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“Predicate dromsformers ('Draﬂ Ch.3)

In Yhis c\'\a\o}er we consider ?unc)rions ?ro'm Freclim):es

to Pre.o\'lcg)res: with ? sug\n o F)th)'i('.)h and X o
Predico.}e, ?.X 15 o Pred'\ccﬂ'e Yhat | in ﬁenerm\,

depends on K . The Facﬁ that ? is o @mc\ion
s QPHD Cap}-urec\ \93

@ Ix=Yl=[fx=0¥Y1 |

\oeariné in vind thol we hawe decided Yo use
L. =] b express equ\o\i\rb oF hwo \:rec\‘uca%s.

For historical reasons, Such Euncxions Gre c:;“e&
*\orec\'mcx‘e '\-romsgormers "I in Yhe me\axp\ﬁor under-
lv‘ms Hhot derm ? 15 viewed os am opem}or

Yhat “%r‘o.ns?orms " omy gjven K inle Yhe corres-

\Oono\ihb ()- b

T} so \r\o.\oPens Yhat Yhe sequel enjoys an ol\-
Fef’vac\ins samme)‘r:j, Lo samme}r:j -H'm)f we \N‘Ou\d
Wike }o ex‘o]o‘\-‘ ?or‘ \orevi}y's sake. The sbmme¥rj
consists In Yhe circumstance Yhal all concepls
ond  lemmato hove Yheir duals. Bul in order

Yo express Yhal} s‘nmme}rn concise\:‘, we need Ahe

viotion o? "3:\\9_ cmj“ﬁq)'e o? C ‘:rec\ico\):e. ansgormer".

The Can\}uﬁc}e o?q \oredico}e )rrcxﬂsPormer
IL--N \oredico.}e %‘ro.'ns{)ormer denoled \o:j E)* ond
degnec\ \"‘j

@Xihwe: [@X =2 PEXYD o
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™ e*x = '\P-("X)‘k
@r short.

Note. Tn 1), Yhe un‘werso.\

wom )r'l gcg\i on over X
1]

understood  as usual. But i} holds Lor an

Y Predica)e
)rrmnsg)wmer ? {)or" C’\B )ro deﬁ'ne —\\we s\nr * >

s universal o\uanh{%co.)r'ron over ? should e
understood os well. (End o? Note.)

S

The Yerm "Con")ugov\e” 1S \_‘)us}iﬁecl k:j "“"te CirT-
cumstonce 'Hno}, W e ‘:reo\;ca}e *romsgormer S
Yhe co«n\')uso}e o? onother, theu ore each other's
Ccm\‘)uaw}es, as ?o“ouos Pr‘crm +he g)o“owmg

Lemma 3.0 [{’”. X = -PX]
,?FOOF 3.0

?‘H.X

= {(1) with ?:-.: ?*S
A PN (X)

= { (1) with Xz A X]
A PG XD

= { Negakion, Ywice}

R X

(End o? ?TOQF ’:’:.0)

Tor‘ brev'i\éj's SQLQ we o.\so r\?ecl M’\e ho}‘ion OP ”’})ﬁe

Con\)ugc.‘\'e o? a \ch OP Predic*c.)tes’i For o \oa‘g \V
e Pr‘ec\icu}es we Ob\‘os'm s Con‘usg}e V* b&

neﬁo}rmﬁ oMl s )arec\ica}es. Ns o result we hoave
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—-W\“\ € }-\a\nnﬁ o \niﬁ]ner \)ihc\inj Power chm = -

@) XeV' = GX)eV
%) \/** = v

So rmuch {%r '“')e v\o;ion o? ”’H"-e C.o‘n\:)usq'}c"

* »
L3
We now de{)ine the dwo ‘amporlqﬂ' Ccmce]o\‘s, Viz.

C.can\')unc}iv'a)-:) and C\is'unc\"tvi}‘j, '»m)' W‘r“ occu‘ob “us
F;'}\r\is C"\O\\o‘-er:

@ur Yhe remoinder o

4> (? s Canjunc}'nve over V)=
[P(BX XeV: X) = (AX: XeV: PX)]

(5 (? 1S c\‘us\‘)unc}ive over V) =
[CEX:XeV: £X) = £ (EX: XeV: X))

Tn o}\\er words: “)e con-unc}‘.v‘)\J o? ? c\e$crﬂoes
-“ne ekkfn)‘ lo w)\ic\« ? dis i)ou\es over universa\
qMGn}'iﬁCG}"IDh R '|\s C\IIS\')\AY)C}‘;V'I\'U describes how ‘:\‘ dis-

\-f':lc.u\es over exi:)enk‘:c.\ quom’nﬁecﬁ‘mn.

The nolion o? -}-\ne cm\)u\sc«\'e enakles us Yo ?or-
maulate the ?o“ow’ln \lemma ., which expresses Yhe

SSMMQ}U Q\\\Ad ed % .

Lemma 3i

(¢ s conjwnckive over V) = (F” 3s disjunchive over V*)
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ﬁ!‘oog 3.1

C{) 13 COﬂJMnc}}ve over V)
= {de?. @y

[LEAX: XeV: X) = (AX: XeV: £X)]
= {Negc\)rions

[ £.G@%: XeV: X) = 1 (AX: XeV: X))
= { de Morjom, Ywice §

["‘?-("(EX: XeV:a X)) = (EX: Xe V:n ‘FX)}
= {Trmns?orminj the c\ummD, Xz a Y]

HPGEY:EN eV YD = (BX: (A1) eV: 2 £ (YD)
= ‘{de?. (CP N (2}

[P*CEY: YeVT:. YD) = (EY: YeV*: TY))]
~ { def. (53

(?* 1S c\iﬂunc}‘we aver V¥*) _

(End o? ’Proo?%.‘\)

The less resiicled V , the s}ronaer the corres-
\oonding \‘)unc}ivﬂb ‘oro)oer¥3 — “Junc}ive” S}Qﬂas ?or
e.‘:}\ner Ccm'unc":ve or c\is\)unc\‘we - . We d'ns):insu'\s\\

the ?o“ow'mg \Upes o? Junc¥\vi\j;

universcn“'b \')unchve:
Junc¥ive over all V
un\oounc\ec\\b \')unc\-'nve:
iunchive over all non-em\o\r‘j V
dEnUMera\b\_D Junc}"we:
Yunchive over al\ no'n-emxa\:j V with denquro\\m\g
mom c\‘\s\-'mc.} \oreo\icc\les -
(?‘mﬂe\‘j) L‘)u\nc.\-'we:
Junchive over oll nm-emp\j V with o @n'.)re. number
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o? C\is;‘mc} FreaiCa}es

...~ continuous ;
\)unc\ive over q“ hon-em)o}j V, the dis}‘mc}'
\oredica)res o? w\'nc\n can be ordered as wonc-
Yonic sequence (see Note Welow)

monolonic:
Junc\-\ve over all non-em?\:j V, the dishined
\ore&ico}es o? which can be ordered as wnono-

Yonic sequence o? ?mi}e \enSH\.

Note Here we o\i:ﬂ'mju‘\s\n el ween ”o_.u_-u_g_i-conhnui\lj"

lhg! '\%Q case c:? COﬂJUnc}}V”‘ and 'for-«(:crvA’lhu'g\:n "

n Yhe case c? d“nsk')uﬂc}-ivﬂb. (End :? No)re.j

AL ove we have ]h}roo\ucecl 6 ”}Dpesuc 'unc}ivﬂ-‘j
corresponc\in3 "0 6"}-\\3Fes" o? )00\95 V o?)]ofedica}?s.
The constrainks Yhal choraclerize Hhose \jpes o?
bhags V hove been ?ormu\c«\-ed M terms o?

€)) (—\-\ne corciiha\i]-‘j o?) Hae number o? (dis\n‘nc})
Predico\'es m V , ond

(i) the ques\'im o? whether the (dishined) pre-
dicales carw Ve ordered in o momoltonic Sequence,
e. com Pe numbered such that

(AL, ocicy: DG X Dv@iposigi: [X = XiD).

Ad (i) we remark Yhal, Yhe diskinch) predicates in V¥
Yoeine ih one-Yo-ome corrES}oc:nc\-e.nce. W'thn '}\'\e (dis-
Yinc} F\"edico\)fes in V |, VY ond V Sa\'is% +the
some Comstraints QP Ca}e-ﬁcrj (N, Ad Gi) we
T‘emar\« n'vo.\', sincvé, .
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IX=2Y) = [AY= X)) ,
either both V¥ and V . or neither o? Phem | Sc}isﬁj

the comsiraint rmentioned under (i), Frem Yhe

a\owe we Com c\uc\e

Lemma 3.2
('}\ne"\jpe" o? V) = (Yhe 'ijen o? V*)

and >IN com\o‘mo\}icm W\\r\\ Lemmq 3.1

Lemma 3.3

(?ls "l‘b‘(:e“ o? CO‘n;)uﬂc)ﬁv'\\‘b)= (F)*Is "‘!"lﬂ])e'l oF d'lﬂunc\ivi\3) .

—n'aree. remcsr\(s Qre in order.

”F\rs}-\b, wniversal c.o‘nJunc}'wﬂb 15 o T’ro'f’er]":)
c\\?fercu} From universal c\isJunc\-iv3}3 -di??eren)r n
the sense thal o given Prec\ico&e }mns?ormer moy
enjoy the ome, bul not the other — , unbounded
Con"')unc.\'ivn:j C\'IWQFS Frr.rm unbounded c\is‘unc\-':v'w\'b,
ond so down Jo _Ot_h_cl-COnhhui‘-D, w\'\ic\n Ait¥ers
@cm\ or- Covx)r‘mu'n\-b', bul there 1 no Poin} n dis-
’rinsuis\'ﬁnj Hetween "g._r_\_c_\_-mono)fomci\-:j" ond or-

mOho}on‘:ci}j ”: 'qua are -“’le GmMme Pmperb. CQ\\;d
"‘monoxonici}a" F)crr‘ s\'xor}, and usuo.\lb c\eﬁned \93

(6) (£ is monelonic) =
@NCIX Y1 = TEX=RYD
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To prove that 0md MQno}onchh and mono\onic-\:j
oS c\eﬁhed \ob (6) are Yhe came Tgro\oer\b we show
that Phe one Fmperb Fo“ows ﬁom }he other ond

vice verso:

and- mono\'onuc\\:)_ (6)

LX=Y]
= {1MP\ica}'i0n3
[XAY =X] ~AIXY]
{Leu\om'z.j
[EXXaM) = £X) A IXa7Y)
= 4 &7 s omd- monoYonic §
[EX ~APY = £X)
= {IW\P\'ICG\"!Qh-g
LEX = P

(&) = Qnd monotonicit Y

-
— e e E— - - — . e wme

“Predicates that can be ordered in o ymonolYonic
sequence oF ﬁhﬂe \enﬁ}\m can e ordered in o weaken'ma
sequence o? ?‘m'-}e \e"'g““- We do so, and obsgerve ?or

n i

(QI,J Osigj< n: [X\‘>XJ-D
3 '{Tns\'an‘m}wn =03
Qo< icn: [Xo > X 1))
{ ? 'S mono‘0h|c3
(B\) 0<J<n [XO %XJ]) /\(QJ OS")< n: T_?CXO)%{)CXJ)])
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= { wderch ange oF o‘uo.n\'\?i c::}'nons}

[(E[J 0$3<n: Xo= XJT_\ ~ I(@J 0$j<n: ?-(XO) @?(XJ))]

= { di siriouhon ;vonoe om'.“&d})

[Xo= @)= X)) A 18 (x.0> = (Qy: £ (X))

= {Tnstontickion ; remember N34}
[X.O = (E\J X.:) )3 AN [? (X.0) = (E_\) ¢ (XJ))] AN

[(5.3 XJ) = X.0) A Y(B__l) ? (X.;P) = (’ (X.0)]}

= {Eo‘u‘\vn\ence.&
= 1 Leibnz, eliminalion c? X.0}3
NAGITR AN (R b.(xyM)
9-ed.

“The Proo? Yol or- Ynono'\onic‘c}D and momodonici}
as c\e@ned \oj (6) ore Yhe same Fr-oper\r(j s muroltis
Ynu\‘o.nc\is Ahe same araumen)-. From nowd enwards we
shall re?er Yo 'us} mono}onicﬂb. We menhcm Yhe

Ccmseo\uence O LEmmfA 2.3 and }-\ne E)ac\' Hﬁo.‘ }Me;e
is cmb one ‘mono}onic'-\‘j

Lewmmoa 34 (?is mano»onic) = (E’* s mono‘oﬂic)

Secondly , we draw allen)ion Yo the censequences
o? }he FO\C} Yok, the less reshricted V , the s):rcn\c)er
the corresrxmclinﬁ L‘)Mnc}‘w‘:\‘j Frorger\j. From Yhe

delimitions we dernve c\‘nrec’r\b

Lemma 3.5

C ? 1S unive rscﬁ\:j \')unc\"we ) % (? s un\oounc\ec“\\j \')unc}'wc),'
(? s un\OOunc\ec\\:) \)unc}"\\fe) = (? i$ O\enumemub Jtmc"nve)_;
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(? \S c\enumerc.\o\b Junc}ivﬁ) =
(? '\a(?;ni\e\b)\)unchve) N (? is ...~c0h¥‘unuous) 5
(? s (6?1‘1%\3) Junc\‘uve> N/ (? VS e = CONHINAOKS D) =
(? 15 mono)ronic)

"ﬂr\ird\ﬂ, we draw aHenkion Yo the @«:} ol ond -
Cm)ﬂnu'ﬁ\-‘j S mos} in}eres)'mal\xj QTJF\'iec\ )fo an

n nni\e S}!‘ensﬂnenins degquence: [14) 'Hﬂo.\ case,
(BOSJ XJ) Coan e viewed as Yhe '\ﬂ_hﬁ‘ o? the
‘mém}e sequence X.J (osj) , ona w—cm}ihuﬂj o
Yhen expresses thol  * he ? of Yhe limi} equa\s
the Limid 0? -ﬂne €'s ". Tn dhe case 0? '\-\13 \-n?m‘.\'e.
weo.\cen\na sequence | [Ca\) 055: X_)) = )(.03 , 1e.
Yhe \'lm'n\ is the ?]rs\ Aerm and mono%nicib —'\mP\ier.{
b-j com\r'mu‘u\-?.. s Q\reacb enoq3k Yo Suo\ro\n§ee.
thod QFP\“CG Ton o? P ond  umniversa) o‘uan\iﬁm-
Yion  comwmute. Simi\arlj, QL‘-Cow}-inuH\J 'S most
'\h}eres)ring\a qmo\ied )ro on N gn‘.}e weq\ten'mj
Sequence,

% *
”*

Two ?ur}\')er \emma\~q abou mono\‘onici\b ore
'wor')-\-\ \cnowin’s. |

Lemmo. 2.6

CF) (R Ynono\‘cmic) =

@EEIX v Y] = TP v £Y1)
?r%? 3.6
(? s mono}'onic)
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= { (6}

@XY: [XaY) = 10x= Y]
;-{Im}a\ica)r‘.oh, Yice §

@XYe 12X v YD 2 118X v £
= {Troms@rm;nj e c\ummj X = X}
@axy = X~ Xl ['\? XD v ?Y])
=1 Con\‘)uéakg

XY IXvY) = 107X v YD)

CEnd o?fprooﬁ 3.6)

Note '}\'\Q}' n ';)ne. 'lmP\'\c.c\\'ncm “ﬁe Qn}ecec\eﬂ} S
st,mme\-ric i X and Y, while the consequent

1S ho\-.

Lewma 2.7 For vonoYonic ? ona o \0&5 V
o? ]vrec\ico\)res
[?.(EX:XGV: X) = (EX XeV: ?X)] ona
[CEX: Xe VLX) = £.(EX:XeV: X))

’Pmof 3.7 “Yor brevi}y's soke +the rance vestrichion €V’
has \02127\ om‘-)r)rec\ .

Yrue true

= {Tns‘ran)r}q;’\mm's = {an\aﬁhm)hcmﬂs
avY: @X:02 1 LAY Y EX: X))
= i?‘ls mono\on'-cj = { s mono'\on"c.'s
[AY: EXXDEYD]  KAY: O = REXXN]
= {—Impli cc.\-‘lovws {’Im-‘;\iec}i on})
LAY~ L A XDVEY))  TRYH Y v R(EX:XD))
= {'D‘nsx-ri\ou}icm} = {'D‘us\‘r}\Du\:'-m 'S
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= {Tmp\‘nc;-h\-‘-on's = {—Imp\ica\"tm , de \"\orlscma
[E@AXX) @Y% ] [EY: YD) = F.EXO)

(End o? (?rco? 3-?)

The dwo vaf?s given next ‘o each other are very
similar Yo eack other. "This is because Yhe assertiems
Provecl ore each other's dual. We could have proved
an\a Yhe ﬁrs} one ond have reﬁarmu\c.\'ed e} in
Yerms o? ? and V* . which would hove b‘\é\&&d

[CEX: Xe V™ PIXD) o % (EX: XeV*: X))

since Yhis holds vfo-f any V  and ()* 'S Gs monoYonic
as { . Yhe shars may be omtted. Tn the sequel
we S"\a“ no lo'naer gnve }w‘o _Se};ora\}e Proch ane
eor' on asserbon anc ome r s dual; ofen we
shall nol even Yoke the }rouble Yo ?ormu\\a)'e +he

oluol ass er\"r on.

»

* * »

Where wno confusion Com orise, i} is cus%murb
Yo obbreviate ?mu}e\ ‘)unc\-we ’ as ‘)us} " unc}we :
We sholl use thol convention in the ?ormu\) Y oom o
Lemme 3.8 | in which, %r\-\nermore the %rmu\Q)‘lm
o? Hne duo\ \oro\oer\:j \'\ae \oezn \eﬁ- ¥o H\e reader

Lemwma 3.8 sYren Hﬁens Lemwo 3.5 in Yhe sense 4hat
one o? -»'e \G‘“efs lm]o\nqo.“lons con \1;)@: Y'EP\o.cec\ bb

o equwo.\ ence,



EWD g08-11

Lemmea 2.8

(F S c‘enumero\\o\:j Con'unc\-iv&) =

(-? [§3 c::n'_‘)unc‘-ive) AN P'\s gp_g\'-con)rinuous‘)

’—P\'oo?%.? In view o? Levnma 3.8 , we On\b n eed
‘Yo prove here +ha} e r’ng\n\'-\no\ncl side \m?\ies Yhe
\e@—\no\nd side .

?. (Bi: ogi: X.i)
= { pred caYe calculus}
?- <BJ °<): Chi: ogig): XM
= { ? is o‘_ﬂgi-c.mn)'\nuous and (Bi: O$'\s\'): X.i)(OSj)
's o non-e.m\,;lj, s}rensﬂnemnﬁ sequence}
Ry o<y C.(Riosigy XN 7
= {&J (S con\')unc\-'nve, X.i (OS is\}) 3-8 non-emph:j,grj’u‘re}
(B\j OS\Z: (Bi: 0< is\:): PO(\)))
= { ?reciico e cal c.u\us?}

(ai: oL ?(XI))
(End OF’Proo() 3.8)

* *
»*

I’n “\2 remainder o{-) -}\ms c\'\a\o)ler we S\'m“ comsic\er‘
& nuwmnber o? )oredico}e )rmnsfcrrmers ond derive Yheir
Juﬂchvi\"j prb)oer‘\"res; we sholl olse cemshuct Pf‘edich
tronsformers (rem aiven cmes and 'mves}':go}e Yo what
ex‘en)- )I‘\ne Composi)'e Tarwec\ico.\‘e '\-roms?ormer in\’\eri\-s
Jmnchvib Y)ro?er\-‘tes ?l‘om s COY\’\‘POY’IQ‘Y\}'S. We s\-.a“
start with }Me Simp\&r coses ond Pprove Hhem , even )

'“’IQP Con ‘oe viewec\ Qs sPecia\ Cases o more Sop\\is‘-i-
cated Hheorems Yo be deat with laler
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To \Oeaiwn with . we drow otdention Jo

Lemme 3.9

[? Yrue = arue] ?or un'sverso.“j con'unc\"we P , ond
I? ?a\se = F;\se] @:r universc.\\j c\ls\)unc\"we ?

/Proo_? 2.9
£ brue f Fa\se.
= {universal quomhiflicatiom = {existen¥ial quanti{icakion
over emplu ronae over e‘""]""{j ron&e}

P.(AX: felse: X)) . (EX: Ladse: XD

= {? uv\iversa\b cor:)unc\‘,ves = { ? un‘nversc.\b c\is\‘)unc’\'we:‘)

(F_\X ?c € ?X) (EX ?G.\Se: PX)
= {O&ﬁo\‘m E-\m?\\tj ranaes = {0\50«3\'\ e‘rn‘f:\'(j mnge}
'}‘I‘MQ ?Q\Se.

(End o??roo? 3.G)

The cdbove s c\ose\:j cornected do the Foe} Mot
Con junchion c\'\s\f')\ou}es over universal quan}iﬁca}rm
ond c\is\;unc\-‘nm over ex‘\sgen\'m\ quo\n}iﬁcth‘m.

rovided the romee s hcsmCrnP"‘-j. “This s Ao prepore

"Hne reader ?o'r nwe C"!f'CMW\S}O\‘hte -“qo.} N qw;l‘e N
E)euo cases be\om , we ghd universc.\ Junc}‘wﬂb €%~

cluded.

Lemwa 310 Le} ? be 3‘\\!3?\ \Dzj ?XEYX] 5

? s univer's«::.“b cwdunc}':ve.

’Pr‘oo? 3.10 We Vove Fc;f‘ ony N




EWDq08-13
P.AX:XeV: XD
= fde? d? ?S
[(AX: XeV: XN

= {'m\-erc\nanse o? o\uomhrico.h ons; romge s & damain constont}
(AX: XeV:IX1)

- (o of 3

(AX: %X eV: XD
| (End o?/?f‘oof 3.10)

Lemma 314 Le} ? \oea‘uven \o:j [?.XEX]; ? =

un':verso.“:) \‘)unchve .
’Proo? 3.11 We hove ?or omy V
f.(ax:Xev: XD

- {aef of f1

(EX:X@V: X)

= {de?. 0? ()3

(AX:XeV: £.X)

\-\owing Phus es}c\o\is\nec\ ?’s U\Y'\i\fef'sc\‘ Ccm\-')unc}'w't}b,

We Com ccrnc\ude, ?S umiversc\\ C\iSJunc}‘iv'\\'D ?rcmn %e

o\oser\ro}'\c—n %—\ncﬂ- ? 1S 'n}s own cw&ugo}e‘
(End of r‘?f‘oo? 3.41)

Lemma 312 Leb -F be given \o\'j Y?X =¥1),
gor Qr";i}mr\j hd 5 ? s unbocanded\_tj Juﬂc\"ﬂlﬁ_‘,
or M= drue) , ? Vs \An{vef‘;o\\-j cemimnchive,

Por ¥ = ?o.\se] X g-) is universq\\j dis&unc}ive.
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’Proog) 3.42 Le} Q stond ?or B_ or E y  We Fhen
o\oserve ?or‘ O\'n:j hon-emp‘\j V

P.(QX:XeV: X))
foef of 71

= ‘[ Vis honem}o}\rjg
(@Q%: XeV:Y)

= {c\eg o? ?]

(QXX eV: ?.Xj

oand , hence gls denumero\o\e \“)unc\'i\rﬂb has been

demonstraled. Trom the fact thad

[hue = (BX: X eV: Yre)) and | folse = (EX: XeV:(alsel)
dso hold or emply V| Yhe rest of Yhe Lemma
fellows (End of Proof 3.42)

Lemmo. 343 et ? Yoo 9iven \oj t?x = XAY]) .
»Por o\rbi}rorj g R ‘? S8 un\:oundedl‘-j canUhc\’tve

anad u'n‘werSo.“b d\sjunc\ive.

’Proo_? 343 We observe ?or non-—erm\o\b V ond ony W

P.AX: XeV:X) ¢ (EXXeW: X)
- {aefof 3 - {ef of £
(AX: XeV: X) A Y (EX: XeW: XIAY
= {Vis nomem‘p\:jzj = § distrbudion§
(AX: XeV: X AY) (EX: XeW: X AY)
= {o\e? o?\l} = {de? Q? V}
(B_X XeV: QX) (EX XeW: ?X)

(Ena of Proof 3.43)
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Lewmma 344 Leb e be oiven \D:j [?X = 9. (h. X)-)

-? QT\JODS eac\‘\ \jpe o U\ncxl\h\’ ')F\hc} 3 Omd
' share . ( Note dhe} 80}1

’?roor? 314 Le\- 5 ond }\ be co*nJuvmchW over sume V.

?. AX: XeV: X)
- {oef of 3
9.0\. (aX'-XeV: X))
1 h is con’junclive over \/3
9 (AX: X eV: h.X)
{3 s cc-ruunc\wve over V‘S < Yhis mdivelion s
(BX: XeV: % (X)) ‘msu??ycncn\- {

< {oef of €

(AX: XeV: LX)

n

Hovmﬁ proved Lemmo. 344 ?or canuwc\nv
we conclude thotl i} holds q-)or dusdunc\-w:\b as we“
on occouni oj‘? Lemmo. 34 ond Y? X.—S On*.X)_)
(End of Proof 3.44)

Lemvno. 3.15 Le'l‘ ?or‘ sSome \oas M o? Frec\mo.}e. )froms-
Pormers ? be given \DD [? X = (93 g€ M: o L O) I
? °""J°§j$ each }:er o? CmJunc“w}D shored ]DD ol

\emen"S 0

/Proo€ 3.45 Let oWl elements o? M be con\')unc\ive over V.

= {aef of {3

(99 ge M: 9. (AX: Xe V: ) 9))
= { 9 Cchunc‘nve aver V3§
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(Bszje\“\: (EX:Xthg.X))

= { \h}erc\ﬁom&e_ OP quom\-'lgco\hcms?;
(_ﬂ__X:XeV: (89:34:—.“'\: 9.)())

= {c\eﬁ o? P3
@Ax:Xev: £Xx>

(End of Proof 3.45)

* »*
*

So fo.r. we hove Comsidered ]oreclico.}e J(m-ns@prmers
thal were Vreo\ic.n}e- valued Func}ions o? one Frediccﬁe-
valued aroument. In the sequel we have do deol
adso with Predico.)fe f}rmns?cormers '\'\no} are Punc."lcms
o? severa) o.rgumen}s R ?.X.Y Say. We now have
Awo oP}ions: either we wrile ?.X.Y ond comlinue to
consider G) C unchon o? Ywo mrgumen¥s , or
write ?(X,\r) , 1.e. Vview {) os o Func\-icm o?
one o.rgumew} which is on ordered ‘ooﬁr -in Senem\

on ordered m~}uT.-.\e.—- o{-) ?redica):es.

We T:re?er Yhe lobrer view _be_comse i+ allows a
COHCeP\-uQ\ s'\mp\i?ica)mh (\oe. i} o} the Price o?
some ho}a\:ionc.\ brin\mens\wip, a‘oou} which more
LLAY =N momen¥). The sim \iﬁco.)now comsisis in
deo-hng with n—}up\es © {:feo\ica}es as with
Tarec\ico}es bD -}\ne ru‘e }\‘m 105‘1 c:e\ o em\-ors
have Yo be QFP\ied e\emen)r-wise, as ilustroted
E)or Y>o~i'rs Helow:

LX) = IX) A TY]
(XY= XY = (X=X, y=vyD)]
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LOLY) v OXL ) (X v X, vy
LXMDY A KLY 2 (A XL, YAYD )
(CKy = X st

[ O OXLYD) = (XaX' Y aed))
LOXDY# OXL) = (XX 02N))

Remark on dhe hot\o\}‘lono\ \orin\cmcms\-\ip. “The
F\WS\‘ 0? 'Hne o.\oove g)or‘mU.\o\e , VIZ

LAY = IX) A 1Y)

condaing ot the \ea-\nano\ side o square- brocket
T.')Qir %o} VnOs): c\eﬁnﬂel:j c\iﬂgers From Mﬂose o.}
Yhe ""5\"“"- i? '“'Iose. o} H\e Hs}s} surround ?rec\ico}@».

the pair o} the \E'@ SUrrounds o P-rec\'\co}e Poir.
PBut the comme |, viewed as \ru\P\'mS owf:ero}or‘, is

associokve . ond i? X s an n«\u,o\e. ,ond X is on
vn-hAP\e, (X,X) s on man \ur\e with dhe resuld
Fha} Yhe o)oove ?ormu\\o\. Yoy cembaim (&\' c\oser
'msrec\-'\mn or: in o serwse) Fhree c\ig?s:r?n} Po\n's o?
squore brackers. (And Yhis s w\fu:) we did not
write the rij\n‘r—\nomc\ side as [ XAY): the
Formu\cx IXIADY) = IXAY] ?ro-m bhe previous
C\nop}er On\:j ho‘ds U\ﬂder }he Pnere s\'\\\ )raCE“
c\ssum]o}'\ch Yhat m XY A 1Y ., X and N ore
surrounded bﬂ equal bracket povirs Yhe A~
however , does reﬂec]‘ Yot we are c\eo.\ins with
wuniversaol qumﬂ}iﬁcq)ricns.) Those thal shill prefr
":0 iﬂ}eqore\' )orec\icc)!es &S \ooo\eo.ﬁ E/Mn&imﬁs on

domains  should in‘ferT:re)r (X)) as o Yoooleom
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?unc}ich on o domain \'\qa\- in }\ﬂe;)o.rgcn VS Cc.“ecl
Yhe discriminated wunion o? Yhe dormains \oe\cmﬁ'mﬁ

Yo X and resyec\-\ve\b. <Eno\ o? TRemoark on the
notational brinkman s\'\i\o.)

gﬂer Yhe above ¥+ will not amcze Yhe reader Hhal
W+ Yook wus quile some Hrme be?org we haod 30.}%&6:&
enough Courage Yo dore Yo T)us\n the view ok
n—}up\es o? Tarec\ico.}es ore ogain Prec\ico\\es. P}
)A'\is s\‘qse ) Men}}onina o sing\e %ui} mus} 3\»?—

P‘ce. Howing) \orovec\ some}\'\in P::;r Ca Po\sr o? )ore-
dicaltes is oﬂen the nduckion S?QP ?0,. \omvmf) Ahe

sSOAne ?or n-}up\es . —}-\ne h+1-}uF\e lal-Y'a) \De Porsec\
as G ‘oc«ir‘, o?w\\ic\n, or ins}ﬁnce, Yhe secemd
one is Omn h-\-up\e. We «}-\nere()ore Yoke the \ibeﬁn
}o ?ormu\a)re and prove elQn‘ brevi\-xj‘s sake lemmolra

On\s ?cr Potirs o Predica}es, uinder the addivion
"CExlendikle Yo n-hap\es.)”.

@uan\iﬁca§ion S c\so Ao be unc\ers}ooc\ Yo

}qke P\oce e\emen‘H wise, \.e. -?or W o \:oa.a o?
Prec\ico}e pPoiTs

C @XX:(X, YD) e M- %) . (Q XX (XN e W Y))—_}

,'FrOm which We see Yha} I? e ranoe is o domam
constan} and the Yerm is a )orec\icde Poir, Me
qULO\Y\\"IﬁCG)'lOY\ xgain 3‘:«e\c\s c Prec\icc.xe T.)oﬁr, o?
w‘niC\'\ (?) SWes '\'\ne ihd\viduo.\ com‘aonen}s.
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-‘r\ovinﬂ de?meo\ qMon}iﬁcﬂ’rcms g’or which the
Yerm s o Fredicde air, We coam Mow Consider
the Junc‘rivi\-ﬁ of e &nnc)’lc‘n , Whose value is
Cu Prec\iccse Fcﬁr‘. —nne maoin resu“ Q\Dou" Suc\'\
?unc:}‘ncm.s 1S qiven \93

Lemma 316 Le¥ «Fcr sSowme Frecl‘ncc.}e Arav\sﬁ:rmers

S andd  h , ?v.n cHon P be 3‘\\/9?\ \o:j
[F:X = (9.X, wX)1 -? en yoys each ‘fjf’e o?
;)v.nc\-ivi]:j S]norecl \D‘(j A and h . (Edendble Yo n-\-up\es)

q)mogs.léLQF 3 and )nba")wrrc\-‘.ve over ‘OQS vV cF

Precl‘nc:o.}es onc ]e)r Q s}o.ho\ ?or 'H've corresT;u'nc.\'mS
O\Mo\n\iﬁ'cg\ﬁun sjmbo\; in the ﬁ:\lowing }\ne mnge,
when omitled, is Yo be understood Yo be KeV

P.(@X: XeV: X)
= {def 0? ?3
¢ 3‘((_3:))(::)() . )\.(@X::X))
ic"j ond h ore T:n’operlj JMHC}IVE’S
( (@X:: 3X) - (Q)( h.X))
= LM

(X (o %, 0. X))
= '5 de? o? ?S

(QX: XeV: £X)

(Ena o{) ’?roo?%flé)

n

The o)oove Lemma 316 s our ?irs} ccmce]o}v.a\
gain G‘om COnsic\erinE) c preo\ico.}e poir again o

Prec\ico\):e. We Se‘- Yre next one bD COY\SEC\QFihj o
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Punc\-ion . w\nose Qrsumen‘\' 1S a Predic:o}e Po.‘ar.
With W a \005 o? Predicer poirs ond Q Yhe

opPropr’ao\jre unnhﬁc.a}ion. We Ccan Suvamarize

(4) ond (s) Vor such o €uhc“30n \o:j

), (? s Junc\ﬂve over W) =
LP (@xy: (XD eM : (XY

@X,Y: (X)) eW : LX)

\'Je Con nNow f)OTmu\o)te Onno\ }orove

Lemma 3.17 Le)— P be 8‘|ven \OD tetxu\f) EX};
€ is un'wersa\l:j ‘)\Anc})ve. (Exyendible Yo n-}up\es.)

Remark Nole that the V o? Lemma 347 s Yhe

selec)or ?unc}'mm: i} }reoAs e o? Phe cmn‘ocme-n}s
og an n-tuple as Fu--nc\r'rovn u? the ‘n-}uP]e. CEnd
O K\QEW\QWL.

/?V‘oo? 3.17 'Degne ?cr omy ‘0&3 W o? Pretl(im}e
pairs and with @ ‘he Q]opmpfiq}é quan}iﬁca}ion
the Pred‘aca\'es AXw  omd  Yw \93

IXw 2(@X.x: (LYY e W: X)) ono\
Drw = (@%.Y: (D eW 1 YY)

P.@%x: (X eW: (X,
={(7) ond def. e:? ¥w ond Y

£, (%w,Yw) |
= {deg)- o? ?3

Kw
= {O\QP o? XWS
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@x.Y: (X, eW: X)
= ‘gd?? QF ?}
(@ X% () eM: LX)
CEnd o?’Prm? 3,1?3

S‘amp\e as ¥ is, Lemwma 317 i o very bosic
one. . Now we hove nne, Yools \-o \orove Lemwmo 318

N dﬂvéfj A}%eﬁ% _S)r 3\2\ S T T

Lemma 318 Let £ be gven by [L0CY = gXAhY);

? e.n\')o:js each \'UPQ__ cf) cwgunc}ivi\b s\ﬁo\reo\ \cb 5
and h . (Extendible 1o n—}up\es)

’Proo? 3.'58”_ With P and 9 de?mecl \:nj
IpOGY) =X amd LaqX¥)=Y))

we coemelude:

-?rom Lemma 3.‘\7? Ihat P ond q ore univer:o\\b
\‘)unc\‘ive',

hence, {rom Lemma 3.14, thal gop Es as Junc}ive
as 3 and }WC‘ s as Junc\-ive as h )

ond )ﬁence ) ﬁ'c'm Lemmo .15 s Phat -F 8‘,\;% b:j
[@(xa\’) .=_(3°F).(X,Y) ~ (\noq). (X,Y)] em;)ojs each
c.cm")unc.\"wﬂ;\j Fmper\-j shared \OD 9 and h. Bu}k
Yhanks ;o Yhe de@m\'icm o? \P ond q Fhis ?
is the same ome as de@nec\ in the Lemma. (Bnd
o?(Proo? 3.18)

* »
H-

We MO-D bu"\S\ﬁ }0 View ?(Xp\() Y)f'lmo.ri\:j
a5 ?unc\ion o? x R -Hoe F:r.s} ComPonen} —e? 'nne
Of Yhe Gr@mmen}, —}rea}ing Y, ie. Yhe other co-m]oonen},
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GS c. for Ve Yime not ver:j 'm*eres}ina \')orcame}er o{;
the g«nc\'ioﬂ c\e?inihon_ “This lecds Yo }he noklion oF
"\')unc}'nvﬂa o Componen} (o? \bs Qrgumen'\)".

“or a \oaﬁ vV o? ‘orec\ica}es and ?unchon ? of
o porir °F Predica}es ond Q Yhe o.]o]oro]or'm.}e
q'.AOln}'tFico.}]on , we deg;':ne

(9) (F s Junc\ive over V n }s ?irs} comFonenQBE
@ [0 Q@X: XeV:iX), YD) =(@%X:XeV: ROXYN Y.

(he lAniVGfSQ\ quaﬂ}i?}c@}son over Y re ﬁe_e)'s our
)‘rea}}r\ i} as ”‘no) VQU 'mxeres}‘msﬂ,> To s}ress
the cm%ras} Yo "Junchvib N a Com‘PO'nen}" GS
expressecl \o:j (g) , we mo.b re?er' o the \)umch-
vi}:j as ex]oressec\ \9;) (8) as "Junc)-iv'u)\-j » Yhe

Comple'}e orsumen} '

Qur next two lemmala covmect o wnclion's

‘unchivi} in the complede aroument with Yhe
J J _ P 9
Junc\-i Vi \:j %2 '1}5 COMPQT\GH}S .

Lemma 3.19 Le}- ?or Some 9 qu_e\ \( ) ?MV‘\C\"!G‘YI
? be oiven \o:j [FX = 3.()(,\()] ; {2 is as
yunclive as G4 . uhiversq\ Junc}ivib exc eP)ec\.

(Exiendible Yo n- )‘u\o\es.)

or

Lemma 249 With Hne. @XCGP}‘IOY\ OP L\ﬂiversa\ Junc}ivi}b,

el Func}'ron is as l_‘);;nc\-ive. n ﬂs campcnen}s as
“- S In OFs C‘om]o\e

Grﬁum en¥.
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/P"DO.?%-?Q We de gne ?unc}ions P and Q g_vsome N Bb
[Px = XJ ond [qx EY] . onol conclude:
g’rom Lemma 3.11 > Yhod )o is universa\b :)umc}iv‘e;
Frcmn Lemma, 312, Yhat q s Lnbounded\ \")unc}‘we.
Hence., with  h deﬁneo\ \s:j [hx = (P'X’ o\.X)l,
we conclude F)rom Lemwmma 246 Yhe}l h is unbound-
chb \‘)unc}'\ve, and }‘lenc:e ﬁ'om Lemmao 3,14 }};q\-
Yhat Sah S as Junc\-hfe. as g with Yhe ex-
cep}ion oF universa) \')unc}hf’!\‘:j(i.e. j\-\je on\b junc\ivi)b
deﬁnihl:) not S\’\Qf‘ed ‘Dj 11) Pul -

(geh). X
= {c\e?. 0? ?unc)f'lono\\ CWYJO‘S?}'DWS
8.(\*\.)()
= {de?. o? hy
0. (T"X s o,.X)
= Ldef of poond 9}
9. (X.Y)

= {def. o? ??)

?‘ X . (Enc\ o? /ProoF 3.1q)

Junc}ivi\'\j in Yhe cc:mp\e\'e o\rbumen}- is }\\ws
\“rﬂe\b ‘\h)’)er'»"eca\ ‘93 »\e Jun c)-‘nv‘u‘b ks }\we_ Comn -
Ponerﬁ-s. Thn the other direchom R the ‘m\weri\ance

s much weoker, wiz. cmn?ined Yo mono)tonic.'.\:j

and cdﬁ}inmb:
Lewmma 3.20 Le%- Punc\‘ion ? o? O PFQO\?CQ}Q

Pmr ‘oe mono}onic or Ccnhhuous ‘na Bo)—\w ‘\}-s

Caquneh}S; ? QnL')o:j.s Yhe same \;?l;\nc"ri\r'l‘:j g

the ccn—nr.»]e\e. O\Y‘guw\eh\\ (Exlendible Yo n~}up\es.3
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q)roo? 3.20 \Je s\no.“ ]arove -»\e }\weorem ?or \mono\onic‘-}g
and and - Con“inui\-:j . et (X ,Y.'l) (wihh 0g1<N or
0si respec\}ve\:j) be o wonoonic sequence. Under

the c\SSumF\'\on o? Yhe oppro‘:»rie)e COnk')unc}‘wi\\j o?
? n  horh 'I}S Com]oonen)rs we have Ao show

@) 10 O, = (A P O3,

Vo Yhis end we observe Yo start with
Ro(Ri- O,

= {(7) , e, qu&n}iﬁco\ion C_Omponen}-wisej
2.((@i:: XY, (g:j::\f_j))

= {? Q\'?E)rogﬁc}e\j Ccn\)unc\‘we wn '\)rs ers} Com?Onen\-}
(ai:: (X . (EJ YJ )))

= { ? G.\'JPro\Pr':c\}eln conjunc\‘ive n '\}s Seccmc\ C@m\ocm@n}}
(@) ?.(X.i,\r.‘p)

= { predicele co.\cQ us}
CIRTNNE P.CX::,\CJ' M A (ai,j: osjsi:{’.()(.i ,Y.j))
= {}mns@rm‘m‘s '“'\e d:mmb?}
(9_1,3-. 0 Sisy; ? (XJ,Y))) ’\(Bij'- 0gisy: f-(xj,\’.i)) .

We sholl now comsider Yhe ?irs‘r Yerm o? Yhis

ccm.'uhc\ricrn W ‘rWO cases;:

GD Sequence (X-i,\(}) S weo.Leniﬂﬁ

GINTEAIRSE ? (X ,Yj))

= ". “25}""_5 Yhe O\u.an}igim}ncmsl
(Ei:= (BJ 'IS.L'): ? (x.i ,Y.J D

= {YJ wea\«eninﬁ and ? monoYonic in i¥s 2™ com})on%}?}
GIERACAI D)

»
2
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-GN sequence (XA ,\Ci) \s s\renglr\»enins

@5 0y X, )
= {nes}inj Ahe quom\'nficq\'mns‘s
@y Qiosicy .06,
J J ) .
= { XA S\feﬂgnnen'ms and ? wmonotonic In Ns 4 Ccmﬁp?]
CIER ACER AP)

In either cose, the Fsrs\- }erm 1S eo\u\vo)en} Yo
(a'l:: ?(X\,Y!)B 3 ?0\“ recsons OF Sbmme}b, the
same holds ?Of‘ Ahe secend Yerm o? Fhe ijunc-

Yo under c:chmsic\esr'cm\-'mma ond , ccrm\:)'m'mg Yhis with

our start, we have demaomsiraled (10)
(End o? /Proo(? 420) .

Lemwmalta 349 wnd 320 have rhe ?c)“owin Coro“o.ries,
which ,€or Yhe case QF re¥rieval, are ‘mc\uc\e? in Yhe

Séeries o? Lemma\-&

”Lemmo\ 3.'11 71:0-\" L+ 8 ?unc}ionp Q? G Y\’-%u‘o\c o? Pf@c\ico}es

(? \s mono)ronic " 'n}s co-m\:\e}e O\)Bumen-‘}) =

(? s vnonoXounic in c.n i+s Ccrmy:c:hen}s) .
Levamo. 3.22 Tor a Punc\icm P o? an ﬂ-\‘u\o\c o? Prec\icc.\res

C? 1S g_p_c_l.-con\inuous n 'I}'s Ccrm‘)\e}! Otraumen}')'_;:
(F is and. conbnunous in all i\s COmFQan}S)

Lemma 3.23  Jor c. @»nc}iov\ {7 o‘? on n-}u]o\e o? Prec\icq\-?s

(? IS or- Cankinudus in s ccrm']a]e]'e o\re)umen}sﬁ

(? is or-conkinuous W all ks Ccmnchen}S)

26
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OF these Mree \emmo\)cx, the

Fh'-slr one s rather ob-
vious; i} is easi\:]

demor\s)‘fo«)'ea ™" ‘\SQ\o.)-icrn. “The ‘O\s}'

‘wo are \ess O\)V‘lcus,\o‘u.} \r\n Sive G \r-\'m)- w\r\b Cemri-

“'\nui\-‘j -a. rother CmnP\icera Proper‘ra Yo c\e?ine\.-

1€ o 'Sisni)?icav\“ no\'ion.

We are now in o \oos\ o )rg ?mve s«vne\-‘ninj

more a\sou)' H’\e c\is\)unc\"nve. ‘:ro')oer\'ies o? =N Puﬁc}icm

Y Aefined:
Le} {)O“' Some  or- con}inuous _ ond "’t,

Prec\ico‘fe. -}rans?ormer ? be o ven bj T_?.X& g-X A h.XJ,
? s g_r-COn);inuous. (Bdrendible Yo n—\'u\?\es.)

A’\'\a\‘ is canjunc\-'we

Lemmo 3 24

’PFOQ'? 324 Leb ?redic:c&e Yrons ?ofmers P ond 9
[P'(YO‘Y1) = YoAVY:]
[q.X = (g%, W.X)]

ond

From lemma 313 we comclude tho}t P s or-con-

Fnuous n ol its ccrmTaunen\s and , hence, on account
Q? Lemmea. 3.23 F is g_r--ccm\'inuous in 'l\"s Comea

P\ e¥e ow*au men‘" .

-‘F-rom L emyno,

3.16 ond }he g_r--ccm\-‘muib o? )

ond h  we CCmc\uC\e Yral} q is gr-ccm\‘uvmuus.

'rrom “ﬂe. }wo O\BWE CcmC\usioms and \-emmm 3.44

we Qcmc\u\de ):\no} P"’o‘ "15 ghr-c.on\-'w\uous. Since.

F"'c‘ = g) , We \have \omvec\ Ye Lewmmen,

(I ( Bnd 0?/\?!‘00€ 3.24 )
pea

27
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Levamno. 3.25 Let ?O\" Some O__I‘-Ccrn}"lnuous °\_“d \":
?unc\"ton ? be 3‘.\/‘2\'\ \D‘j [?(X,Y) = 3X N k-Y.};

P s gl‘-ccm}'m\nous i '|\‘S Com‘;\e)n Otr'aumen\‘.

’PmE&QEN‘-‘\\,/ ?or some Y , X 9iven \9:3 D:.X :—‘-.\1-\\’],

we deduce rom Lemwme 342 . Yhed Kk is c_a_r-cdn\"mumsi

hence . from Lemma 324, Mol [ is or-combinuous
n it ?nrs} (ompcnen;‘ ? S slml)orlv or-cqn\'iﬂuous
n i} secemd co»-n\oo-nen\- Arem 323, 3% is or-
Continuous in ks ccrmP\ek araumen\r (Bnd o?’?roo?'ﬁ 25)

» E
»

For o while, we F'crge} al chouk ?redicq):cs and
sSquore Wrackets oand cemsider « simT:\e Yool ean
?umc-_‘ioh {) o? two qr‘aumen\rs , more Precise\s
.x,\‘j 15 o Yooean gxpression In bwo vo.rio)o\ €s,
each oF some \bpe. let e be o ?unchon OF Yhose
same dwe veriables, Yub such Yhal e.x.y s an
expression o? the soame }bpe as x. We would

\ke Yo relode f(e "3) Yo (’x

We con do tha} "".3 using e ome-peint rule

E x.y et
no \limoer o\eTJends on x . Wt Q@ shomding
Pcr either R o E

— A

Ywice , viae the m\ermechq}e. resuhd

, we derive ?rmn ¥he.
one po‘wﬁ rule

-?.x'.b = (@ %:X=X" Px53 @ﬂ any X',j
F‘ (ex:.))‘ja (@_ x: X‘_—. C.X.D'. ? X‘.'B) @J"‘ My X:U
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COW\D.IH‘H‘B )-\'\e, 1\«:0 we, ind (?oro.n‘j X,j)
() ? (e.x.33.3 = (Q ' x':e.x.j:((gx-. x.—.x':?.x.bw

’Deno\"\r\ <X b 3 nd e X b 1=

9 Fry by F oo 9 by E.

we obtain P.x'.b \o:j subshiYuYing %' in _'F ?m“ X,
a result denobed \ob Lo C%e.x.\jﬁ.\j s obtained

s‘uml\o\r\j \oj '5-; , ond (1) expresses Yhe wel-
\(not«m \oroPer\-:] UE Su\as\‘i\'u\"tch,'“no} ?o-r an )f,j

?; =:-.( :: ,;_-:‘ CMW\_Q ?res\ x )

We. COvm NOoLYD ?ormu\a\re.

Lemma 3.26 Su\os)ﬁ\u\‘non s ur*\lverso\\ln jumc\-we. te Yhe
sense thot for  V an arbilrary Yag of bodean

expressions in X and Y ond E an expr e3Sion

in X ond Y
| C@b-r:?ev:-\:);. E(Q?:TEV:TE) ?ormax,b_

/\Droo? 3.26 Le\- v \oe. o \oaa o? ?unc\'ucms
such thal FTeV e ?.x.y eV, s Qqu‘.va.\en¥ o

?@V .

(@F:FeV: T
= {de?. oF T ond E ond v 3
CQE: Pev: Cryde,y
= {3 as de?‘mﬂicm o? su\ps}a\u\sws
(@ x":x'zexy: (@x:x=x":(Q ?-. ?GV: ? x.b)))
= {‘m\-ef‘c‘rmmae. c? unn\i@ca\"aohss
(@ ?: ?ev: (@~ xzexy: (@x:x=x": F.x.b D))
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= {4}
@F: Pev: (QryX )
= {def o? T ond E and VY
((_D"’F: Ye V. 'Fg) _
(End oP rProo? 3.26 )

1Ft:nr Hne 'So.\(e u? cmP\e}eness we men\t\cm
Lewma. 3.27 Su\os\‘i\u\'lon c\is\r\\ou\'es aver Yhe

\oSi cal conmneckives .

fProoF 3.27 s le@ )ro '\-\ne reader. (’Provir:r) i+ Fcr H’ie.
he.ao.\icrr\ s ?um!)

In our next c\ﬂa\o)-er wWie s\'\c.“ }rans?;rm \9:.) Su\os\‘n\u\‘uon
Pfedicc.\es x '“'\)"0 XE . Stach »\ﬂo)‘

[@%X: XeVviX)p = @%:XeV: XT))

n which Ythe Square bLracdkeys hove all the \?ru-‘:-er)ies
o? wniversal O\UC‘A‘V\}"‘@CQ\']CM over X omnd 9 - as

men‘h'cmec\ in Lemwmon 306

Cormmen’s an the preceding dm@ OP Choyp. 3.
L - [ L)

When wost of His was written ) reclized Yhat
Pre }Teo.\’ men\' (o] Cun\'iv\ui\‘:) could loe simp\%?’ec\
bd cws:derin‘j not o weq\,cenin& o o s)?enb)-\'\ehihj
Sequence X.¢ ((30) , bul @ monokunic sequence X.i
with | Yav\&in over ol 'm}eaers. The dishnelion
behaeen S\‘remgﬂxenm& amncl wes.\«mrhb Yhen Wecomes
miniscule » viz, 'ha more Hran 'ijmns?ormina the d.wmmm,
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[RE IR ‘Ih Q nex‘r version -W\is unifico‘\icm s eaa:\\u) s a

TJ\ emented.

T hawr wnode more wse o? Mhe olw:m\-‘;g)?er < Phen
1 hod exPec\-ed; :\'\r\:s is an inc\icq)'lon 'W)a\‘ we s\'iou\ck
do }\ﬂe some in '\‘\ne ‘Jrevious c\nq]g\er Ccer\'cxmo [1a
e Summary oF '?CH'W\UI\O«Q).

Iv Yhe ‘\Oroo? o? Lemmo 28 1 wused

(B osi: Xi) = (E‘j‘- osi: (A osisy: ran))
Jus\' SO\U'H'S "oredimie Qo.\eueus”. '.\F et Yrick is
used wmore ofden, Yhe Fq-rmu\me. o? C\naﬁer 2

should include sme\-\'\inﬁ Jo Phat eHed).

T hesidated \Cms \:)e\weor_\
(i) )ra\\c‘né &\oou\' | ?.(X,Y) , ]\‘s Jun c\‘ivi}n in '|\'S \Q\G\
aruments  or in Yhe Compunents Cof Yhe araum?n‘\')
(i) Yolking ohoud XY, s mulbiple junchwily
ond Yhe ‘V\V‘\C\"m\l't\ A orgumen\'s.
ﬁc\uu\\j, when T starYed on EWDG03-16 T hod
c\o¥ed ?ur‘ (N ) oml3 Sw'\\'én':n 5;0 (\5 w\\;\e T had
o\\remc\j O\\I“Q&c\:) S\'Osf}ed. 1%’\37\\( —.[ \\o\ve mode

'Hne corre& c\noice.

'ﬂwe soiuon“e \omc\(e\-s Cos\' me X‘T’(‘JU\\O\Q- \/J\'\o)r o\\::o“\‘
X ,\()-) = ([X],Y.Y-)B T Mot would hove

been true cUrn\ocrnen}'-w‘\se \icoXiem. (Note: Y
Scme\'i’\mes re ?erred )ro o e\emeﬂ\--wise",— s\nou\c\ \oe ‘
c\r\cm ed Yo “comn cmen\r-wise" in ?rnq\ versa‘cm.)

—nne \oo‘m} s }\no-x it a l\f\\s r:\ha\p\?f‘ _.[ wan\' Oh\:}
Yo Youch on Precl“ coYe shuckrures ond the (Fo\en}-.e\b)
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Carlesian structure o? the underlumea domain. In
4he P‘mc.\ sechion om 'SLA\DS\"I\‘M\"\OY\ % %cuc\ne& S
aoam. T coudd not avvid b, oecause 1 wanied
Yo be honest oand woke clear +Hhod e.x.y

Moy c\epenc\ on  Yhe remaining varichles (caphured
Y ).
iy BNy

This raises o ponY ) hove noY mode w my
ymind oboukr “The ’Tu.eso\a:j P\J?}ernocmr\'\os riﬁn\\b foub
?ooussed }\'s a)r}'efn\‘aon on. w\ﬂq)t 'noe.\j re()errec\ Yo
as " Pm‘;osi\'uona\ Func\éonsh ?cr w\ﬂic\q, fms}eo\c\
0€ the general

[X=Y) = T_@X = ?\f-)
the much s:-.\'m-nbex

k=) & (BX=£)
holds. O} some s)rct\se we sholl heed ?unc\-ians ?

%rr w\'\icL\
[luzv) <€U = ?.v )]

holds . with —w Yhe s\o\ﬂc\c.rd 'msler pfe\'c.\icm— W ond
v ?unc\-icms on Yhe domain , u} o? Gn  oYher }b‘:e

such Yhat (L«:v) s net o dowmoain ccms\'can}'

bul o gﬁ\\- ﬂec\:)ec\ \Predico}e. Ond | .J'P course, f.v,
?.u\ YY\]SY!} e <such A‘Mir\ s \w:

() [ (uzv) (?.u\ = vyl .

T. need o Sooc\ \'erm ?crr' Su.c\n ta omnad V-~
Yhe ma\oaue o? owr \oredicc.\es  bud now with
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\mlues ?rom o o“)er \‘:j‘oc C So Hﬂo} we Cou\d
wri\'e (VR AV \)us\r 6s we wri}e X/\Y ) 1\ dse
need c. aooc\ ocd\ective ?or- the \DT:e U(D @mﬂc o

%rr which (12) holds . The crucial Pr‘oper\'-\j ES
Fhet 3} dis\‘rﬂou\es over 'Hne Ccmd‘n\‘icmca\ exPresswh

[ECEB thenu dsev) = PB then Pu dse Cv].

T do nor know w\ne-re, Yo "Du)f Yhis, C\’\Q\o}'er‘ 2
is q\reack m’r\ner ‘lcma ,\Ou\ w\nen we redo ';\-,
i mis\\\* be Yhe o\Tapm\or'\osre \P\o.ce. We wneed i"
in Yhe szo? E)of the re e)'t\‘“ncm,vi?.. oS Soun as
our variant ?unc\'lcnn ?mters }\16 ?‘uc\'ure; \\ne \91‘00?
uses the cme—\oo‘m} rule in Yhol @"‘"ﬂj @s\\?m. (See
AvG 45 /[EWD o1 -7
o Qo "=3"’P’\ YT A yax Q)
= {cme‘lwm’t rule’

[P~ FuC A Icx = Q)
where Yhe dowmain constonts Y in C  and Y <X
ore %ns?crmed in ?u“- ?\e.d ged preo\'eco}es ¥ mC

and ¥ < x ‘)

L
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