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The Saddleback Search

“The oria’m o? Yhis o.\c\-jori}\'\m I}) un}nowh; its name
\'ms \wa\ ‘\nV‘En}ec\ \o:j :David %r’nes. ’Dr s:;\ves (- Pro\o\em
Hno.\' con 1‘.32 S}Gx'eo\ n momn \/c\r'lc.xflons; we S\"nc‘\“ ?rs}

solve i} in one o? s 5\-mi3\n)lFor-warci versions ana
Yhen discuss severa) voriafions.

wWe are S'Nen N 'm)teser ?umc\ion ? o? \wo e -

\uru\ Qrgumen\'s Yhat s “mcreasin& n  both ts ar-
uments and Yokes on Yhe voalue T a} least once.

S addleloack Search  has Ao locote such an occur-
remce, more recisely, Yhe occurrence with the

smollest velue o? the Hrsd o«rg,\men}-. Becouse
[ increasin:? m  ookh its orgume\n}s, Yhis s ot

Yae same Fime the occurrence with  Yhe |ar_9e5¥

value o? }he second O\\"?umeﬂ". Thus we are lead

f\'o the ?o“owi-ng ?ormc. s‘oeciﬁcq)ﬂon

\L F: in}; ?(i,\‘)': O<i A~ OSA) arroy 3? ink
{(A1,,0,)): 0Si<i A 08j<jj; Cij<fiy A @.3<€id))/\
CANX=F A (Aij08i<X v 3> Y Pij+ T3
; L Y int
) oddleback Search
{fR: X;':) = X:Y-S
A\
1
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The Qno.\oab with Yhe Lineor Search now susses)fs
Yo o‘??roac\n X form belowd and Y F«am obave | ie.
%’0 i)f era}e \,\n\'\n \'»\e TWVEGTI G ¥- /\) , Siven \9.3

P DsxsX A b‘f;Y

Our @rs" a‘)prox\ma\'im\ o? SQ&c\\e\oacL Search "kee)os
Yhe °‘“°‘\°5:) 40 \'\f\e L'meo.r Seo.rc\w GS c\ose oS 'Pos-
s'u\o\e:

“ estololish P
> do x< X - x:=x+1{?3“ b>\f > yw=4-1 {'P:‘) ﬁ {R} :

We ho*e )I'\rm\' ‘“\is T)roarcxm di??ers I §wo resPec\'s
om the correspcnc\in%\ c.? rox'amq\-ion ~%ee EWDG30 -

o? *he Lineor Search: 'ars}\b —on oaccount o? Yhe
ccn:)unc} 3N — dhe inihalisabon cannol e dome

‘mde.\oeﬂclen}lb o? P Q ":j-.=+co" s vor acce\o}a\s\e)

and secmc\\b the repe}i\“wn here 1S nonderer miniskic.

Tn order 4o relate our inequalilies mvelving X

a.noti o ? we observe +the

Lewmma xgX A y3Y =
(Q'.,J: 0<53I<X V\)>3" ﬁ"j‘# T)
"\)roog xs X A S;Y
= {(Rij: 05i<X v 3> Qi T)
(QC,J: ODSiI<X v J)n-_ ()lJ + 'F)
234 EXNX=F A Xzo}d
X2 X A Ys:j © CEnd 0? /Pmc?)

Wirh *\\e &\DOUE \_emmo. N or \ﬂands Wwie Vow

\-Qc\&\e *\%e SLLOJ‘G\S o? '“ne re'\oeh}“‘mn, S}relﬂsnflene.c\
bb ‘he mvariont
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PA x<X
= {arithmekric and o\eg)iﬂ‘r"‘ion oF i
TPA xxigX A Y* Y
- {Lemmal
Y A (9id:0$'\< X+ v \’))'3: ?ij +F)
= {c\e%ni\-‘-on o? P, Lemme. and ?rec\ico.\'e ca\Cu\usS
TA CQJ 053-‘55: px‘) +F)

& 1S Increasme in i¥s S cend or umev\-\}
’éf Vx.:)<1-_ ,j J
B ond
YA \3>X
:-.{ori}\\me}‘lc. oand O\Q—Vm':}'\on 0-? ’?3
PA rsX A yr13pY
= {\.E.mmo.g 7 - g) )
PA @i 0gi<x v >y Y+ T
= {des?\n‘;\"wnd o‘? ’-\:'. Lemm});. ?M-\d Ff\e)cl'\(:o\)te Co c‘.a.\us?s
P A Bviyx: @i_j +TF)
-@{? s 'mcreo\s'mj ™ irs g)‘\rs} o.r'sume-n’}}
PA ?.x‘3>'F ,

Hence we gne\ ourse\ves ‘inv\)recl 40 Consider 'H\e
second o.?]omx'xmo\)ﬁon with Yhe (Ccnc\l\‘icfno‘“‘jy
s \'ren 3“/) en@o\ Suu % rc\s

"estalolish P’
;é_c_)_ {’.x.bq\? = X=X+ {’PSB?.MD ST o w:= b-*\{?}_o_ci

?gr w\f\ic\n we hove )fo c\ﬂec\& '\'\'10.\', mnou\f)\w )r\'\e
wards owve Yoeen s}rcng_}}_\_ened, Mhe P‘ma\ comclusion
% s s\-i“ L‘)us\'igec\ CIndeed:

PA PxysF A PxysF
= {Qﬁ}\r\megf-‘-i () "j
Y A ?xv =t
= {defntion o P wna XY5
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x,\j = X,Y
PBecouse g) 1S ‘mcreo.sinj Wy \oo\‘\n or'jumen}s,
=0 A ?O.bzl‘: = P i Thus we oarrive ot o

com‘o\e\e program ?cﬁ- Yre Soddlebadk Search

X,b'.r_- 0,0
5 do ?x:j <¥F = 3'---5-%‘\ 9_€\_ {’P.S

5c\o .x.3<":—> K= KA

—rm——

n .x.':)>'?-—b b’-.::y'\
od IR

Converse-nce ol the ?Trs} repe\-‘u\ion s Suo.ronxeec\ \":j |
the ‘F&c} HF\OA %Y is ‘mcreas'mf) n '.\-s second Com-

PQ’?\QV\ .

* *

*

We observed ot Yhe \Dea\rminj .)-\qc‘]. Me occurrence
o? T wih Yhe smollest value of the ?irs)‘ mBumen\-
s also Yot  with Yhe \araes\‘ value o? Fre Sseconad
arqument. Comsequently we could also have de@nec\
X{l( as the -50\&\'10\’\ o? x,-j:<F’.x.U=T:) with

'\‘(E minimumnm VG.\ULE. r x-:j

?.X.Y:F ~ (B;,J 0si A jso A i~j<X-Y: Qi.y?‘) .

“The d.‘tSoAvom}ajg o? “a'as de n'.}'mn s “ﬁc.]" F::r )r\r\e
ng? o? our Le.vnv:nc\, another &\')?ea\ ‘}‘o «EIS clou\a\e
Ynono\“Oﬂ\C'ulJ w°u\c\ \De Tequire.cl. -n- \nqs } e Qd..

vo.n\‘a:ae }-\qQ} C. ?‘.rs} G.-Pgroxi mo.\ﬁo-n — V2.

hf)q\-e V&\U.ES OP ?XD or Nncreasin vq\ues Q
— would hove heen o wmore di?%c} anc\\?jue

X.—
o?j%e \»The.o.r SQO\rc\r\. '“\e &?Froac\q \nas C- urx-\wer

heurishc Virkae.

Yo inves-
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Under Yhe invoriant

Con\-mue un\-'t\

X-:j < X-Y Yhe seorch would
X-y = X-Y . But Fhose hwo comdi-
Yiens do nor ‘\m‘;\:j X,Y = Xy |}

X,b: X;Y =

How ever

x-y= X=Y A xsX A Yy2Y

—c wice LHe Vheorem T did not know — and we
are Hﬂus led 3ro the s}rcmser invc'.r‘xcnn\- xg X A '23)’\('
(T did Fnis derivation as well, and i+ was kind o?

nice:, ‘\\‘ WA S essen\‘i&\\ Yhe case ancbsis needed in

}\'\e. Pmo? o? the Lemma, el ‘:w\)r me o??)

* *

*

\OCCA"“S Gy OoCcurrence | COun\'S n'\e.
hum\aer (&) oceurrrences

The Grs\‘ v&riq}EOn is Sadé\e\oaclc Coum}, w\\ic\n,
instecd o%
o? 'mcreo.s'mg

I} does so ' Fhe order

X-y . Tormc.\b ‘-‘*‘P‘-‘C‘?“’-“\

[F: ik 5 PG 0¢i A 0¢j) arroy of int

{(\3 i,‘),ii,“lj: 0gi<ii A~ os:){)‘): ?‘J<?“J A \P-lj<f.i.jj)/\
Ka (NG 0si Aosy: Pig=TD3

s AL k:int
. Saddleback Count
R k= XK3
1
1

The \hvoriaﬂ)t fP s S‘Nem \OD

Pok= (NG 081<x v §>y: Fij=T)
or , equ.ivc\\enﬂj
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P ke (UG: 1vx A OSjsy ?.a.\')=?) = ¥
A salution ?or Scddleback Coun} is

IC Kyt in}
Xk 1= 0,005 do Poxy < F o y=ys od (B

2

, Go Y30 - if?x.3<?—+ Xi= X1
n ?XU >F - Yis Y-
! ?.x.b =F — X,b,k-.-: x+1,\3—1,\<+1

2 1P}

od {R}
N AR
which, T husY, now requires no ?urn\er‘ ewa\o.no}'uon.
x . *

next voria}ion S }ho.)r in +the dec\ara\ﬁcn
0<5i< 1

A
0? {7 the ?irs} orgumen} is bounded \o:j
cmc\/or Fhe second :Qr‘su';_én‘\' s Bé)d;\d b:j O'$'3<j'_

Yhis bound has no ‘mRuence o the

Yox¥ of Saddleback Search; for Seddiebodk
Count the 3uorc\ 430 o? Yhe lash
re\ve\ikon hoas Yo e replaced \03 Yhe
S}rchaer x<1 A ‘330 so os Yo Preven\‘
"wrdex out of bounds” The proper re@n
mu\q)ﬁon o Yhe '\hV’Gr'IO\'n'\‘S s \e oS
an exercise 40 flr\ne. recder .

n Jaddlebocdk Seardh P is eshablished
by Xy= 0,31 , in Saddlebock Count

b&j X,Ej,\( = 0, 3*1,0

0<i< 1

o<i< J:
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“The next variation to comsider js o weo ke enin

o? Vhe mono\-onicé}j reciuiremen)t.s o {) ?fcm,
'mcreo.sihj Yo o.scendins.

Sac\d\e\o&ck Seorch S G\\SO o\aoﬁ @sr A {) “"\o“

s o\scendina in 'a\'s us\- and increas'mﬁ n 'u\-s second

aromment. 1§ ? is cmb given 1o ‘oeLascend;nj "
bo O-rqumeﬂ S, Yhe Yarosmm E"‘Doun &ea comand

arjumen s s\-i“ c)&o; » bou} or unbounded second -
araument the es\-o.\s\‘nr‘:ameh} o T hes k; be e?f«\,‘:
wuo. QC‘ \OD

X,b := 0,0
; é_q_ Fxb <T 3::3-}'\ P_CA.
and ? \nas xc:» \oe sc-.c\« "-\r\a)r o“\'us TEPG)I'}}TCH'\ comn -

verepes | i.e., «Fer increasin ) .0. has Yo Toud
\OQL\jcmcl T 2 I ? J 2

T Yhe cose o? Soddleback Count we have n
OMJ case Yo nsist Yha} Y exisks Cie. is 3n'.}e.),

which is dhe case 'IP both arguments ore Yoounded
G‘cn—n q\ouve %O

or ?.x. TOWS evcmo\ T @yr n-
creas'm_j X+ . \? LN Qc\dﬂ‘ncm’

i Inc r'eour.ir\:9

m one 0{7 irs QrBMMQn)‘S, }s second ome , SOsy

T suttices Yo moo\:% Yhe Yhird Suo.rc\ec\ Cornmong
o? Hhe a\}ernc“r‘:ve coms druc} F"m"

(’.x.jgr = x,u, k= X1, Y-1, k1
nto

?”"b =F = %k = x4, ki
(the on inal  bei on o]o\‘imizq\-’aw o }\ne \&}'\'er‘
whidh s valid P s 'lncreos\ns n s ?‘ns} Gl:ﬁumen}‘).
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Tor So«clc“e‘oo.clg Cowm\' O-PP\ eci "‘o on € a‘weﬂ
}o \oe, GSC‘er\c\ma N bon unbounded Qraum%

\-— or' \Y\Cf‘QGSinD

Y QL3N 2-‘201'\::\
, we stren en nvarant o TPAQ
\mHn VP (as Bé%ore.) awem \oj

P. Y= (N(‘JB 13 A 0L ‘) ol ?J—\-)
and Q &l\l&n \OJ

- (91:){5\(2:{“.\3 <¥F)

Invarnc--n* Q s\'o.\'es ‘H’\e Y‘Q\Q\Mn\' \Proper\'b (o)
2z w\fuc\-\ \no.s \OGZn \h}rbc\ucea ?or' }-\we F\M"Pose. <

QWCIQHQD . Nole %0} he:)r%zr Xi=x4 ner ‘U:= b_.\
F&\siﬁes Q , nor 2= 2maxx

it X54,2: int
s %92, % 5= 0,0,0,05 do £xy £F o yia yrt od {PAQH
;00 430 =
“f(}txﬁ‘:}_ > %= x41 {PAQ)
| ?.x.by\? - Y=y -1 {PA@}
10xy=F > zezmax {Q: Qixsicz:fiy=F}
. do ?z 3—\'-_—9 zi=2+1 od {Q'A Q'z.b +TF§

3‘3: = Y-1, \-H-'ZX{\/\Q.S
&

o

1
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We ?mc.“ menhcn n\o} '\\‘ movy Yoe wcr\‘\\w\vﬁ\e
Yo rep\o«:e Yhe linear Searches bj \OSQrin'\mic ones .
We could Tep\&ce., Fc,r wnshrance |

do ?-va €T > y=yr od
i
‘;_? C"'i’)> F - skip
| (’.x.b sV >
Lveimts viet { Pxy s T and v s power of2$
; do T3 {’.x.(b-rv) - Viz 2%V od
{l{”.x.j < Fe (’fx.(:j-rv) and V is power o{?zB

',C_lg vE1l V::V/‘Z

".g '?'x-(}j“'\') £t - Y= YV
| T<€K- (‘j-!-v) —> S\ﬁ?

il
od ; Y= Y+l {ﬁx.(g—‘\} < F< ?.x.ji

1
& The other three lineor searches cow he
t

'\Tec.}eA Sim'\\o\r\b‘ No\‘e “1@\' qu_ wov-s\‘
CGSR TemaIns \'\v\eom, 2z, w\nen “h }\-ue
ofl ‘mo.\ execu)r'lcnn we have o lcm& exe-
Cuntiom o? Q“‘ernc.\'icms u? = X+ and \3::\3-1.

Pru?. dr. Edsger . Dokshra Rustin 5 Sep. 985
’DePar\m ent o? Cam‘xaer Sciences
“The Un'\v«ersﬁ.‘j u? “Texas o} Rushin

Aushin, TX F8P2- 183
United Staoles o? Americo.



