S 1st.
P does not exist EWDH-0

The re'pe"'l\‘icm C'.Drc\ﬁ Ch.é)

"Th'.s c\'mp"er‘ deq\s \an“n }-\'e S}Q\’QW\E'H; C:o;“ed "“ne
repe‘ﬂ'ive Cﬂms\fruc\' " or q'\'\e rePe\r'n\‘\mﬁ?ar s\wor\-.

We s\-\o.“ use DO -)ro c\eno‘e S\‘G\'Cmen\'s o?-\'\'-e

-

cig’:BO—sSO gé
do BOo»S0 [J B1 > S1 od
d__p’BO-*SOD(B1—aS1“'BQ—-sS‘29A

n Hene ro

do (Bi: 0gicn: Bii » Si) od

S n\-o\c\-iCQ“ '\X IS Vver s'um'a\cxr 4-0 }'\ne_ COrres-
by D )
pon clin3 a\)rerno\we s\ro\emenx 't

1? (li: osi<n: Bi > S @

Samom)—ico.“j, DO and ¥ are related 1‘9‘3
(o) DO = do BB - 1F od

where BE s o gom given \D:j [’BBE(E&OSE(V\:%-E)}.

Lesendo\ “The ngq\‘.\:j sign Voek ween Ywo shalemends
exPresses ‘Hno} 'Hnea are ,semo.n)rica“:j equ.iva\en}, he.
have *'\'\e sSame Prec\ic:o}e %ans{%rmers:

S0=54 = (EIX:: [\«l\p (SO,X) = W\]’ (31,)()]/\
[wy (So,X) = wp (S1,X2))

CEnd oP Leaen do )
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Remork “There are more such equ.ivo.\ences. sudh os
i S

(1) F= @ BB>IFE
which can be proved using the defindiom of 1T
N CHQP}er 4 ”—nne. semo«ﬂ}‘ics O s}ro\iﬁ\nk\ine Pm-

groms ) ond

(2) IO = do BB DO of

which cannol be Proved \oe?cre we have c\e?mgclu
DO . ( End o() /Remo\r\(.)

EQua\i\D (O) 1S o ‘Pos}u\a\'e. T+ veduces the
rePeh\ic:n wath FOSSi\:‘\\j mom:j Suc\rds A-o o
mpe\-i\icm with o smb\e_ ward. Tt alows s Yo
Ccm?ine owr ?ur“xer degm\ioﬁ o Yhe Semom\ics
o? the ’re)oe\-ﬂion Yo Yhe Specia \D simP\e shate-
men} DO a‘uven \OD

(3) DO = ég? =S Q_E\
and @;r brevi\bls sc.\«e we s\na“ do so in Yhe

Seclu.e\‘

Tor DO ) B , ond 5, o2 connected ‘95 (3)

we ‘\r\sis\' on Yne 5Emom}ic equiva\ence
@ DO = PBS;DOY Bk e,

ie. we msist Yhal both sides have the same w\p
and the sowme wp oo Usenﬁ Yhe semanlics o?

skip Yhe semicolon, and +he o\\\erno.)':ve cemshruct

Pais leads Yo the requirements
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(5) [w\P('DO,X3 = C’l'B)\_/ N\P(S,w\F (Do, XM) A (BVX)—}
(6) [w\o (o, x) =(AB v wFCS, wp (DO, X M) A (BvX)).
We shall show +hal these Jwo requiremen}s
ore met \33 cleﬁnins

€)) [wp (DO, hrwe) = the s)rrcmo)e-ﬁ solulion of
Y:LY= ("B v WP(S Y))] ]

(®) [w\PCDO X) = the weokest soludion o?
Y:IY=GB v w\\a .Y A (BvX)) 3

@om which we s"\a“ derive
) [w (DO.X) = the s}rom es} soluiom o?
Y. 1X¥z2(GB v wp(S O A CBYIY)Y.

That require men\‘s (5 ) ond (6) ore wme} is
o direct consequence op (8) ond (9) TESPEC“'VG\U)
so +hat is ?ine. We \no\ve. Yo shoua , however

() Yhal (3,8, omd (G) wmoke sense in the sense
Yot e Posh\_q¥ed exYreme s:;\u)‘ncms exis\-

@) ot (@) Elows from (3D omd (8D

Git)  Yhal w\\o('jb(),?) \s univers':x“b Ccm\:\unc\"lve
Cice. theorem 4.0)

() that  wp(D0,?) sakisfles the Low of the
Excluded Mirade (i.e. Theorem 4.1)
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“To begin with , we rewrile () and (9) using
[wP (5,Y) = w\F(S,Y) N wp (S,)ﬂue)] :

aG" [wp (DO, true) = the s}rcm&es} solubion OF)
Y IY =GB v wplSY)D AGB v wp(S,hued)] ]

(9" [wp(’DO,X) = +the s}rcmﬁes} soluHon 0(?
Y:I¥= GB v w\P GEXYDAGCBY wP<5;Me))A C’BVX)T]

hus o\c‘nievins Frot in cll Mhree de%“‘“ﬁ equc\\}cms
—ie in (70,3, and (4D~ }he dependence of Yhe
ria\n\'-‘fmnc\ side on Y s ccmﬁneo\ o Yhe }erm
wlp(S,Y). n ’Po\r‘"icu\om, Q“ '\'\nree equa)icm.s are
nNow o? the ?orm —Cach with iFs ocwn Z -

(10) v [y = F.CY,Z)j

wth @ gven by
@ R = GB v Wpls.rd) A 2]

From Yhe umversq\ Co-n\')unc\"l\r'i“b o? w\\o (S,?)
we comelude with Lemmo 343 thal B v w\r(s,?)
'S universal co'n'unc\-ive-, with  — Levamo 3.1 -
the '\den\ri\-:j ?umc\e'lo-n \Oe'm\_cj wrivers ell Com junclive
as well, we conclude From Lemma 318 ot
I3 uh‘lverso.\\:) cvn\‘)unc\-ive (‘m s cmF\e}e araument ).

% (irsh

Cmmloonnen" andd —lemmoa $.4: Wnaster - Torski ~
Yhe ex\'reme So\u\"lﬁ'ﬂ‘s o? (10) ex'ns’f. ('“f\'us Cem-
clusion deals with (G)))

Hence - Lemmoa 3.19- {? is wmoolonic in

let 3.2 be (1o)s s\rcmaes\' solubien , ond
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h.Z s weakest. VHence ~ (10),C0) _

(7> = [wp(Do¥ued 2 (3B v wp (S, hued))

@ = [Wp®0.X) = h(BvX)]

(@) = Twp(®0, XD = 3.((-1®v wp(S, e N A (BvXM]

'To .S}IDN Yol (g E)o“ows ?ro-m (7') and (8
we o")serve

wp(’DO,X)
= {def of wp (s,%}

wp (DO, Yrue) A w\P('Doax)
= L (7 and (83

0 (B v wp(sa}me)) Ah . (BvX)
= {Pis @ni}e\a cwn;)unc\-'w?;, Co-r‘o“or:j 5-'3?)'

9. (4B v wp (S,‘me)) A (Bv X))

ond Yhus we hove dealt wadh (1)

Fram ’S bLn'nfersca\ Cm\)unc‘iv‘l\:j we conclude
~Theorem 50~ thol h s un‘:verso.\\a Com yunclive;
so s -lemmo 343~ (Bv?) ; (D deﬁnes
\n\P<TDO,?) as +the ?unc}icmo.\ cam‘:os'.\icm o? Yo
un'nVEFSQ“J Conk')unchve. nchons , and ?rvm Lemmea
314 we comclude Yol W) (’ZDO,?) \S unwer‘so\\b
com Junc¥ive ; Yras we hove deoll wivh  Gii) .

To eskblish [w? (’.\)O,fa\&) = @\\se—_] we ooserve
Mot ?crr [ X= E’o\se] and [wv? s, ?g\se) = ?a\se__\,
?a\se. s e soluYion o? ‘e deemmb Qc‘uc}l‘cm in (§);

and \'\enoe \O:j degn%\-'ncm i\-s s\‘ronaes}; H\us we \noue
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dealt with Giv).

ﬂnd }\f\is Ccmc\udes P:ur Mﬂe repe}i\'im A~ Proo?
ololiao.}io-ns GS reso\rds Megrerm 4.0 ond Theorem <A .

“or Hhe Yer:e\"l}imn we wows\, however, A—o

rove YMore,
ViZ.

'Hne maoan H"EOrem we wuse w\'-en reasonin C&\DOUA'

Frﬁarams L} w\'\ic}n o repe)i\km OQCArsS, ’BQPO?G Fcr-

Mu\q}inj the wmain 'Hneorem, however, some no\‘o\ricmc.\

]of‘e\irni naries Firs}.

Lle} x ond ranSG over sSome se} ) QF_M\“C\‘
C s @ sul':\se}; in thol case XeD , yeDd |

xeC , and 3EC ore domain constonts o which

the Firs’r bwo are b:j .d?'?in‘a}io\n brue. Lot %
be o  D-valued '{?unc\-icm “on  the slote Spoce;
fhen

‘\‘:3 s o Pr‘eclica}'e ond So s
(ESUGC «}-:3)
Pc:r w\m ch we indredaa ce %‘\ne o.\a\orevia}icn

.
LQ.

}eC,

(12) [’NSC = (Eb beC: \‘:fj)]

“The {\Gc\' H‘\G" A— 1S o ’D—va\ued Func\icm an
Yhe 3\-::\& spoace \s eX\orgssec\ )93

(1) 1} <)

or, \n view OF (42) -w\“\ C=2D-~ Qquﬁm\en}\‘j \ob
(13') [(ED ‘3€PD.¥=3)-\
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Bul P&f‘ Yhe ?@& Yhet we hove not CXP\O\iheol 3e}
whatl I} means {)csr o Subset o? o T.»c.r}iu“n or dered
set 3-0 be "we“-%undec\" _w\nic\r\ s\rm\\ be exp\ained
oger the Yheorem~ we are Mowd reth) ?m- ;-\ne

@J\’mul o\}i o o?

Theorem 6.0 Le} (’D,<> be o ‘oar\"m“b ordered
set; let T be o subser oF D . such that
CCo<) s well ﬁ:wmc\ecl . e} stotement S,
Prec\ic:o}es B ond ¥ . and unchion 1 om
%2 s\-a}e STJch sa\-‘;s?U:

predicale }mnsfcn-mer w?(s,?) 'S monolonic
Gt 1+ eD)
) [ PAB = }eC)
Gts) [VAB A Y=x = wp(S, P A y<x)) for ol x
Yhen
) TP wp(deB>Sed’, 7B ATP)

("The we“—m%rmed reoder \m“ recosn'nze " 3“1\2
above P an  “invarion} ‘ o Hne r‘epe}'l’rta-n oand

n '\- o V'VO«riom\- Func\icm ", b..!\nic\n s Yhe ve\\ic\e
0? the )lerm'mc.)fic'n orammen}.)

/*rrom Y s‘ric\'l‘j log-cu\ ‘90“"\} o€ vi€uw |, 1}' WOu\d
suﬁ;i& Yo ynem Hon o? we“-¢cumdeol sets cmb Yhe
mper‘:j Yt s needed Vo Prove "“'\eorem 6.0, Scrmenﬁr\j
E—‘no} con e dome M o sin5k \ine. B in order o
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QFPI.'_') Theorem 6.0 , ome has oF least Yo recognize o
we\\- g)ounded Se\' when &ncomn'}eﬁhj ﬂ- (i' one has not
Yo comstruck o we“-?ounded se} mefse\? as \oar) o?
);\ne, correc}hess ar'sumen\' a\oou)- o} T.)ro r“c.m>. “Yor
Yhol reason , we vow insert in view of” the very

Cﬂ\ﬁ)‘m\ Qs'a)f'ic:n o] ’ﬂ’)eore-m 6.0 . On ‘m}ermezzo

on we\L@unded sels.

Tnltermezzo on we“-‘?cmnc\ecl se\g

“The s}ondqra c\eﬁh};im o? C’,‘D, () Qas o
Tzar\"m“:j ordered 52\- is -Une cc:rnb‘mo.\'non QP o set

D and o relabion < (T’mnoumced "o} wiost” )

such that %?:Jr all X,:j,‘.“i. demen's o? )

G %X g x% (’Re@ e.x'wﬁb)
Gy x Y A Ysx = X=Y C ﬁh)’lstjmmg}rj')
i) x5y A ysz D Xs2 (_’va)s}\iivi}ﬁ)’ *

Ts most comwmon lmocle‘ 1S o d'nrec‘ed Sra\:'k
with Jhe elements OF “D as #s hodes ond an

Arrow ?rd’fh

Yo x as o Codin ?cr(‘ X-‘S:).
’rfohn Hﬁe re Q'*"'V\b 1‘ ?o“ows *“‘qc\ ecu':\'\ X

has G So cc“ecl ”Otu.}o\oo , 1. an Grrow \eo.d'm
?rcrm 3+ o ‘J‘SE\Q “Trom Yhe anhsdm me)-cj ¢ o\ UwSs
that  Yhe au\o\oo?s are the only directed cyelic
‘ooMns. "\fte hﬂS}}iV'lb means ')-ha} Wwe Com an\:ef-
Prd x €y os "% s reachoble me Y "

/Remov‘m:ﬁ Yhe au)ro\ocqos —hich dom} carr any
‘mPorvnc.}ian-— we Se\' ‘pne Par)ﬁqub ordered se (’D,<)
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w\)r\n_}he ncm-reﬁex'.ve relalion < CPmnounced "Yess Yhan')
S\V% N &erms o? < bfj

x<:j = Xs:j A X"l:t)
g\x'erno}-'we\g we \‘\ave

xsb = x<3 Y x:b

F\\Sc. re\o)-'.an < s '\mﬂs‘.}‘ave. ('ﬂ s no} Cc:mp\e‘elb
@mr lo cal (D<) aso o Par)"m“:) ordered seb, <

no} \oems re@ex‘we 3 :je} ¥} is nat uncommon. ) X<y,

+ mc:\<es' For 'ms"ance, sense A-o s)-o}e. )'\no} o)l directed
paths From Y Yo x wm (D,<) are o? Tm\e length.
® in D, ) dhere 1= a direcked poth From 4

o %, Yhere are Alse such Fanns o 'm?m':}e
\ens%s.) |

Ner} we ]qg.,re %e devﬁni"\m\ o? "m'mi‘mo.\ e\emen}":

(x 15 « \m‘m"mo.\ Q\emen} o? C) =
xe C A (9_3: y<x: 7 5eC)

Nole Hna} o "‘j‘"{mma\ e\emevﬂ heeci no\' \oe. un‘:clue.i
_Tal«ce Fc;r‘ C dhe natural ““m"efss with the shandard

'm)terpre}o}\m o? < , 0O s "}'\ne. cml:j m‘m':ma\ e\e-

ment o? C, bt wh < de %ned as
X<b = (EP ‘)‘l‘S T)OS'#)’.EVQ 'm}ege-r: X + 21‘3 :D)

both 0 ond 1 are mintmol e\emen}s OF C. Mo
a\So Hf\c} o su&:se‘ \ma_:j \f\ave "o Yh'lnimq\ e\e-

Men\‘S: 5;0.\(2 E)or C  Yhe 'm)leaefs ond gof < }he
Usua) 'm*erpre\-o‘\'non.
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| For o Tmr\-io.“ﬂ ‘orc\ered se} Ao be WQ“*E)UQYNAQ&
1S given b}_‘) Yhe deﬁni‘;cm

(C S we\\-?ounc.\ec\3 = (eac)r\ ncm-ew.?b SU\ose\'

o? C contons o minimal e\emen¥)

FTor a sequence oP elements % (Gzo)d O?C Yo be
o descending chain s a\ven \;3

(sequence %i(i30) is o descenc\inj c\rm'm) =

(Bf-‘,lj: OS'|<\'); x.\}(x,ij ;

}he number o? elements n the seguence s coled s

\Ens}'\m

Tor mothematical induckon over C Yo be valid,
it should su Fﬁce Jo demecmsirate

Px v CEL.): ‘-jec ~ Yy <% 'I'Pb) ?or ony e C
n order Yo prove (B x: xe C:VPx)

Qﬁer 3-\ne a\oove deﬁnﬂ\ons we coan F:;rmu\o.\e

Theoremn 64 TFor a T)or\io.\!_j ordered set (C,<)
Yhe Fo\\ow'm& H\ree. S}a)em‘en\‘s are equ.wa\ en\-

(i\ C s WQ“-gmnc\eé
(i) ma\-\nemo.\-icg\ induchon over C is vo.\'\c\

Gidy ol de‘bendiB chains in C are o? ?‘m'.}e \ensm.

@m?'ﬂn €14 In Yhe ?o\\omns PrboP o? Yhe equiva\ence
o? (i) and G R AV Tow'ges over the Su\bse)s og C
.

and Y over the T;redicc}es over e e\emew\s o
. on ‘}
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Relween dhe subsels V and the Frec\ico\es %

we eshoblish a one-Yo.one correspemdence loy
@ (Ax xeC: Px =1 xe V)

with  Yhe sPeciQ\ consequence

(& CAx:xeC:Px) = V=o¢

We now observe

(i)
={de?‘mﬂ-‘.m o? We“»ﬁbundedness c? C?)

(BV:: Ve = (Ex:XeC: xeV A (abzbeCA Y<x: 7 :je\l3))
={negoting both sides; de \"\orgung

@AV: Vo =(Bx:xeCinaxeV v (ED:DECA Y<x: ye VM
=-{?rc-m dwxmmb V Yo o\ummg /P-, (13) and (18)?)

(9_'?:-. (Bx: XsC:’P.x) =

(Ax:xeC: Px v (-E-.b 3eC A Y<K -1’\7.3)))

={de€lﬂi\'icm OF moYhematica) nduchion over CS

(i)

Tn order to vae C'n)"-_-" Gw) . we s\'.o“ S\‘\ouo ot
either =ide 'mnp\'.es Yhe other.

GY = G 'Deﬁn'ms the Fredicc}e DCY by
DCF. x = (ol descendinj chains in C with x os

\eading elemen} are OP F‘m‘&e ]eﬂ's“n\

we o\oserve

DCT. x % (ES:U‘QC A Y<x: 2+ "DCTF. D>
and Fur}\'ler
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(i)
= {mo}hemo)im\ inducHon over C va\id’lj
(Bx:xeC:"DCF.x)
Ax:xeC. DCF.x ~ (g:j “ n C N ‘;j<"'; ;‘:DC‘F'E_)?
= {right-hand side = drue
(Ax: xe C: DCF. x)
= { def of DcF Y
Gin)
1G) '3-\9!_(? Leld T he not we“-ﬁ:unc\ec\, t.e. Yhere

P e

exists o hcm-em]o\b .V W'-Mfwu;' m‘mimo.\ e\emen},

i.e. such that
(Ex: xeV: (Eb Y<x: be\/))

bt Phis expresses thal each x m V' is the \Q&dinﬁ
e\emen;‘ of On \n@m}e dGSc_endinS c\'lo«m n V, Frum
which, V being hcn-mplb,- AGi) T Eolows.

(end of Proof Th 64

Needless Yo Soy, o Yheorem os ‘Oemu}ie’\‘ as “Theorem
61 s o? ngu‘"d Si&ni?‘ucgnce. “the eqwivc.)znce o? (;)
and (fii} 15 nice  Wwhen we ore inlerested in Yhe existence

yinmmal elemends O? subsers, the zqua\ence Yoehueen
(1) and Gi) s oP Pc.r)"l(‘u\af inJeres} ?or cc:stukna:
o\ssocio}fn )lerm'mo}‘m C%Pu}n“'fahs w-.H\ c\escenc!ing
hains o iﬂi}e \ens , W€ see some sort o? Link
behwern &inide computations o he ome hand and
Yhe va\?c\ib o? on induckve araumen} en Yhe obher:

COmru}cAicm ond max-\nemo.]-im‘\ ‘mclMc)\'crn jo scrme)\ow

\flo\no\ wn )ﬂancl.
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A wel-known examp\e o? [y we“—?ounclec\ sel s
Fresen-kd k:) Yhe netural numbers with < with s
standard meaning; e a.ﬂoea\ Jo s we“-Foundecl ness
whemever we ‘vae Sc:me»\iﬂj \DD ?ho\n':emo.‘ic*e.\ 'mduc}'ncm

over ‘H'IQ ha}um‘ hum\ﬁer‘S‘.
Another well-known examp\e s T)rov'lc\ec\ \o:j Ve

5€n‘ren(‘es o? o }oro ermirB \o\ngu.o.ﬁe —-Qr an
oma\.iSm with a  similar 3rammar‘-— 5 here "< s\'lou\d
e read as ‘occurs as subsentemce n -.c\e_orb N
'\'raﬂa‘:}ive re\o}‘lw?--. —ﬂ- |eads }o ,"mc\uc)r'ncm over
Ye arammoar @5 we have P.ncoun}er‘ec\ m C\nc«]o}er 4.
" Semomnlics 0? s}raiﬁ\n\- \ine programs "

Ne“-?oundec\ sets \Oein3 the )nci‘ns)oenSQ\o\e in-
3!’@6\"27'\\- OF C\“ '}erm‘nna)ﬁom Gf'gam-en\fs, Com,)u}ina
scien\"\s)rs are reau\o.r\ 'mv'AeCl }o 'nmle-n} '\r\ne
Fm)oer we“-ﬁounéec\ se }Hg\ \m“ Co«r[j n\e )rE\"-
YY\ihQ)“lCﬂ\ arcumeny. Ln s Canec\'icM, whot is”
knomwn as ”"n')e. LexiCo.\ Ordeﬁngy is Po.r)-ie.u\arl:j
Televan}. as '|} Q\\owa wnus 40 (:crnS\T‘-Ac“ new we“—

ﬁmndec\ se\'s ﬁ'ﬂ'm SEV‘QV\ one s,

Consider dwo sequences  X.i (osi<n) ond
i (osi<n)  _vote thol the Sequences are o?
?m;-\e ‘enann‘.-—- , called %X and 4 resPec\-‘wclb;
le} ?o-r cach ¢ Yhe eclements Xi ond yi
\96\0713 -\O -Hfle Same We“-vFoundeA Se}, So Hﬂa}
xXi < t’j.'\ s clerec\ (i.e. —\g reﬁr Yo the Or‘derinj
re[a}'ifm ec:rresrcmo\/‘m &o‘H’m} we\-Pounclecl set ).
We Nnowd deene o \ne Schuue'r\C@S * anc\ :)
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an order \73 deg\ninb X<D \93

X<\3 =

(Ei:ogi<n: (R) 05j<iz xy=yj) A X <yi)

_nﬁs S CG\\ed "'The \_exica\ Order “; '.)' 1S we\‘-@uﬂc\ec\
'le ,?cn" ol v, xi and 3,i are “O\(@n ?ro-m c we“-ﬁ)undeé
se} and vice verses Yhe Froo \s \eﬁ 3;0 )r\ne rec.der.
( Somelimes ome gno\s the lexical order only deﬁnad
?:;r n=2 , ‘.e. as o -oﬁeh bore\b viSi\o\e - InX
o-\oera\‘or‘; }h',s 'mﬁx o*‘oerc\}‘cr s as o\ssoc\'oA'we Qs
dux}ﬁ‘oos'-}'lcrn. \»\le Yeove Hﬂe Pm() ')ro }}\e m}ereskcl

reader. )

E‘xamE\e S‘Nen o8 F)'lh':}e baj o? 'nc.}urn\ hum)aers;
o nove Comsists og T‘QP\O.cina on X ?rrmn Yhe \003

btj (o8 ?‘mi‘e ].0055 Q nc}ura\ num\oers o;“ < X S\wuo
'\-hc.} Hne. Same '}rerm'mc.\es (\oecau.se 'Hne \96:5 )'\o.s

\Oec.c:me Qm\o\‘:j )

\.e} Q“ hum\oefs n 'pne bc\‘s \oe < N C\I\O«r&cxeri?e
srhe ccm)ren\‘s o? e )30.3 ]DD \Es\'m_tb Fcn" h>j20
N %e order OP decreo\s‘ms \J -\Jne requencb \MH\
which '\ occurs in Jhe bao Each FKrequency bes

J ) quency Ding

< nO\\'\AfG\ num\ber-, Hne ‘QXiCQ\ o-rcler nduw ces we“-
Poundedhess o -“ne Frequenco \'ssx‘mss; ?ur“'\zrmcre,
'!!lfle ?requencb \'\s\'m is \exicc.\b decreased )o:j
eoxc\m move., (End o% EXG\m‘o‘Q.)

CEhd o? 171}8\"“’7&‘220 o wen-?ouﬂdecl se\'s )
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ﬂﬁer Yhe a\oove. ‘m}ermezzo wie relurn Yo “Theorem 60,
which  we s}i\\_ }\o_\fe- Xo prove.
/PFOO?—THS.O On oaccount o? (9) —the deﬁn‘\}icm OP
WP ($O,?) —  we can Prove (16) \33 s\‘nou:ins
IP= @)
@)r oy Q  thot sa\‘;sges
Q=GB v wFCS,Q)> A <3V'P)] ,

an Qqua)‘i&n, g)m'm bo\ﬂicl'\ we derive }:D PfedicQ\!e CQ\-—

culus (because we shall heed them in G momen})
the ‘1m?\i6qx30ﬂs

) T BAP=2 Q)

@) 1P S(EB v e = @).

We shall show [P = Q) by showing separaldy
() [ PAanteC Q) and subsequently

@) [PriteC Q)

Proof_of (1)

Yrue

= {(14) and \'Jre&ico}e C:o.\ cu\uss
[PA-YeC =B AP)

= {G9)
[P At = Q1

(Eno\ o?’?mo? o? (1))
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/)?_rgcg?_ ,P_g__('l i),

-

This Par]‘ o? }\'\e Pmo? re\ies on '“’ie, @c‘ '}\'wa}
C S we“-ﬁaunded._ ‘In order '\-o ex‘o\o'-\- '\-\r\is ?c.c\,

Wwe ?}I"S\' Yhomir)u\a}e. QA demons)rmﬁclu\m SO Aas \0
moke i} amenchle Yo o Proo\? ‘bb ma“-.emoA'ICo.\

n duckton over C.

LT A YeC 5 Q1

= { G}
[PA (l_-;x: xeC: t=x) Q)

= {d'u'ﬁfr‘nbu}‘wn o? ~ over exis}en}ia\ quo.n\iﬁc‘ﬁion}
[(Ex: xeC: VP A Fa=x) = @)

= {T;reclicc}e. cal CLA\US; n‘n*erc\non&e OFb\ﬂ§v.q“O\ﬂ‘iﬁca}iW\'ﬁ
(Ax: xeC: [Parex 2QD

1n view 0? C's  well-Eounded ness . +the \oHer
s proved Yy derivin3 -@.r oany x n C —

(21) Y’P/\ Y=x = Q—}

from

(22) Can YyeC A yox: ‘_'P/\ '\‘:3%@3)

To Yhis end we observe

(22)
=9{ '\n\-erc\nomﬁe o? quom\-i?icc}’\ons; ?mdicc.\e co\\cu\u\sg
[(Eb yeC A y<x: Pa ’I‘-.:'j) 2 Q)
= { [‘)‘:3 A y<x = t=y Ab<x]§
[(E\j: yeC: P A Y=g A Yex) 2 Q]
-_-{di.s\'rﬂc:u}icm c? A over exisiential quan":??ca}ims
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[’Pa‘\ CEU 'jGC: '\‘-.:tj) A t<x 2 Q__\
= {0}
[PA teC A ¥<x Q]
= {[/P/\ “YeC A Fex D @3 on occount o? (1)3
[PAtcx 2 @
'-‘-5{ wP(S,?) s mono):on’\c}
[WP(S,’PA Yex) D w\oCS, Q)]
= {(1-’53:')
LPABatx & wp(S,QD)
= { \l’Jre di Co.}éir coj cu\uszj
[PAYax BV w‘?CS,@)—]
= {(203?}
P A e 2 ©)
= {de.?m'.}ia-n’s
(21
(End o? /Proog? o? Gi))
(End OF ’Proo? Th.6.0.)

»*

We TeC&“ ?or o nex\' diScussmn
“ Do fB-S;DO | B > skip f

The intended c-'qu.iv‘c\ence o? Yhese hwo s¥a)~emen¥s
\ec\ as 5:0 Ccms'nderins CX\Teme SQ\Q\-\“cms o? Qqum.-

Hons o‘? the ?t:)rm
(23) Y: LY = 0%,
wih £ of the {orm
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(24) RO = (B v kYY) A (BVXD])

Acc oro\'ma o (3), w\\o (DO, %) s the weokes}
solution o? (23)  with W\T: (S, ) er k , QcC-
Cordina 1o Q9) , wp (DO, XD ‘e ¥he s\rtm:jes\-
SO\UA‘IW o (23) with wp ¢S, ) Fcrr- |*

Since -Hne 3€mom"1cs o? C. \omamm S)'\ou\c\ \no\'
Yoe c\nanaec\ iF we reP\ch. e o? i}s CJUT\S}'!‘IU\%}'

S“O\\ em Er\)(s }D O S@W\G‘h\:l CO.\\ e b\j'\fﬂ\eﬂ} ane we
N 9 ‘9
derive ﬁ'crm (‘4)

@) Do =i BS;
EY'B—»S;'.DO“"\'BA;:.\:{P ﬁ
1 B~ 5\(3‘3

d

Yemork  Yhe rig\nhlnanc\ side o? (4) s somelimes

referred Yo as “the grs} Uﬂg)o\c\in OF :DO"3 Yhe
r‘lgh\-\mnd side o? (25) s sami\mr% colled * Yhe
Second un?o\ci'm o{) Do . Uh@)\dﬂ'r\a —ond Yhe in-
verse '}rmﬂsg:;rma Y e ,Ccz“ed ”«?o\o\ingk.._ are S!ranc\ard
Pro gram }mns%rmo.\f'wns , which Moy be used 3o
')rans?Oan one Y)rosram 'm‘c: onr\oHner Semaﬂ\iCQ\\-a
equi\ra\err\ one (Eor instance with Yhe aim o? pro-
v'm3 “w,vr ecluivc. Cnce). (Eno\bg"'Re,mqr\z 5

Equo.\icm (25D '|mmec\ia}eb Taises }\we ques\'icm
w\'\u)r Qqun\-icm we would have 30} ins\'eo.o\ o? (2?:),
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had we s}ar)-e.c\ ?rcrm (25) ?ns\reac\ o? ?rmnn 4 .

ona Q\So: ww\c\ we Se\' }\‘le same exYreme So\u\icms?

'Ta\»cin.s Yhe w\p or Yhe wWp Frcrrn bo¥h sides
O? (28) Uie\c\s insteod o? (23)

v: [y = CC, PG

with ?cn‘ % Yhe same choices w\‘:(S,’Q ond

\,..T;.(S,?) res‘:»ec\-'we\a. Hadﬁwe " Curried | ? v.e. hod
we de@mc\ *We ?uvxc\'\cm {) o? Ywo oraumen\‘s \::j

[?.X.\I’ ERCX,Y)]
we could wnte the above equo.\"mm
Yo 1Y = (P YY)

?rom Lemmma 5.3 we learn dhet 3} hos nwe same
ex}reme So\u\\ms as (‘23) . v?o-,— ﬂne OCT RS on —ch.
| Yional app\ica\’ucn be‘ma \eﬂ-associo.\-ive—- rewritten os

Y D= (Bx0.¥)

“This s V"",’j ccsm?or\-‘ms. (1\- were , n ?oc\', cansidera-
Yians like the obove +thal led ws Jo Lemma 5,13.
The F:':'“ow'inb ”o\ovimslv cor'rec_;)- 4 ’Wmor‘em \ec\
5‘.m'n\o.rb }o Lemma 5.14,)

"_heo\’em 6.2 DO = DO; DO

"Prou'? *l%. 6.‘2 Since eolu»iva\ence 0? )orogro\ms weons

eq\z\a\i}:) o? -\'\neir T)rec\iv:'_c.x‘e -\ro-ns?o-rm-ers . we have
Jo show Yhat w\P (D0,7)  ond WP ('DO,?) are
‘ldem)oo)l en\. Since AB v kY 15 mcmo\ffmic. 'n_n Y @"'
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ond BVvX s mwo\oniqwea\uning,

2

both  choices Fcrr k

ond ic\empo)fe'n’f X, we condude on account o‘?
(24)  that eq wakiem (23) wmeels the re quireme nts
o? Lemma 514 and ’\nence., \nas ‘\dem‘ooxeﬂl' €x-

dreme soluXioms. CEnd QF ’Proof Th. 6.2)

“Theorew 6.3 DO = do B -0 9_:\

?roo'? Th.63 Let e X Ye an ex¥reme solukion o? (2»
with  Fhe O.PProPrio)te choice ?c:r x G WIP(S_s?) iF
eX s +the weakes\‘ so\u\\on and w‘o(S,?> '\F e. X

s The s\‘rrmaes} 5o\u.\";cn\). Trem (22) oand (24) e

then deduce

(26) leX =2 (B v k.eX) A (BvX))

The ?T’EC\'IC.OAQ ‘\mv\s?urmer.s o? g_:l__g_’B > DO 9_.:_\_
are then Yhe carres‘ocmc\'ms extreme soluYions of

@ xix=z=(GB veY)a(BvX)]
We observe

“B veY
= {€26) with X=X}
AaB v (B vk (eYDA (BvY))
={v dishibules over AﬂS
(GB vaB v xleY)D) A (GBVB VYY)
:{ Pre&ico)re cal eudusy
B v k(eY)

Hence (’27) is the same eo‘buo}im os
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Y I¥= GB v x.eY) A (BvX))
e, -se (24)
7Y Tz (X,

On account of (24) ond Lewmea 5.4, our {?
so}'s.s?ies H'le reclu'.remen} o? Lemma 5105 - even
Por omy monoYonic  ip ~ , hence Yhe COTT‘QSPO?\C\HB
ex}fé:me SO\u\im—. o{? ('Z?') s aﬁmn e

(End QE ”Pmof-rh.s.a)

Pushn, 15 ﬁpﬁ\ 1985
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