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I )“nc)u \r\)r “\o} n Y_O] 1 \f\ad. u\)\\s\weé H’\ree
3 v
solu¥ions, Yul later T learmed Mol 1T had olso
\ou\:\i s\'}ed -\—\nree Fro\o\ems., as Hne Fmgfqms \f\O\c\ \Oeeh
Ve ‘w’l“«ow} Q c\emons}ra)ion 0? ‘nneir Cerec‘-nQSS.
o wi)o\r}'ua\ remedy T here og)er such o dewmon-
S\'T‘o\}lon %r‘ *‘»\e SO\M"‘\O\’\ w:n\ n'h’ee-s\‘o}e. mac\ruines.
X ¥
1 reco“ 4"'\6 ccﬂs\‘_rﬂcslion, \nje ccms‘udef‘ Cn r'mS
o? ot least 3 '\-\nree—s\-o.\e vnachines. Tor each
mac\r\ine C ”“)T‘N'-\e ! S c\egne.cl, e a boo\eon
?unc\-'mn o? H’le. s?i)ra o? ’H\c} W\o\c\\ine ancl 0? lke
shates o? Yol machine's immeclic\)re_ Y\eig\r\\oourg
when such o @Anc\‘imn s Yrue , wWe so.D ot ot
‘vriv'\\eg: "Q.X'\S"su. 9 "move” consis\'s °¥)°‘ moc\-.me.
observina that ts vprivilese exis}s, g)o\\oued be, o
3 priviied 9
c‘nomge oP Yhed wachine's 5\‘038', moves o?neia\v
bours exclude eoch oYher '» Yime . We have Yo
showd H'\oﬁ‘, ‘|ndepenc\eﬂ¥\b O? Yhe nitial S\‘c)l’e o?
-\"ne w\no\e Stjs\-em » w}\-\'\‘m o gm‘\\‘e num\ber oF
moves (1) Preciseb e privi\eﬁe exis¥s ond (i)
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n eac\w U\n\)ounc\ec\ sequenca OF moves |, Qo.c\ﬂ mo\c\'\ir\e
mOoVeES o un\oounée.cl nuwm ber o? \-‘nrnes.

Eo«c\n W\o\c\n'me S\‘G"e s c\'\o.ro\c)leﬁzec\ \ob C. variq]o\e
ran&'m& over {0.1,'2}; in the c\escri"o)]ms o? Yhe v;;oues,”
addirive o—Pem\-‘mns are unc\ers}ooc! Yo be \"edugceci
_Ygg_cl_ d the V’ar'la\sles c\'\arcnc}eﬁ?_‘ma e \QP’—G\'\A
ria\n}-\mnc\ Weis\\\cvovrs are dencled ‘03 L ooand R
Tesyec\-'we\'d; moves are Tecorded as 8uqrde<;\

Commands \m“\ \\ne S\Aarc;\s rie?'min‘s “\e Yr'nv%\eges.

The rinoy comsists M order ?rom \e@r Yo r'la\r\-“ o{)

it

() "BoYrem | e o machine Whose s}c}e is

c\naro\c)rerizec\ ‘ob o) ond w\hose move s vaen \o‘b
B+1=R — B =1B+2 ;

(i) one or more hormo\ mac\/\'lnes, C\’\a\’ac\'k‘.‘r'\zecl

b:j o vanoble \occ.“:j romed S . Yheir maves are

L=S+ \(.Sf\-‘\{R - S Sai .
(i) "To?" . Le. o moachine whose shrole s characer
y2ed b‘,j T , whose ria\n\r—‘hancl he'ag\n\oour s
RBotrom and whose wove 1S 7

>

L:B FAS T#'B-i-‘\ —> T‘.:’B*"\

> *
*
Tn order Yo demonshrate se\?~ slebilizotion,
WE cons‘:éer M’te s\'rins s\'ar\-ins w'.\-\n = »
Yhen Yhe S's , and e.nc\‘ms wi¥h T . 1n thal
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s\'r'ma we P\o\ce \Oe} wWeen he&a\q\oours W‘flose 5}o}es
d.if?er an arrew such  thet W tYhe direchion o{?
Yhe orrow the stote decreases (wmed 3) by 1 .
We wmow give in Yerms c-? Ye arrows Yhe %oms?or-
motiems each wove Mo eﬁec\uc}es ﬁ?cn» ecch
#rowxs g:rmo}imn Wwe ?url-\mermcre. r€_f:c>}r_o} '“j\e c\womae
n Y , where -

3: Hne hum\OEr o? \eg—Foin\rinS Orrows  +
Ywice }he- hum\oer c? ﬁs\q‘r-‘:om\rm& GIrTOWS,

’“ror ?0}\‘0\?‘:

E)rom B« Yo BN Ab—__ +1 (o)
Tor o normo.\ hnackme:

?mm LS R lo L S5K ﬂ\:)= o} (1)
?rom L S5eRR Yo LeS R Ay= 0 (2
?ram L SR ‘o LS R A‘:)'—'— -3 (3)
?-ro'm L- SR Yo L SR A.*:): -3 C‘l)
?rom L<—S¢-/R Yo LS R A\‘j: O (=)
’FOF To?__(w\'\ose Pri\r\|e5e G\So dep%c\s on B ')

grcm L->T to LT Ay =-1 (6)
ram L T Yo LT Ab = 1 N

'I? Yhe s)m'nﬂ condains 1 orrow , Yol ome
arfowd rTemains the Cnf\\-b one | )i-r-o\ve“in\rj wp and
dou.m -\'\ne 5\'\"'m vig, A‘Toms?ormo\\‘lcﬂs (‘\) Gmc\ C'a),
ana \oeins re@zc\‘ed c\} Hfle ends Ve }rans?ormg-
flons (0) and (€). Nete ¥hat, ¥ LT represens
V-W\e. on\s QArrow, L:B ~AV="1D-1 , onc \f\ence T°P|$
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Priv}\e e exis¥s. We comelude ?rcm e clbove Yheh
'+ suffices )l‘o s\"tow }\f\o\" wﬂ-\'\iﬁ O ?‘)hi\'e hum\Def‘
o? ymoves \we hc\ve Precise\:j V' arrowa }he s}fmg.

If) bhe s)‘r'm\a s Gee o? Grrows | L=B A T=R Cmol,

in the next wove , Yronsitiom () creates rhe silua-

Hon o? \'Jreciseld 1 arrowd  in Yhe s\'r'ma,

F“ ?u.r)'\\ff.'r Ccmsequ.ence o? “\e }\Jo \o-rececl\‘na \oa.ra_
9ra]o\ns s Mnc} under o.“ circums\'omces ot \Qﬁs}
one  move s Poss}\o]e.. Se now wWe consider an

un\oc:-unc\eé Sequence o? moves | in the remainder

we S»\o.\l s\'aow \-Y\a\-’ EF Nle. Num ber o? Grrows 1S
more  thom 4 - Y wl be decreased within o

@ﬁ}e num\aer o’? woves.

Trom “\e o\esisn o? H'\e move o? ’TOF we
Ccmcluc\e

Lewmma O 3e\rween )rwo SCCesSsive Ynoves o? 'To)o
a} \eas\' cne  move o? 36“% )Po\(es \D\o»ce.

Nex} we eshaklish

L emme 1 Q Sequence o? moves in which Boftom

does no} wove s g)'mi\t.

Yroal" From Lewmma 0 we conclude Yol in @ Sequence
moves ijn wl'\icl-\ BoHom does Y\o}‘ move, o}

MosF ome wnove QE 'TOF occurs, So 'Jr Sufﬁces
}'0 s‘now -Hﬂo.“ Omb Secluence o? normca\ oves s
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{%ni}& As Yronstormelions (2),(4), and (5D decrease
Yhe nuwmber o? Grrows ond Mone oP bhe normal
yowes Increases “nc.) num\oer, i\ suﬂ?ices *0 s\now
'Wo} & Sequen® o hams?orma\ions (1) and (2)
1S 6ni\e. But Yais ?o“oms G'Om Yhe \OFQ\OE}; and
Yne «@n:\e \enS}L o? the s\rt'mg). CEnd o? \roo?.')

QQE!" )r\nese FrePQ\“c.\'nq-ns e Can YMOowW )’.)rove A

“Theorem Within o ?ir\‘n\e num\ozr o? oves | Yhere s

N2 Qrrow  n )r\ne. s\-v"ns.

M From Lemma 1 WwWe conclude v\'\'\o\' M oM W~

bounded sequence o? moves the number o? moves
o? BoMtom 15 unbounded. PBelween Iwo successive
moves o? fBoH‘on, ) ‘H\e sﬂuc}':cm " H‘\Q \Q -mcvs]-
arrow (exists and) Fo'm}s o Fhe riﬁ\n“ " s Rsi-
Gec\ o} least omce, a ?c.\s}ﬁcq\‘,m Yot can O'hb
OSCWUr In }ransgarmc)ﬂm (33,C4). o (&) .

‘I? 'l\- OCCUirsS In hﬁﬂsg)of‘mc}'lcn (6)) we haove

one arrow in the s\r‘ms ond ore done.

OMherwise 4 occwrs in }ro\ns?orma)}ons (3) or C43,
W\nic\n elecreose b \03 3 N G“\Ej "ransgormo.\icms
(0) and (7)) ncrease Y bul - on account o?
Levamo O — ba e wmost 2 per move o B om;
Yhe he\‘\- resu“‘ S %‘\'\a\‘, ‘oer move o? Bo > Y
e decreased \oJ o} least 1. (End o? ’Proo?.)
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