S. Scholen F‘”’ s‘.mP\-.%mS e formulakion
OF the induckon }‘DPOX\“QSES,' Yo W.H.B.Teaen g?crr

‘EAﬁor‘)en%nJ our Proof by, Yhe miroduchom o? (),

ond Yo Fhe -TueSdotj A ernoen Cluh @_.r- S;“ren\BH\En-
'\nj ")%e A’\ﬂeorem ‘00 weo\(emnﬁ c.n}-eceden)— (’2)

B shor} C*PL.PQ“A"’* on we“-g)ounc\ec\ness
‘S:h H’)e ?o\\ow'-ns’

(C,<) isa o.r\"\o.“:) ordered set ,
X5y are elements o? C |
S s o supse o? C , ond

R s o \Prer_\ica}e o~ C,
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where S and @ oare couP\ed \93
8 Qx =a(xe8) , or S:{x\-anB

Ps & result we hove
(& S=d = BxxeC: Qx)
“x is o minima)l elemen} of S means
xeS A (Eb:b<x:~\ (beS))
"C is well-{ounded ” means Yhat qu non-emyply
e

Stﬂbs& of C Can)fo\ins Ca m'm'amc.) emen

\I\Je O\OSQI"VG
“C s well-[Gunded”

='{de?»n]}}0ﬂs o? we“— oundedness and minlma\ e‘emen)}
(Ex:xeC: xeS A (ED; <x:-\(365))))
= { }')r‘ec{':ccAe cq\Cu\uS, de Mor;cjo.n:'ajn Par\ﬁCu\ar}
(aS:: CS: ¢) =
Ax:xeC:inxeS)v (ED; WXy e S)
={re\no\m'm3 e d.u'mm:j with (8) and (5)
(BQ:: (Qx:x eC- Q) x) =
AxxeC:-Qx v (Eb:.ﬁ(x: T QYN
= { c\e?m]\"lon o? ma}%ema}ica\ '\hduc)'\orn} :)

”mo‘r\\emo‘\ﬁcq\ 'mduc)"lcm over- C s Vc.\iol ! .

Qmonf) ma}kemq\ricians, we“-?ouno\ec\nQSS IS
nor as We“;\(nowh as 'A deserves )ro \De-. Yhere S,
?or‘ ins)'cahce, a@rer %a\? Cu Cen\'ur'b ho)' .fjex‘ Q/:))u}a‘

nome ?or‘ '1)'. One Qo;nno} eSca?e 'H"e ‘\m?fe‘SS'uon
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Yot Emm:) Noeﬂwer) besides \se‘.n\cj Jewis\w ond
?ema]e, had the additiona) disadvantaae OP
)')OV""'&?T‘Deen \Precedec\ ):)? geo[f) Canif W:H’\
his s \.3

essS on (ovn}c«\:]

/RePeren ces
T

Lo} ’Bac\(,/\'?.j.?., Correc}ness ‘Oreservins \’.)r‘o&'r‘am

e ‘memen\'S: ‘3!"00(—7 ‘H’leoy:j ond O\FP\iCahcms. Mathe-
mo}ico‘\ Centre Trocks nr 431 R Qms\rerc\c.m 1680 .

[4] /-BQC\",,R-.:S-/Q., /Prov‘ma Yoro) Correc\ness o?

Nonclekrerm'm'n.s\"lc KPFOSerS N -In ?‘m‘;‘ar\b \_03 c.
Acle Tnﬁ,rmo&ico\ val 15, Fasc .3, 1981, PP 233-249 .
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2] ’-_Dit')ks\fro\, Eds&er ., A o\isciF\'me of progrom.-
\m'mﬁ. /Pren‘ice—HO‘“,T_nc., Enﬁ‘ewooc\ C\y S,NJ, 1976 .

4] T\ojc\,/R.N., st‘ﬁmn mMeanings 0 prooroms.
Qmer. Moth. Soc. Smeos‘)Q W HF?\lEC\ \J{o\}- Q -~

makics , vol. 19, 1467 PP 19-31 .
Is] /Par\,fDQV‘\A , On the semo.ﬂ)ics o? ?oﬁr

ar&\\e\'|5m. \_ec\ure \\\o\es N Cc;-m u}e,r Sc'.eﬂce)

vol. 86, S\ar'\naer-\/er\of) , Berin-Pe \‘c\e\\oe;a 1980,
‘3)': S04 - 526.

[6] /PQF\*(,/DO«VEC\, Concurr‘e.nc:j Cund Ouu}omo\\(l Qny
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He, de\\oerg 1634

[7] S"O 5 J N rD?/nox‘o\\]Qha\ Se/rno\ﬁ)'rcs'. —n’\e
SCO‘H- S I’Ou:\'se ﬁ roc\c\r\ }u /?YD rammmg, .

9 P 9 )
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[_8] ’Tc‘rs\t‘; , Ay , B La)r\-ice- 'Hf\eore‘ica\ Tm\oom}'
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