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E x¥reme solukons o? equo\‘icms (’J)mﬁ Ch. 5)

'I'h }\ﬁe revious c\nq‘o}er we \nove encovm\‘er‘eo\ e
number o? stalements S E’or which Yhe \oredico.\-e
'\‘T&nS?ormers whe (5,7) ond w]o(S.?) were
S'lv% in C\OSec\ orm. In “1@ next c\\o.Ta}er we s\na“
encounter o statemen? @r which  the Prec\ico}es
w\}: (S, %) and w\o-CS,X) are  given as solulions
o? eoluo\hons o? +he ?orm

(0) Y: [ b. (X, Y]

Here , b s c Prec\icd\-e \rorns?or‘mer | cfﬁer_-o._\ing on

an o.rSume'n)r -\\no.\- 1S o Preo\ico.\re \Podr o \o.()(,\()
is o Predica}e , b.(XY)) is o domoin constant |
i.e. ?0( given K and Y either equxivc\e-n): o Yrue
or equ‘\va‘en} Yo Volse: For gjiven h on Y,
ether 1L.OXGYDT o Al (OX.YD) ‘holds. For
3‘wen X » We <om consid“er the Preo\ico.‘res Y ?or
which  [b.(X,¥)]  Thdds, ie. we moy -
the dowmain constont [o.CX.XY)) as on equalion
in the "Un\‘ﬂown ! redicer h G We now 'm\'ro-
duce -n\e \no\-c.\‘ionar Conve-n\'lcm )—\r.a)r -“'\e. *‘ransi-
Yion ?rcm o domain Cons\v'n} o om equc\\'icm
M which o varickle s regarded as Ahe "unknown

mode bb Yoregsxin:j the domoin constont \93 c c-::\on‘
Yreceo\ec\ \o‘cj Yhe unknown.

cemnsider

Which T)rec\ica}es N are solutioms o? (0) -';Fann_

deTJEnds n Senem\ on what predicote we hoave chosen

?or X . 9 'lr»\ina we wou\c\ \}\«e *\'0 s)now —ond we
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shall do so — is that the b's we shall encounter
when de?inina Semontics are such Yhal (0) s
solvable ?or ony Frec\icc}e X . A wminor Com\o\ica-
\'ion, \nowev’er, s :\'\'\o} —@:n’ G Sin&\e X— (0)

hos o%en m ony soluhons. Which do we woan}”?
We“, Scrmehmes WAQ} s colled " its s}rcmaes" So\u%icm.;
e, o SO\U\iOn hat imP\ies ol ===t solu\'\crnS,
SomeYimes " is weo.\ees) SO\UA'IOh ", j.e. o So\u)ricm
ot is ‘Emp\iec\ \DU oll  Tee—nr so\u\icms. An
“exYreme solution” is o s‘rmnses)r or o. weokest
solution. Aoain, we have Yo show tha}l Yhe b's

we shall encounler when degninﬁ semomtics are Such
ot (0) has the extreme solulion we ore interested
in. (Nete that T =00 'deﬁnes only o ._Po-r\m\ order
an that, as o result, an o.r\ol‘rrar:j se} o? {fedicc.)!es
containg neither o s\'rcﬂges\r nor o weokest ele-
menk.)

“The ?ormq\ degnihms are

'DEP (X is the s}fm8es" T)redicak n \oab \Y4 ) =
XeV A (A2.2eV: [X2Z])

(X e the wea kes} \oreclicg}e n ‘oﬁ V) =
XeV ~ (RZ.2eV:12=aX1)

The use o? Yhe c\egn'-\e arkide i the s\-rcmﬁesl-/

arra—

wmkes)- preclicq"e * it ‘us}’n?izc\ \ob \-‘13 ?c;“_?»ﬁhg

Lewama. 5.0 In o \3&3 QF ?f@:\ico}es Ccm\ra‘m‘mﬁ N
__s):rcmges}m p_rec\icc.\-e, ‘\'\'\e s\'rcmaes} Prec\‘nca\e 1S unique,

fAnd so %.—- o weokest \oredica\e.
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’Pwog 50 \We shall prove the Yheorem ?or s\'rcmjes)-
Predic.o.)«es, \ecw‘mj Hhe corr‘es»f:tmc\inj Pmo? For
weakes)- TJf'Ec\m Co}es Yo %*he recder.

(X is Yhe s)ronses" T;rec\ica}e n V) AN
' (Y s the s‘mae& )orecl-‘m\-e in V )
= {degni}rcm o«? S\rcmges" 3

XeV A (AZ2:2eV: X222 A

YeV A (RZ2:ZeV: 1Y 2))
= { rearrin gin }erms ond in\'roducma Cg'-‘?e"@um’j Parenneses}

(MeV A (B2:Z2eV: IX=22D) A
_O_(e_\/ AN (R2:Z2eN: Ty=22)0)
= {nstardiaYien: 2.2 and 2:= X res‘:eé'-ve\:)'s
IX3Y) A 1= X)
= {Vreclico\\e cal cu\us}
X =Y)
(End ofr?r\oo? '5.0)

We Te\'urh oW AO Qquo}icm (0) YX_\O(X,Y)-} )
led b be such  Yha} @n- al X it has o
s\-mnses\ solution . Since | (-Jor oll X , dhis s}rtmses}-

so\u‘icm 1S Lnique i} 1S o Punc\icm o? X .
W"\ic\'\ we Con Ve o nowme | 3 S? . Com-

bihing 'Hf\is w-r)-h }\ne ?ormo.\ c\e(’;n’u}irm o S‘mges)'

we arrive Q\'

(HX:: _ 9)( 13 ‘\-\we s\rcmses) So\u\imﬂ o? \(: Yb()(,\’)}) -_-.’:
@X:h(X,9.X0) A QZ: 1. (X,2)]): L gX 227)) .

This eno)o\es ws '\o re\a’te ‘n'\e s}rcmses} So\u\'icm Q-P
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one equo.\-imh Ao H’te weo\\(es\- SO\VA‘Q‘Y‘} o? O\‘noﬂwer
eoluo.}icm, as ex?ressed \33

Lewma 5.4

(E}X:: sx 1S “\e s\rcmaes)r So\u\‘;m o?\ﬂib.(x,\()]):'—_
(BX:: S*X is '“"e. WEQ\tes\ So\U\‘lm OP Y: Y\D(_‘X-,'\Y)}) .

“Proo¥ 51

(EIX:: S‘X 15 the s}rmx&es} SQ\uxion of Y:Y\::. (X,‘r)})
= {de@ni\'icm o? S‘\'W&ES}, sSee O\Bove:s
AX: 1h.(X, 93 A (AZ:T6.(X,2)): g% = 2]))
= {}mns?orm‘m:) Yhe duwmmies : X.=n X , L= ‘123
@X: [b.GX, o GXD A (A2: [b.(X, ~1'Z)'} loGXY2)Y)
{de?im\'icrn o? CTom usc.\e rcher} u = ‘5
@x:e.GX,5 g X) ~®z2. E\o GX,220): 12 = g X
= {de?’m}.cm o? weo\\ces}};
(g_ X 8* X s Yhe wecx\(es\ So\u)f'tcrh a? Y. [\o.('\)(,'\\()})_
(End of ’?roo? 5.1)

,\'?emo.r\c 1n o\u..}-e o ?euo QPF\ncc.\'-or\s o? L ewmo. S. 4,
b.(GX,7Y) coan be en?reSSQc.\ in  Yerms u? Mhe ccmduac.)es
g) Yhe ?unc\-cms b o expressed in. These app \IC“)"W’S
look wmuch nicer Yhan Lemmo 5.1 5\52\? (End O?Qe-
V'nar\-c )

Tn case b does wnot de)oenc\ on X , Lemwma 54
has Yhe

COT‘O“O\I"«l 5.0
(X s the shron es} soluliem o? A g KBY]B
(X is the wea\tes}- solulion a? Y:Th.GYYY)
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'The Frevious \emmc.l'o. are o.\oou\' ex}reme solu}ians

rovided }\qej exist. Our ?o“ow'mg \emmaoto ore obout
the existence o? extreme solulions. Tn view o? Lemma

51 we 67{‘3 need o W&ér?rne ond prove Yhem (or
s\ronaes)- solulions; somelimes we sholl (?ormu\c e the
dual lemma as well. Since in “\is ccm\"ex} ho}rkm& is
goined \’t'_‘) droggjing the ‘ocqro-me)rer X arowund -all
'Hne HMQ we \nrou\c\ be Um'wersc.“:) o\uom}‘]?b'm over 3\-._.
we leave ¥} oul .

Lemma 5.2 Consider equo}icn €Y 3\ven \03
(1) Y. I b.Y)

ond ‘Predi coYe given \93
[@=(AY:ibY): )]

then Yhe ?o“owins }\'\Tee Pro osi‘ions ore eqmvo.\tn}
(i.e. either mnone or each of them holds):

Gi) Q s o sclwion o? ()
(i) Q@ s the s\ronaes} solution o? (1)
Gii) .(,1) has o s\rmges} solulion ”

’Proof 52 ‘Formm\b exPressed , Yhe three assertions are

(i) [k.Q]
Gi)  [b@) A Q@AY:TbYl: 1YY
Gidy  (EX: T X1 (BY: Y] [X=2Y1)

To bej‘m with, we._o\':oaerve ?or Oy X

rue
= {_dis\'ri\au)icﬂ'\ o? dis\‘)unc\‘ioh over universa\ qmn\igcc‘im’s
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LAY: [bYlaX v\ = X v (AY: DoY) )
= { imP\icohon ond de@nﬁ‘ion o? Q'S
LAY YL X2Y) = X=2 Q)
> { Leibniz's Rule}
[OY: [bY1:X2Y)] = IX2Q)
= {\n‘ierc\no\nae o? quomh?ica}ionszs
@) (AY: Th): IX=2Y)) = IX= ]

Ond since ('Z) \no\ds For ony, X, we comnclude
\::j ins“caw\io.}inﬁ K= Q

(3)  (AY. ThY): [@YY)
?rom w\nic\—\ (s‘) '—;(3'1) '\'riv'\c\\\b ?c“ous . Further.

more  we observe

(i)
{ (2>}
(eX: [6X): [X Q1)
§ (3>, mstovtiated with =X §
(EX: ThX): X201 Alaa X))
= {*Frec\ico‘e caleulusd
CEX: {bX]: IX=@))
= {cme-wPom} m\e:S

Th.G)
{ dE? 0? (1)3
()

i

n

(Enc\ o ?/Prm:? B.2)

“the chove Lemmo. s not '::\?QP“,\OM\' is use@;\
Because no\“ C 5in3\e O\SSumT.;]'}ov\ is vnade o.\oou}

e Y)T‘edicc}e )h'ansﬁarmer b —.[\'s Proo? is in-
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S\'YMC“‘VQ in }hc} l\ nICE\:j “\b\S\'fQ\eS "\'\G\ Ca CG\CU\G}’IO“G\
Proo? requires o orma) <totemen) c;? whaot hos Yo
e Proveci.

Our next ]emmc\ dedls vath an equo)tio-n OP

oy s\ia\n}-l:j more Specigc ?orm.

Lemmq 53 Le\- equa}ion (2) \oe a‘lv!i'n bb
(2) Y:1pY = q.Y]) 5

and \e’r | be mano}onie ond e} 4 be cchunc‘fwe
over the se} o? So\u\'i(:ms o? (2) > Yhen equo}'ftm (2)
has o s\’rcmges} Scb\u\'rcm. (’ﬂne_ dunal Yewmo, shates
Yhot, ?or momnotonic o and ?cn" P dis\junc}we over
Yhe set o? solutions o? (2D, ec\uc\)ricm (2) hos o
weakest solution.)

“Proof 5.3

== { 13 mono}onicl
(AY: TpY=q.Y): p.Y)

= { \orec\. co.\c..}
(AY: LpY 9.7 q.\l’)

= {o\ s Capfxropricﬁelj ccm\')unc\-weg
9. GAL [PY Dq.X):Y)

TFirs} ond last \ine o? Yne obove derivaticom
QSSQY‘\‘ -W\M‘VOHS mw}omc&is—— ProPoa':}'\Crn (l) 0?

Lemma. 5.2 | and with Git) Yhe lemmo s \:mve.c\.

CEna o? “Proof 5.3)
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Insertion bottowmn EWDGI2-3

Tor b o? Yhe F)rm o{) on ‘\m?\'\ca\‘mn, Lemmao S
has Yhe nice

Coro“o.r:\ 5.1

(BX:: 9.)( is the S\‘l’on&es}' solulion o? \ﬁYP-(X,Y)% q.(X,Y)])E
A X:: 9’. X is the weakest solulion o? Y. tq*. CA'D! ?QPT(X,Y)‘D .

(End OP Tnsertion botrom EWDG2-3)

- —. S e shes M MM e e wm smm mp e gmm e aan eee e R uem e s e wm MR e AR A e e

Better known Yhan Lewwo 5.3 is its coro“c-ry
O\D}Qined \DU c"‘oosiﬂs €Or H'we. T_»redico}e )(t‘hhs?ormer on
which &Junc\"sv‘a\‘b Cohd]}iOh s 'l\m‘-:osed Yhe '\den\-ﬂb
Func"irm, which —Lemma 3.9~ s universc.\b '_')unr.\-ive.

Corollary, 5.2 For wmonolonic ? , equa tien
[

2> Y- LEY = Y)

\'ms Cn S\'r'c.maes)r so\u\icm and equ.o\}lcrn

(3) Y. 1Y s P

has o weakest solution.

Hemark Equahm(?-)\r\as o weokest soludien as well,
Since Frue s e weokes} T:red'»c::.\‘e o? all , VS

O. SO\ul‘tm o? (‘2); 5im'\\°~r\j, (3) has ?c.\se
as i¥s s}mﬁes) soluhton. (Eng o? Kemark . )
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Lemmaoa 5.4 (Known in e oral Yradilion as the " Theorem
oe ¥naster-Torski.) TFor monoronic ? . equo\"icm

(& Y:[?-Y;—:Y] or M Y_YE()-Y-_\

has 3{hc sSGme S\"I“OhSQS" So\u\lon as
(2> Y. LAY =Y)
ond hos the same weskes}t solulion as

(2) Y- 1Y = 0Y)

?roog 54 1% su%ces o show +hor (2D ond (4D
hove e some s\rcmaes\- solubion - Yhat (3) ond (4)
hove Yhe some weakest soluliem s me"eb Yre dual.

Trom Corolar 52, we kvnow Yhal (2) has
G s\ronses} 50\3'\0\-\5 cc\“'mj H’\G\' s)frcmaes} So\u-

}icm S we have

() X=X and
(6) @Y 12Y=Y]): [X=2¥1)

We observe ,?‘lrs"B )
(5)

= { g) s \mong\'o\n‘.c’g
CIEX=XY A 1@ s Fx)
> {'ms\ran\-'.a}e (6) vath \(:=.?.ij
1exX=ax) A [x8Y)
= { red'uca.\@ Ca\ Cu\.uss
[%l.x = X)
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le. X soles (4) , ond |, seccmd\:j

(6
> { IfY=Y)= [PraY1)
AY: (PY=Y): Ix= Y1)

‘e )( “MP\"es Q“ SO\U\"OT\S 0? (4) o , .
(End o? /P"OC’? 5.4)

The Theorem QF Ynaster-Tarski s ex}rremeb wuse g..\,
when dec.\inb wAth Prec\ico\}es de?\‘hecl as s}mnse-s]-

solubieoms. A Cmsedu‘?“ce °? Lemma 54 is
C‘oro“o-r:.j 53 Tor wmonoYonic _P

IEX=X3 A @Y:1IfY=2Y). IXxY)) =
PxsX) A @AY =YY TxaY)

b

as \Don‘t sides OP -“ne O.‘DWE C-.‘qmvo\ence are equc.\@n}* }o
the ])ro";osi}icm Yhat K s the s\r\cmses\' Sé‘u"i%o?
(2) ond (4). Bu}l notice +ha) , Yoken In isolahion,
the Ccrn\')unc\‘s o? Yhe \eﬂ-\'\anc\ side ore s}rmaer
'H’lcnn Hne Con\')vmc\s OV the “13%}- hand side. Hence,

" o Pmo? in which i+ has been gven Yoy K

s such o .SXerSes\' soluYion | we tend Yo use
Ye co-n\)unc\'s o? Yhe \e@-\nqnd side; in an OBmmen]-
Yat has Yo show Yhat some X is such o s‘rronées\'
Solu}icm, we }end \'0 es\c\o\\sk ‘Hne C‘Ornjunc\'s 0?
the ris\n‘rm\wmc\ side. “The use?u\nesz o? }Yhe obove
device is enhanced k:j Yhe @\c\- Pha} P rm\:j
needs Yo e 'mc)no\-onic, .e. On\.j needs Yo sa’\‘\s%
Yhe Wmhes\ \')unc}'wi\j Pr’owf;erb we hove 'm)n-oc\uc‘ed.
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Lemmo 5.6 To.- mono-"onic ?

X=3Y) A [PYaY] =2[XY)

’Proo 5.8

XaY) A IPYY)
= { ? is mono}omcs
EX=0Y) A 1PY=Y]
= L. s Hromsitive §
LEx = Y] .
(End of Proof 65)

Lemma 5.6  For monotonic ?
[PY=Y]) = [(Eirizo: P4 Rlse) =Y
"Proog 56 Yo \oeam with . we wmossege the consequent

L(Eiivo: P false ) = Y]

= ‘[“dis\'ﬁ\’.)u\’\vnn o? a‘s
fAiiyo: ?i. Fa\se 2 YD)

= -[ in‘erc\no\nse o? q\.ao.n}‘nF';ccA'mmsS
(Ai: ivo: ['F". ?c.\se = Y])

w\nic\n we Shc:“ Prove. \DU ma}\'\emo}ica\ 'ﬂ'\c\uc\'ﬂm Qver

i wunder Ythe 055umfr\'nqns Hhad ? is monotonic
and o} Y is a sdluhen of (2).

Base [€o ?c.\se =)
= {de? o? ?unc\‘icmcn\ il‘em‘ncms
[ %\se = )

= 4 ?redico.\e caleulus)
frue

?



EWPQi2-11

Siep [?‘ F’:\se. = Y
= { Lemmea 5.5, ?mong\mnic and [?Y%YJS
[€(€£ @:‘seB = Y
= {de ﬁn‘.)ion o? ?unc\-icmq\ ixem)iO'nB
[P fokse Y] .
CEnd o? /Proo? 5.6)

One M\ire\ o? 'nie o.\oove Proop }ms \'->eev~. coused
\ob e Woy in b\)]’\ic\ﬂ we hove %\'mu]o\;ec\ Levama
5.6, but we have formulated i} in ¥he way we did
because we wished Yo express c\eo.r\:) }\na}, For
monotonic {), (Ei:'n,o: ()‘ ?a\sc) ‘ump\ies on
solubiom o? (’2) , \ush \ike (2D s\rcmges}' 50\3501-\
Yhen does. Pind Pis raises 'Hne ques)‘xcm OF w\';e\-\':er
(Eitizo: (" ?a\se) conld i} se\? be +he s}mnbes}
Sn\u}ic’n 0? (2)

Lemma 5.7 TFor orf-continuous ?
(Eirizo: P Polse)

is the strmgest soluhon of

(2) Y- 16Y = ¥)

(ks dual 1s tha}, ?or‘ ond - conYinuous ?, Yhe weckes}
sclu Hon oP A€ [Y—i{)\\'] s (9_'\: i30: ?‘ Yrue D . )

" /P"'OOE 5.7 Since an gr—CQn}inuous ? S r'mmczx)lt::\r\icJ
(2) has a stromeest solubon. In view o? Lermma,
56, it Su?ﬁces Yo s\_now thal (Ei:'\}()-. ?{. PQ‘SC) is o
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solubion o? (2) . \We observe -\obe\g‘m with

[?o Fo. se = ?1. Po.\se]

= {de@ni}iom o? ?Mnc\'iono.\ i}era}ion}
[ ?a\se = (’ Va\se')

= -[ ‘;redica)re ca) cu\us?)

rue 5

ond
T_?'. (-)o.\se > ?H,‘ {)o.\se}
= '[ F S \rnono)ron'.c} -
(PP Red o PCP™ Paleed)
= {c\ef’ihﬁicm oP ?unc\":ona\ "ﬁefg—\icm}
I?Hf Po«\se = Pi*'?: ,?o.\se_)- .7 >
observafions , Which serve as base and S}QP Cor o |
Froof by mothemotical induction ¥ha} the P".Fo.\sé

(-)orm (8% wao\‘enins SequEnce.

Next we observe
?. (Ei:izo: ?" ?Q\se D
=1 ? [ gr- Cdits-llinuous » Seguence weaken'm&}
(C_‘_i:'l+1'>,1:?‘+‘. ?o)se)
= {TE“Q\M""B 4_\«? dumm:j [E IECRE Y [{70 ?a\se E%\S&j‘s
(Ei: i1 P'. ?a\se) v ?0 ?o)se
= 4 Predlcq}e . cal culus §
(Ei:i30: P fodse) .
(End o? ,Procg) '3?)
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Cor\\'inui\:j derives o \o} o? i}s s';bn‘-ﬁmmce G'Vnn Yhe
above \emma, \oe'm:) Phe Condi)'ion wnder M\nic\w we \nave
o closed @:\'m For on extreme solukon o? Xt YQYEY];
W ois , \nouoe.ver, ?oss}\o\e el Ihe imPor\‘Gnce u? bhe ex.
1sYence oFSuc\'\ e closed F%er has Yoeen overraled.

»® *
>

We now \'urn Ot Q\-\'en\icm ‘\'o '\\ﬂe equ.a\‘icn

(7> YR = )

with  monolronic P — e with an P Yot e ono-
Yonic in i¥s Cmn‘:\elc Ql‘Sumen"-—-. Lemmo 349
states  thal £ 15 wremolonic in bobh compunends,
n ?O«r\icu\ar N -“'12 secemd ome. \-\ence. on accoun}
o? Lemmo. 5.4 (Kncs“@f‘-—rows\(i), equo}’uom C?) hes
both extreme soluYioms. Tn +he rest oP Ynis

sec\‘icm e s\r\o“ deno\-e -H'\e S}rcm es} So\u)r‘:cm ©
(7> \93 3.X and the weokes} s-a\u\ricm 0? (7)
by WX, e they sc:\‘\s% —with i (9) and (1)
again  an awﬂ:eo.\ Yo  YXnaster- Yarski —

8  [L.(X 9X) = oX)

@ O Y): [aX3YD)

o) [ hX = £ (XWX

() @AY Iy 00 [y = WX

The wWlimate 50-;\ DE Mis secheon s Yo eshblish

\)unc\ﬁvﬂa ]om‘:)er)fi-es o 5 ond h aiven Yhe
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:)“‘_’_" c)-'-vi}:j Proper)ﬁes a? f‘) . ﬂs G, s\-orkr we €s-
boblish Lemma 5.8 . ('_ﬂ' will be subsumed in Theorems
5.0 oana 5.2 ‘, WS ‘vaec\ SePo.ra}e\% os We wish Ao use

':} in n'\? Proo?s o? “’lose 'H‘teorems.

Lemmo 5.8 IQ ? s mono\'onic., ) ond h  are

Ynov\o\‘onic oS we“

/Pm£? 53
[ %o = X1)

= { ? 15 monotonic n i¥s ﬁrs\- Cc;v-rw?oneh} (L emma 3.1q):'5
[?.O(O, 9.)(13 £ F(X‘l, 3)(1)]

= {(8)3
[@CXO, %.XO =) S.X'\]

=% { nstanYichion (9) with  X,X = X0, 3)(1.3
[S'XO = g9 X1]

chir\j ‘?TOVQC‘.\ Yhe mono\omcﬂ:j o? Fhe s‘rcmtses)
solu¥ion . We are dame as - see Corolory 5.4 - h*X
s the s\'rtmaes} solu¥iom oq) Y[F¥<X,\\’)EY-_\
and - see Lemma 3.4 ~ (h s monotonic )E (h* s

monotunic) CEnd of Proof 58)

™ Yhe rest o? Yhis sechon , W shonds '?c.r
a hog of ordered pairs ~dencted as  (X,¥D- of
Tyredie_cﬂ-es , and we c\e@ne the Frec\aco}es Yw ond Y

by
(2) [ %w
3 ) [Yw

BYX,Y: O eW: X))
(QX,Y'. (X,Y)G\J: Y) 3

m

0
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Tn the 5eque\, bhe clobreviakions Xw ond Yo

come n \'lOmd:’ w\nen we S»\O“ re\o}e Hne. COT\?AT\C-

\-ivi\‘ies OF 3 an‘ "1 4‘0 %Q Cchuncthb o

Our next ?rE\'cm‘morD s Lewma 59 . ('I\- is so
simp\e Yha} ore cou\c\ ques\icm Lwherher i} s workh
the \-rou‘o\e o? eXF\ic;} ?clrm“\o.‘ion , we Mink we
use i} Gequen}b enou&)n to \')us\a% ¥s  inclusion.)

Lewmma 59 With ? Ca-:l')unc\-ive over W  and W
such theal

) @%xY: OGN e W: L) =YD

e \ﬂowe

(158) { ?.(Xw,\(w) = Y

K\Droc.? 5.9

P (%, Yo

= { ? Ccmk’)unc\"lve cver \»’3 (12) ond (‘\‘5)‘5
@XY: (XYY eW: 20X

= { (4}
@%XY: (XY eMd: YY)

= 1Y
Yo

(Eno\ o‘? ’PT‘OO? 5.9 D

Our last Pre\lm'mam s
\;emma 5.40 With V ond W ?ar some W sc.\-is?ainj

(16) X,¥J)eW = XeV A LY =%.X)
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we \'\owe F)or omb -Pred.m‘re xrans?ormer q with o pair
V Predma\'es as orgumm)

(@ LAXY 0N eW: q. 0D =(@X:XeV: 9.0, % X))
wilh the special cases - [q.06Y)= X]-

@ [ Xw = BX: XeV: X))

and  ~[q.(%¥) =)~

(19) TYw =(AX: XeV: X))

/Pmop 510  We have Yo estoblish (17); in order Yo do

SO we o\ose rve

AXY: (XY eW: 9 SR )
= {(16)3

(BX.Y: XeV A LY== kX)) q.()(.,\f))
= {hes\'ﬂ'g o? quan\'iﬁcc}ionss

(BX: XeV: (A [r=k.X): c\.(X,Y»)
= { tme- \’Jcﬁnx ru\e}

(BX: XeV: q.(X,%X))
(Bna o? (Proo() 5.10)

We are wnow r%d:] Yo demaonstrote

“Theorem 5.0 ﬂnb “DPQ o? CG?‘-JMY\C"IVS}U endoaed
bb P [} enJoaec\ \0'3 h as we\\

Qroo?'n\,go With ? en OJ'":) Some Fe PCo‘n

dunch\nb F is W\ono\'cmlc_, enoe -~ Lemmoa 58~
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h 1S mono)rcmic .

Tn order o show el W s CmJunc\ive over
some V| e,

[h.(BX: XeV: X)) = (ﬂX:XeV: \nX)]
we show )r\'\a} either side im‘a\ies Ye other.

(i) Because h Vs W\cno\on'-c_, we \no.ve

(i) 7o s\nouo Yhe m \;cc)r':cm in Yhe other direction,
we Ccrns}mc}‘ o \003 W accc:-r'd\na o (’\6) with
\f\ Par' k . Smce \n s Yhona‘omc *‘o o V

ordered as o \mono}omc Sequence o? ‘Frec\uca\res

>

Corresywds oo W ordered as o wmonelonic se-
Quence o? Predncoge Po\irs ; Since ﬁar}%ermore
\,J s Qs (m-em??\j/denumero\o\e/ ?m‘e s V

V and W are dhe some \r:j]oe .

B ecouse T_Y'—:-\n.x__\ wn?\ses on account o?
(o) Y= £OXY , o secomd consequence of
our choice 0? h ?or s \'\nc\} W 50}15%23
condition  (14) o? L ewmwma 5G9 ; hence (180 holds

i?a 45 we gssume, ? s ccn\)unc\r\ve Qver W .

Rna no;o we observe
(aX er: hX)

= { G}
Yw

= { (15) and (11)}
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h. Xw
= {48}
h. (BX: XeV: X) .
(End o? K\Drooe Th. 5.0)

Whereas Theorem 5.0 deo\“- MH« n\e ccm\:)unc}ivi):j
Pro‘oer}ies 0() ~“’|Q weo&ee‘ So\.u"n(:m o?

“Theorem 5.2 \m“ do so @r dhe s)rcmaes} soluien
QF (7). Bu}l {irs} we shade and prove “Tearem 5.1

— 5 ool h deno)in‘s , OS \Oegﬂ(. H‘ne S‘anes)‘
ond weo\tes} Sb\b\.“iﬂn OP (7) — .

»

Theorem 5.4 For ﬁni‘e\b ccrt')unc)‘we ? and Pr@c\icc}e.s
X ond Y thsﬁj"ﬂj

L ().(X,Y) =)

we \‘\cwe

L gX = g.tue A ,Y]

Remark. Nole -‘t\no},S\nce [().CX,Y)E\\'-) ., we Moy
'regare\- Y us on ar\ai)mr‘j So\u}icm OF (7) ?c:r
thal X .__T?ﬂe_crrem 51 shotes Yhatl the S}"cmaes}
solub on o? () s te can\')unc\-ian o? Yhe T:rec\ice\e.
9.)rrue. ond  on or\oi‘rm:j sol Fom oF (3. (Bra o?
Remoark . )

’proéj? Th.5.%

We s\'\o“ Frove )f]ne eqw‘uvc\\ence. B"j S\no\uin& ‘“ﬂo\"
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e‘u)rker side '|mp\ies Yhe o“’\er

(0 —Fnrs}lj, Since O im\e\j cg‘n\)\nnc}ive ? S muno%mic,

3 i1$ ~See Lemma 5.8 - dso mono)t'onic.‘, hence we

have [S;X = 9.3rme]

SQCCM«:\!J , Since Y ?(x ,Y) = \f] meons +ha}
Y s some salulon o? >, o? which 3'X \s the
s\'rmaes)' solution — see (G) -~ e hove YSX = Y] .

Cmn\oininj Hnese_ \'wo resu“s we es\-o\o\‘;s\m
Lo X glue A Y)

Gi) The crux o? the T:n’oo? o? {3.)me A= S‘X]
5 Yo rewri)re. Mhe} ‘\m}o\icq"ncm oS [8.%% '-2}3.)( V'lY}
oand be prove the \alter b s\'tow\ng Yhat g¥ vY
s the soludion o? an equatiomn c»? which g true

s the s):rcm:jes" So\u\‘\cm. “There we 5°\‘

brue

= 4 (8}
19.0x, 3.)() = g.X])

-—-){mono\onic -? - see Lemmc 319- s mmo}mic in s
Second Com ohen"‘tg ar{CmDunc\ive ? is mcmn\'micg
LP(X, o X AY)Y = gX)

=9 Prec\ico.}e colculus, Ccnm‘;\emen} rale n Par\-‘mu\ur?)
[?.(X, (3.)( vaYIAY) = SX—)

= { f is f’m‘.\eb c«Junc}"WS
[g (rrue, X v AaY) A ?(X,Y) = S.X]

={ [ROY) =Y}
T_? (Yrue, S.Xv-\\f> AY D SX]

= { P edicede  col cu\us:lj
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[@(}me., S.XV'IYB = 9.X v Y]

= {‘ms\'m\}io"‘m o? Cci) with, X‘)Y = Yrue » 9)( v Y .S
[S}rue = 9.X v 1Y)
i‘?rec\lco)e CQ]CU\USS

(End o? /Prc:of Th. 5.1 )

Since - see (10)- [?(X YD)=Y] s Scahs?ec\ wu%-k
\n.X F)or- Y . 'ﬂneorenn 5.1 \'\as as CQro“om:) |

Coro\\arj 54 For ?m‘.}e\:j ch\')\.mc;ive ?
[9.)( = 3.)n-ue ~ h.X]

From ‘}his ond TTheorem 5.0 cone derives

Coro“o.r:j 55 Yor ?‘mi\elv QOnJunc)‘;ve ?
\..3 (XAY) = 9)( ~ hY]

And now we are re&dj ?or

Theorem 5.2 With lhe excefﬁion o? un‘rverm\ ConJunc}iv:}b
ond  and- continuily Yhe Qon(‘)unc\'ivh\b en\)'o:jed \93

? [ %Jobec{“\o‘j 9 os weell.

’Proo?'nn 5.2  JYor wonoYonic ?, Hne Mcno}onici}b

s asserted w Lemma 5.8 | For Yhe remain-
ms \woe.s ; Can\)lanc\'lv'l“ Gie. unbounded , denumeroble
or \mk) m.}eb Candunc)r;ve cmo\ )nence
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We Can Wuse Coro“o\t:j 54 and wrile
'Theorem 5.0 S‘c\\res Hhet

o? ?, ond Lemma 3.13
S\-o\es '“mz\'

[S‘X = 5.\'rue ~hX)
h  inherds Yhe Ccmjunc.\'ivi\b

— as descrbed om EWD G0 - 24\ -
lh\ﬂerl\'s M’\e. cern’ unc}nn)j F ]'1

universal CanJunc}wﬂJ CKQQF}ed

(End o? (prou?'n'\ 5.2)

With 9X the s\‘rcmges)r Sou\'icnn o‘? Y:H’.(X,Y).—-_Y]
and o? A ¢ t?(XY) ‘ﬁ}Y} is ~ see lemmo Sa-

e weokest solu¥iem o? Y [Y ?(X YY) and ?
YL JHCASY

Since - see Lewmma 3.3 -
as c\ns‘)unc}’-vz os

s cm-\_)unc}nve (Gnd Sirm\o\r\v

€cﬂ' 3 ond 5 and F)a-r‘ W and W# ) ol %ese
Meorems have +thewrr dual:

Theorem 5.0

ﬂn:j “ije ? d\SJunc\'uVI\'D endobed
b:') F is enJoJec\ \°§j g os well

’ﬂneorem 5.1% Tor ?m}e\j ais| unc\r\ve ?
Predicc}es A and Y 5a\~as 3

[¥= ﬁ(x,\(ﬂ

we haove

IhX = \n.?o.\se v YY)

COI"O“.QS 54% Yor ?\nﬂ‘e\b disJunc\ive ?
Ih¥X = \n.()o.\se Vv S.X}

Com\\o""\ 5-5* For ?‘mi}eb dis\)unc“m F
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[h(XvY) = hX v ¢ Y]

"%eorem 5.‘2* \Alv\-\n %‘\f\e exce)o}icm 0? un'wer'SO\\ dis-
Junc\-ivi\J and g—mono}oniqi\j R }\ne. dis&unc\iv\\‘a

Er\l')cvjecl \o\zj -? ;'s en\-')obed \QJ h as well.

Remark O]P the Precl’a cate )rraﬂs?ormers intro duced
in Chap}er 4 ""The semanlics oP s}mig\nh\ihe
Proaro.ms " w\]o (IF,?)  omd uqo(lF, ?) are in
8enercz‘ not 70\‘!-8\')\4«?\(:\%\}3; as a ""'re'S'u“: CWJQ“GX"H‘S o
ro\oer}ies o? Preo\icc}e q-ro«ns@rrmers Ccrres‘ocmc\inj

s}r&igh)‘«line )oroamms are in aenerc.\ s)mnaer

'H'lan -n'\e‘;r c\'IS'\A'f\C:}';Vi‘:j Pro\oer}‘nes. This mo\(es
ws k?@n\\lj ‘m}ere:;fec\ in -Hne ]nher‘)}‘q-nce OP Cchunc-
}iﬁ\-‘-j Fm‘oer#ics; cwn]—,o.rinﬁ “Theorem 5.0  with
“Teorem 5.2 we wyna exPec} weoi(es\‘ So\u\‘ncms
Yo | o Mmore cen\;ro\ rale Yhan S\T‘Cm&es}‘ ones .

(Enol ofF “Remark. )

* ¥
]

Yo c\ose —)\nis c\na-’oxcr we s\'\a“ s"\ow -4
relalion belween extreme solubioms o? related
QGlquicns. We S\'\a“ %rmu\o.}e Yhe \emvno\ Pc:r'
S}T’Crn es\- so\u\-'\orns) \Ou} os "\'S, Frem‘\ss is omb
mmo*—onimb, i} holds @,1- weakest solutiems

as well,

Lemmo. 5.1 LQ} @)r‘ hnono}emic ?X O«nc‘ F:j
Predico}e '}mnsfmmer ? be given \°fj
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PO = (B, .06 )
leh S.X be dthe S}'rcm&es} soluyion o?

2

(20) X G =YY

leb (Xs,¥5) we Jhe skrom aes)t solutiom o()
(21) O TL OGN = (o)
Ynen Log¥X =¥

"proq? 541 From the mono%nicib o? ?x and ?3
we c!cmc\uo\e Yre wmonoonic o and hence
~Ynaster Tarski—=  the existence of +he s\mnEjeQ
solufions 5 Mareover | (Xs,Ys) [ Q\SQ the

S\‘T’O’h&ES} SO\U"\C‘V\ 0?
@) OO TR 306D

To Prove '“ﬂe rec\u‘lreci ea‘u.iva\e-nce we s\m“

s\noio '\-\no)r einner side ‘lm?\ies '\'\ne opner.

) hue
= { (Xs,Ys) solves (21)}
[ ?:3.()(5, Ns) =¥ )
= {definikion of o}
I S.Xs = Ys ]

(i) hue
= {(Xs,\(s) solves C’lﬂ)?)
[?x.()(s,\fs) EXS]
= { Px monolonic and (i)} c\e_%ni\im o? 55
[?X.(XS., 3.5(9) =, Xs] N [(?3,()(5,3.)(5) = SXS-]
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= { (Xs, 3.)(3) solves (22); o\eﬁni\icm oP (Xs, )3
[(Xs,Ys) = (Xs,ﬁ.Xs)]

= {Pm)oer}'aes o? \orec\'.cn‘e Tacurs'}g
1Ys = S.Xs]

(End o?’—\proo 5.11)

Comments em ':Dm‘a Ch.S

“Irom Lemme 5.9 Yis c\rc\g ) shows Ve xraces oF
EWD849a in which we made heovier wse o? K

ond YN. T. Gwr Mgw womdaerin w\'\e)-\qer we Canno}

kick  Yhem w‘,#o&e‘-\ner with  Lemmate S.9 and
510 . Cer\-atn\b Yhe o? S40 1S now o \913'
\aeoub- 30‘:1\5‘. And so s '.\'s c' \ \a\le ccm\cl fc-rMM\o\-e
510

With V and W sd'rs%mﬁ
X eW =2 XeV A LY=2hX)

we hove

TR XN O eM: O N= @ X:XeV: (X)) 7.

whidh would cg-r;\ure all we meed @vm % C EWD849a
Wo.s writhen \ae?m we \mumr.»u\c.\-ed ‘>rec\ico)ve \Dodfs}
No\e A’\\o‘\‘ . \NA‘\N T)redico.\c \oo\:rs WE CGw wri)‘e

?.(B XY-OX D) e W: 00D (?or what was dencred
as ? Xw X ’ 1w EWDS84qa .

"

1 was \o\eased when 1 needed dhe newo 243

a 30.?:-\ .

'I have sPen‘r c \o\‘ oP )nme on O c\“emq}we
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Froo? ?crr Theorewm 54 , ‘oar\ic“\of\b Gi) | ?o“owins c.
SQSSes\rson o? CSS . 1 could even isolote “dhe
s\«un}ina Yrick - EWDar ,‘00“‘01\—. hc.\?—- shill ?ur)-\'ner.
But in my ?snc\\ versiem, the Yex} was \cmbu, and

used more iden}iﬁers and Nuwmered FormM\ae. So

4-‘1@* eﬂ?or} wen\- ‘m"o the qu\e- \quer \oo.s\—te\'.

Ih &\012}81“ 2, we S\’!W\cl ,—S. '\"\'\n\n \hc\u\c}e_
Hrok ?&r mcrno}chic h > Te]-;\o.eins each KeV
hfj h. X - poor ?c'rmu\o.\"loh\.- bie\és o \oag o?
‘“’IQ SO e \ e CQ\SO wken YY\O\iﬁ\‘O\'\Yﬁn -)-\ne c.rrder
o() Hhe \omo\ic.a\es ig ordered ). We mneed i} Yhere

FCN‘ o cavrech proe 0? 344 , we need ¥ here in
/Proof Th.56 when ccms\ruc\-'mg AW

Hus\'in . 20 \\1o~rc\v\ 1G35

‘oroP.dr, Ec\saer W, ‘D.aks\fro.
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The Umversi\-j o? Texoas o} Qushin
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