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Q 3en2fo.\izo\\‘ion o‘? Fhe '@.nc"icms ‘\eac\ ond *0:‘ .

‘:oj Ed?jer W, '__D':‘jks}rc. ond C.S. Scholten

We cemsider Sequences clerecl iszs}ruc\-ures om the
no}ura\ c.ooro\inc.}-e x . Le}- S be SMC\'\ o sequence,
The @anc\-im\s h (:head ) ana ¥z ail) are deﬁned
kY

x

h.S:Sg ond + S S

1+X

Note ot h.S is an “element _viz. the ”leaclinaqone—
and +S s again a Sequence . viz. “Yhe rest — .
CWith the For concatenal on —as,@ar instance in
SASL - we hawe the 'ndw\-\'ll"j S=hS :}%5 )

There are severa) Ways o? expressing S'sub S
ie. that 8 s « Poa‘-ﬁx "_”?. S .

S' ?_t-_\_b_.s = (En:h;o: S‘= ')'“- S) or
SsbS = (Emmo: §257 )

N+ K

We T:me%— Yhe latter ome. /\'?epresen%nj the nakural
number n \o-J o S)fﬁﬁa o? n  2€ros , and

hence  addition Yoy judeposition . we would gek
S b S = (Eninefod: S=55)
The above is extended o  tuples of sequenmces.
1“.(.&.3}‘&\\’:7\3 W+ For hoo we thus deﬁne
(3,7 sob (5N =(Enineted: (8;T0=3T)) .
Schskhubion Jeing defined Yo disitibule over pair (Rrming,
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'Hve quom\-igecl e.x?f‘essicﬂu mo\:b be re.wri“‘cn as
) 1 K x
(5,1 = (s T )

wi\-\n e\e.me,n}nv.rme c/PP\}cc.‘icm o? e_clua\ﬂb e“r\is bie\o\s
S=S, A~ T=TX_

To cOmF\e}e Yhe unc\ers\'tanol‘mj 0? Yhe ohove
we de@ne ?o-r SQquences S and T equ_q\.‘gib l::j

S=T = hSz=hT A }+S=}7T
We menYion without Pmo?
ST = STYRET) L (5T hs'hT) .
Cthe prodf is 1efd as an exercise Ror the awthors.)

»*
»

A sequence 1S o 'spec.io.\ nstan ce o? o rooted
‘ree with constan} ?a-n-ou\' , Va2, with ?cm»ou\' =1,
in exacHy the same waw as {0 is « special case
o? a P:‘nﬂe ) r:l'nc.\oe\-. Tn Yhe E}o“o w’:r:j . C slonds
gr an o.\)o‘nc‘o?l‘ o? m c.\'\arac: ersS, our “QF\QS \..n“

\oe m-\‘UP‘es and our \-rees -)rees w:“n Consl‘nn}

@xn-ou\‘ = m .

We now comsider a tree as o shuchare
ole?mec\ on & coordinale X ranging over Cé‘ .
Lo} S be Suuz\'\ o }ree. “The ?unc\'rcm ]neac\ }\O\S
s obvicus ouno\\ogue: i+ 15 known wunder the

nome roo} , and we S\'\a“ c\eno\-e '\)‘ L’D r ond
ngne i} bb
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rS =Sx

<>

m which <> dano\'es vhe emv‘ab s}rins.

"ﬂne Correspondin no"ion Su\o , )\owe.ucr. Poses o,
":ro\o\em, Do we d;?me

5'subS = (BEnineC™ S5

or

S'subS = (En:ineC™: S'.5) D ?

Note In eﬂ-\qer case we have “’oe. “weorem - men\licmec[
withou} Fruo?“ Yhat @r Yrees S ond Y

S=T =(AsT. (ST b (ST nS' = rT)
(Bra of Note.d

Ih H\'.s sl‘ase we \'wwe Nno 51‘0unds ﬁ:ﬂ' Fre?errinj
the ome §g§ over Yhe obther. (For « single characker
q\‘;\ﬁc.\oe\*, ‘H"Ie, \'No deen‘.\'icms Co'ir\c'yc\e.)

For m%2 , we Lnave. Yweo &:EFeren\‘ wa:js ‘-’? de?inirg

under com Yrol o? c Porome\‘er c ,<ceC" a neo

Jree In Yerms o() a aiven one

w
cexS = S

o

x
S ex < = ch

Here we howe used Yhe SGme chero\\-m— ex as

Qsan—\me\'ric 'mex opero}o\- behveen o Yree —_Omel on
e‘eme-n} OF Cc*
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With beC* ond ceC* we then have
cex (bexS) = (bc?%ﬁs

(Sex b) & ¢ —;S ex Gw)

note thatr on account o? the bpes o? B, and S,

the )'x;ren\-\neses w Yhe \2@‘"\'\01\:\ sides 0? e chove
could hove been omitted.

Tlcthermore , we hove

boex (S exc) = (bexSex

2

IOOH'I S’ldes \06"713 chu.cx\ "‘o S‘:&q . Cc:hsec'u&h\'\'j.

also here Yhe poren}\qeses oy be onwitted | e
cemclude tha}l the "cq-n)rinuedq ex o? which 4

oPeramcl is & )ree u\f\i‘e ‘\'\ne on']ers are ?rom C*
needs ho Paren“weses.

FTinally . note thad < ex and ex < >

ore iclen\"-:j c)oer‘c)fc.\rs. Note --G\SQ
r(cex S) = r.(S e ¢)

So muc.‘n Por H\e aenerc\ ex

> *
*

O? SPQC'IQ\ interest 15 the wse o? ex with the
'.s}rinﬁ o]oerc.hog_ 0;’ lens}-k 1 . Le} e he a )oorameler
rana‘m over the S\'ti'njs o? \enSHn 1 in C* o -—\'()
we dom dis‘r'msu'.sl-. behueen ome- element S\rinss

and elements — Fanging over C,; e has m dishinct
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Fossiue VO.\u.es, Tor such e s

e exS s called “son free nre o? s" and
S exe is colled "do.ua\n\'er Yree nr.e oP s”

'\\f\ese G re "\'\G C\QSQS" o;no.\ogu.e, Q? H’le ?an:\'io'n

\'oi\ s ?rrs“b i} \nas an chc\i"iono.\ Poro.me\'er mn31n3
over T $e.conc“3 tYhere 1s the dishinchion Yehveen

sons and da.us\n)rers. Tlne \c-n'er' dis‘-inc\"nm l_c)'nl"es
ws ’rwo a“erno}ive Yecursive deﬁn}\ims For ]-}\e.
eqULo.\ib o? o 3Yrees S and T :

S=T = rS=rV A (ae:e_eC: e exS
S=T = 9= TT N (EQ'.QEC‘. Se_.{ce. =

I%

T
)

e
T

Y

F)P-rer ex “we turn our ollention Yo o mumber o?
unary oPem\'ors, to ‘Oegin with some that Porm & new

h‘ee {i’om G 3‘:\!21\ one .

Consider the ?unc\'non rev om s)rr‘mss, with beC:

c EC* and ee C 3‘|ven \03

2

rev, e = €

rev. (loc) = (rev.e)( rev.lo)

" y
In Yerms o? YeVv We nowd Ae@ne Mre }m\ns‘oase

T x
S = Srev.x .
Since rev. (rev. x) =R . (ST>T = S . The cemn ec)ﬁcn

be\-Wee.n ‘-\')e "romspose ond exr S Swen \’.j
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(b ex sy = S ex (rev o)

(e ex D =S e e

ond in P ar¥icular

>

For our Purposes, Pre }rcms‘;ose s no! & very
‘lmr.»or\'o.-n¥ O'Pero}or‘:, + has been v entioned becouse

i} 'ﬂ\us)-n:.le; on under\_tyna okuo\i\‘:j sSo nice\:j.

TO" “’re So.‘(e oP Ccvmp‘e)reﬂess we Q\ SO men\ricm ROV
ole?med \O:j ®
rob.x

ROV.S = S

W"'ef?. rc)". T = <D

rotle b) be B

"

Ths s a (;unc\'icm " L-J\ﬂic\h we ore ewven less in-
}erested Yon n Hhe A'rwnsPose. This is becouse our
interest in such ingni}e }rees, i.e. Punq"kms on C¥,
s¥ems Frcrrn Ccﬂ\s'm\erq"'lcms abou]‘ Yecwrsicm which
relate  elements o C* with | sow, & Common Fft@*»
Q re\o.\-icm u.s\ni c\q is C.orr\\o\ e\-e[ des\vobe.a\ bJ rob .
(So we \'Lonrc\l:j ke the Yrouble do  observe

e.g_{:;(’ROT.S)-.—_Sgte '

Now we relurn Yo e ex ., 3} is agom o Yree,
COmPﬁsina . SO ‘o S\oeolv., 'Y on-th o? Yhe elewents 0?
S minus s root. le} now e ronge over < ;
the combined e\emen]‘s o? 'H\e rez‘mni:\ﬁ m  }rees
comprise ol the elements of S éxep} the rook:
Y can be viewed HﬂereFme, as o ?uﬂc\‘iw-\ on CT e

a“ ncm-em‘pb G‘nie 5\’1’1:\33 oP C*. \lJe Cow c\eno"e
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'H\e asgresc\\e OP *\13 SON ']’Y‘Q&S O? 5 \O:j S.S

and



