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Oxn wnotatkion

There are two main reasons w\na we wish 0 write

this note,

The one reason lies in the —if you come Lo think
obout ik sl:rancje— coexiStence of +two circumstances .
The one circumskance is thot in a lot of mothe matical
work the wse of an appropriate notakion makes all
the d'\?{’erzhce_, n'en o\e’i:la.';Se Gauss even between
?easi\oi\ilzb and 'non-Fea.s'n\o‘ali[-.b . The other circumstance
is that lexts that Give 5u.'sdam.e wn the conscious choice
or design of appropriate notations are exl—,remeb rare .
The rzareELabilll:xj of this state of affairs is amply
coraFirme.d ba the mathematical literature | axis—@;iha or
beina Frodu.c:ad , of which notational clumsiness is

an Ou{:s{anding {feakwre .

The other reason lies in a PerSona\ c:'trc,u.}ns!:a.nce,
viz. that all sorts of Formula man]Pu.\a.{-.ion are begin-
ning to P}a‘j o mare preponder'a.ht ole in owr deri-
vations of proofs and, programs . Thus we are [re-
q,u_enl:\j C.OhJE\r'OhEed with Ethe nadequacy  of existing

notations and the need +to desiam owur owns .

Remark .  We are {ully aware o]C the price of and
resistance to clnanga of widesFread nol:a.{_ions: the
characterization of Florian Cajor'a’s enc.jc\opecl';a. as
“a graveyard of notations™ is more than aPProFriaL.e.,
Hence we [ully wnderstand that, according to the
morals oF the bestseller 50cia£5 , notational experi-
menkls are considered a waske o!? time . We also
know , however , the imPossﬂoﬂlE:‘ of progress without
d‘\ange and have found ourselves compelled to dis-
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{:}ngu.ish s\nar[::]j between convenient and ”ComvenEicnaIJ
even if it were on\j For our own wark . (End OF Remark.)

The purpose of this note is to provide of the nota -
tional guidance we wWere lacking as much as lies wikhin
our a\oi\i{:b . We tried to do so beFore , but the eFForlz
petered out  before we had succeeded wn raising our text
above the level of motherhood statements . Tn retrospect
we can see that at the time we lacked the varied cal-
culational experience reguired. We are aware of having
this time a broader survey of the purposes to be served
b‘j o 9ood notation. We are also ancou.raﬁz.d bﬂ recent
Lxperignces in which we Suddenlj -Fou.nal burselues
able to be much more speciFic and exP\Icit than Ee_?ore
in exP\a.lnihcj the why and how of all sorls of derivations .
Therefore we are this Lime not without hope .

* »
*

The Pu.rPche of this section s 1o delineate owr £opic,

Our .sl:arl—,'n_ma posi[:ion is that the notation used
should be 9aa.re.c| to the manipulative needs at hand. Sound
and Fruif?u-l {:]nouglﬁ this Princ}p\e is , it is no 900d be{‘ore

the mechanisms available for man'ar:ulal:ion have been

SPGC'sFiQd- for insEamce, mechanized .F)armula man]l::ula!:ion
as OCCurs in compul:ers is most 11\41.3\3 to use notations
~ 2.9 combinator carapks— most unsuitable for manipu-

Vation b.j pen and paper . The latier even oliskincilj
differs from the blackboard operaked upon with a piece
of chalk in the one hand and an eraser in the other :
the almost continuous evolution of such a text is all
but impossible o capture in writing (as anyone can
l:eS‘:i«FLj who ever tried to make noles of a lecbuwre pre—
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sented n such a Fas%ion) .

The choice has to be made and we have decided to
confine ourselves to the medium of pen and paper. This
restrickion of the topic creates sloeci]f’ic opportunities and
obl.‘cja{:lons. Among the opportunities we mention that
paper - al least our paper—- has room For mare char-
ackers than an overhead sheet d]sPlaﬁed before a !arae
spectatorship . Among the obli9a£ions we mention the
introduction of ways for avoiding lengthy repetitions .
(In cornpu.he.rizzd .?crmu.\a. manipulakion the Pro]o]em is
solved blj the combination of poih{:ers and c_;jar'loage col-
leckion , with eraser and chalk the problem is circwn-

vented . )

This choice \nav{ng been made, we shall allow ourselves
— if the need arises = 4o take into account that the pen |
is held by a hand , and the text is to be seen by eyes.
For instance, if “officially” a mathematical formula s
nothing but a {inite string of 85mbois , matters of ]aa out
are “officially” irrelevant yet we all know that ,For some-
what longer formulae some visual aids to parsing
make all the d}FFerehce .

We mica\wt add thal we consider pev and paper one
of the serious tools of the working mathemalician , a
tool who's proper usage should be taught. We know that
in many mathematical circles formal methods have a bad
name , Such as being laborious and error ~ prone . We |
find the Judae.men{: litkle convincing , as in the same circles
often the simP\e hand—eﬁe coordinakion is |ac1<in9 that
is required to manipulate f’ormulae. . Similar’ltj we
challcn%e the belief that careful preseniakion of .F'ormu.lae
only matters in the final stage of Print and publication,



AvG65/EWDI50 - 3

but that one's scrib\o\ina-Paper is above the law in
the sense that there syntactic ambiguities and all other
sorts of notational atrocities are permissible . We hold
the view thal those who habitually make a wmess of their
scribbling - paper deny themselves a valuable tool . In
this respect our concerns go beyond those of the well-
known paper by Halmes ; which s exclusively concerned
with preparing manuscripts for publication . —

For the sake of clarity we shall keep those considera-
kions that can be considered purely ijc\nc\oa'uca.\ sepa-
rated from clearly technical considerations .

2 »*
*

This section is devoled %o a swrvey of the purposes
that in our view o notation should serve. We foliow
Whitehead who writes :+ “ [ Symbolisms1 have nvariably
been introduced to make l:\n'mgs easy . rL...] by the
aid of sbmbolism, we can make transitions in reasoning
almost mechanically by the eye, which otherwise would
call into play the higher faculties of the brain . L[..1
Civilization advances bj ax’:ending the number of im-
portant oPera!:':Ohs which we can Pe,rform without think-
ing abOut U’\em.“

The purpose of snmbo\ESms is to guide the devel-
opment of arguments and to facilitate their o posteriori
validation . The purpose of notation is to conltribute
to these QOa\S . At this Si:age it be a bit Premal:u,re
‘o analﬂze how design and development can be
guided by symbolisms ; ik is safe , however, to con-
clude that validation (and design) are facilitakbed
by hkreviby of the text and modesty of the body of
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rules oF ma.n'npuio.i:fon.

We mention these two ., brevity of the text and modes-
by of the rules , explicitly because in the past they have
been in conflict . Because the J;ormai texts were more visible
ore {angible so to -Speal(). than the rules of manipulation,
~ which under the Slog-am 'fﬂou know what I mean were
largely left implicit - margina\ reductions of text lencjt]n
have crept in at the expense of wnma.na.ae.ab\a ComPhFi“
cation of the rules of manipulation . When « little .Fu_rl:her
on Whitehead writes : © Mathematicians have chosen to
make their symbolism more concise by defining  xy to
stand for Xy . our comment is that the mathema-

ticians Probab\:j made a mistake .

Remark . Half of Whitehead's motivation for concise-
ness of the text is o enable Formu.\ae ko be ”rapidltj
writken” . We consider this a telling misd'udaemen’c of
the ergonomics of doing mathemalics with pen and
paper. In l—.eac\n'\ng how 1o wse pen and pPaper well, the
pirst ’c\n'\ncj we would teach would be Lo write s\ov::\g.

It helps avoiding writing errors and discourages ’.formal
verbiage“. Furthermore, with any r.eo.s<>nalohj effective
formalism , deciding what to write down is the main
job that takes the time , not {:\qe'P%%sica\ act of wriking.
If it complicates the rules, reducing text Ieng{:\n by a
Pactor close to 1 is penny - wise and Pound— foolis\v.

(End of Remark )

The moral o{q the above is 4:wo.[?o|d . Firstlﬂ , in
judging o notational convention we shall give due
weight to the consequences of its incorporahon on the
rules of manipul ation . Secondly , we shall be on the
look - out for ways oF ac:lq'.evinc_:j brevihj that are less
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complicating and Prefero.\ola an order of magniéude
more effective than the introduction of invisible opera-

tors .

This is the P\aca to poiht out thal an un{or{:unal‘e
notation can harm man'upwla{:wh n a va.r*izjc‘j o{: Woys .

. It can wmake mampula{ioxn me.re\:j clumSlj._ “Roman
numerals are the prime example. Another e.xam[.:\e is
provided by all conventions in which the representation of
a component -such as a subexpressioh—-— of o struc-
ture depends on the Posiéion the su.locomlconenff oCCU~
pies n that structure ; Hne(j Iev_nj a heav:j Lax on the
substitution of expressions for variables .

o It con introduce am'oigw'f;ies as a result of which the
rules of mo.n'upula\‘.ioh defy Formu[o.hon. This is , forin-
stance, the case if identity or scope of dummy variables
is subject to doubt . Ancther example s provided by the
coexistence of sequence expressions”  such as

(‘I,...,k) and (x,,...,xk)

e It may lack the combinatorial freedom required. Since
hegakion is itks own inversSe | i Pa'lr.s ProPosil:,ionS .
Using the one-to-one corresPondcnce, between small and
capitol letlers, Augusius de Morgan decided to denote
the negation of Q& by g . Bul the convention fails
to cover the negation of expressions. As a result the
Formulakion of the rule "\(P Y q) = 1P A g
becomes a pain in the neck . ( One has ko resort to
manoevres such as “if r= pvq then R= Pa Q.
Had his nolation been more adequate, de Moraan would

Proba\o]t:) not have So.'med immod:ali(:lj b3 his Law ) |
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Unfor'ku.ha{:e notation carn also be detrimental te

\:rev'n{:xj n o varieka of ways .

° A notational convention may easSlj introduce para -
meters thal are Super’.ﬁ]uOu.S in the sense that ‘(‘:L‘n&ﬂ are
constant all through the argument (which means that
the fgiexiloi\i{:nj Pravided by the para meter mechanism is
not needed ). IF Xir ooos X would be our on\‘j way of
o\enol:iwg sequences , we wouwld always have +to drag
the sequence lengl:]n around .

o A lacking mechanism for abbreviation ma lengfsken.
a text considero.unj .1t may for instance , be very
helpfu! to be able to declare onls once for the whole
argument that such and such q,uanki{‘.‘ca(:ions are

over such and such ranges .

. No’(.a{-.iona\ conventions may .Forca the introduction oF
names , which in turn may induce otherwise avoidable
case analases . _(\N’e know ?rom Englisl—, ’chedippfcﬂkg
- of rererrinq to a person without mentioning his or her
sex.) If ,in reFerence te A ABC , we encounter the
eminous “ Without loss of generality we can assume
edge AB to be .. T, the ang\es have proba\o\5 been
named prema’cu.re\:j . The notation “ A Aapnc® prec‘u.des

ahonsjmou.s ang\es .

e A notational convention may be combina{-arial\j de-rec-
tive . For some predicate B a set of integers s de -
Pined .b"j i B.EJ . In the convention used ,
has a double rdle ,viz. ik i5 the dummy and it de-
notes the element . To denole the set obtained from
the prev'nOuS one 105 Squaring each e\emen’: , Onhe row

has to 9o through contortions like {J | (E = J=‘\2 ~ 'B.i)_}

o Tlexts can easiluj be --leng{:}mened Cohsldera\ola b\j o failu.re
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to inkroduce the proper operakor:s. Boolean equ.%va\ence
and ?u.nclziona\ comPosH:'low come to mind. Anocther example

is writing

(Cax,y: Lexyd: X)), (ax,y: (£ XY1:Y))
instead of

CAaX,Y: LEX.Y1: (X,Y))

The |on9 rormulo. 1S 'l'.\ne Pehalka -Por Failih9 ko l'ec::ghfze.
Pa'xr-{orm{hg as an oPe.ro.{:or over which quan%?-rico.!:ions
dlsl:r-ibujce .

Thus we have set the scene for a nﬁore detailed

analysis of specific notational conventions.

> >
»*

Because of the central réle of formulae , let us
start with 9ra.mmo.£ical questions . Formal grammars
are wsed +to de.Fine which sErinas cJ{" Stjmbo\s are syn-
-l:o.c!:icqlla correct .Formu.la.e , but that s cmlﬁ a minor

part of the sl‘.orb.

“The major role of formal grammars is to provide a
recursive deflinition of a class of abJechS that | {:or lack
of o betler name, we mig\n’c call "55nl:o.cl:ic krees\\( e,
trees with subtrees kabelled as sjn’cacl:ic wnits , or some-
Hqing like that ) . In PaSSIng H’\eg Prov]de rules {’or re ~
presenklnc_‘,j each Sl‘jn{:ac!:]c tree bb o Skrinca op c%a,r—
acters , called a formula . The reason for stressing
the Stjhto.c!:'ac krees is that the major manipulaﬁions )

such as substitution and replacement, are more readily
defined in terms of Stjn{:ac{ic wnits than in terms of
string manipulation .
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The view that we man‘apu.la(:e. ssnéacéic trees by mani-
pulating formulae , gves rise to all sorts of considera-

Lions .

For instance , a grammar is called ambiauous if dif-
Lerent sbhl:ackic trees are rePreSenl:ed by the same For-
mu.la.(\/ide sin®x versus sin™' x ) -W'lough common in
PracE'uce , the adeption of am\o'xauous grammars S hara”..j
to be recommended . ( We can even strenquen the ad-
vice to adolaJcima such a restricted grammar that its
nonamb‘.guiknj is easily established ' in its [ull %elﬂef'a[;'ég
the aru.e.sjciorw of am\o'lﬂuijc'j is as undecidable as the halk-

ing Prob]em.)

Nonambiguiky ,however, is not the only issue ; simpli-
Cil:t:) of the parsing algoril:%m is another gne . ?epla.ce—
ment of a subexpression is always by somel:)nlhg of the
same szn{:ac{:‘nc Ca.’cegorb , which implies that the work-
Mg ma hematician is parsing his ‘formulae all  the
bime and that ,wnsequenk\\j, o com]a];co.l:e.d Parsing
alaorikhm increases his burden . ( 1n the sixkies, the
parsing Frob]em has been studied well b25ond our needs:
for a weﬂ—des'usned Programm'mg \anguage . the parsing
problem should be trivial , not so much for the benefit
of the compiler writer as for that of the programmer
that is going to use the \angu.age . The promoEiOn op a
rammatical monstrum like Bda is a clear example OF

an ill-directed aFPorl: at 'user-eriendliness 5 for which the
DoD will POy \-eo.vll\j )

This is P'Ob"‘mﬁ the P\ace to Fo}n{ sut that the intro-
duckion of infix operators is a common fechnique of
complicating the porsing problem , the trouble of in-
fix operators being that Hwe:j invite the introduckion
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of PrioriE_«j rules so as to reduce the number of paren-
theses meeded . When introducing an infix oPera!:or'

one faces the mekhodological Pro\o\em that a lot og clair-
voyance about its .Ful:u.re wsage S recw-ir‘éd to delermine
which priority will reduce the number of paren{:lneses most
eFFecl:ivelj. (We warn the reader that \oejihn}na L)a lea-
ving the priority undecided and enaling wp with ambi-
gquows formulae s a common error to make .) O nui-
sance of Pricril:j rules is their complica{:ion oF parsing
and,\nence/ op substitution — substitute in the Proclud':
Xy the sum 2+3 .For X — 3 Per\ﬂaPS this comp]icahau
is +;005|igl'\t to worry cbout |, but it can never harm o remem-
ber that it is there .

In-FiK notation has a de.{j:niée charm .cor all asso-
ciative operators , such as addition, muli—.iplica&lon} Con-
Ju.nc!:ion, disjunction, eq{u'avo.\ence , Minimwim , maximum,
concatenction , fanctional or re\alr:iono.\ C.omposi{,ion 3 el:c..
It is so much nicer to wrile

a max b max ¢

than
mo.x(a,ma.x(b,c)) or max(max(an3Jc).

The obvious diSadvaﬂEage of the lotbter notation is that
it forces one to make a totally irrelevant decision. If
one Prerers a {u.ncl:ional notation , max.(a,b,c)

—-lLe. a -Funcl:ion on. a nonemP[:Ej list - is Pr’e]cerab]e.

The above example draws atbenlion to another phe -
nomenon . ‘Besides being associative ,  wmax s also
s}jmme%.ric, and regrel:(:ab\j there is no réa“a nice
linecar representation of the enuwmeraled unordered pair.
Whether we like it or not, we are 1f'cm:.?cl Lo mention. the
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cements in some order . The best we can do is to give
the eclements positions as Similar as Possib\e . The
worst one can do s Lo hide the samme{:r_nj , as has
happenad in the notation for the binemial CoeF{-‘Ic':ast.
With P - from "“Pascal’™-  delined on a pedir of rakw-

ro.l nu_m\oc_rs bkj

.’P.(‘l,(j)'-‘ if =0 v j=0 - 1

i >0 ~ j>0 - T—’.Ci-i,\)) *KR(‘»j")

£

we can write
(xen) = (Sijrixj=n: BGH -x-yd)
S;mP\i-Ficann of other ,[—)ormu.\ae involving (:,) - for

P (n-k,k) — is \e]ﬂ, as an exercise for the reader .

In this connection we note that 55mme\‘:r3 consider-
ations may apply to o}:era.l;ors as well . In deciding
whether or not to give the COhJU-HCl’.iOh a higher priority
than +the disjunckion ;| one has to decide whether the
price of Acs’crobing stjmmejcnj is worth saving a few

Parentheses .

A I['u.r(—_%ar aramma{:ica\ concern is whether to keep
the parsing algorithm context-free ,ie. 4o keep the pars-
ing indepzndcn& of the Ltjpzs o.F the operano\s-.

For instance , anyone workin9 with |og'\ca\ .?ormulae
in which relations bebween inkegers occur as boolean
primaries , will be tempied to give those relational oper-
ators qreater binding power than the [ogicd oPe.ral-ors.
He will also be tempted to give ectu.iva.\ence a b'mding po-
wer lower than almest all other logical operators . Do we
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need a sPecia\ Sbmbol ) SaY = 1C°" eq,uivo.}enu’. or
will the normeal aavu.alil:lj sign do? If we choose the
equaliby sign , we either have to be willing 4o use
more parentheses or have to resort to a conlext-de-
Pendem‘. grammar . The latter aiker_na.lcive should not
be adopted without full awareness of the price to be
pased . Desides comPlica.Jr.ing the demonstration that

the {-’ormahSm S unambiguous - a demonstration
which is required at each (even temporary) extension
of the formalism— it Places a burden on the use GF
the formalism : .f‘arsl:hj, a formula like

a=bac

cannot be read without an awareness o¢ the L:)st a.p the
operands, and  secondly, types that can no \omaer- be
'm-rarre.d -From U’\e ?ormal t‘:ovnl:f-><£J ’no.ve {:O be dec‘ared

exPlicIH&j .

The most common wa.tj ) \-no»aever, og inkroducihg
context- dependlent parsing =if not downri%!n& ambi-
quity —  is the introduction of invisible operators,
which resulls in a severe oVer\oaolina of J_u.xf:a.rsos]!:ion.
The most common candidates for omission seem to be
multiplication | concatenation, conjunclion, and Lunc-
tional app\ica{:ion . The omission has all sorts of conse-

Quences .

, and 32 . We are all so
used 4o these that we do harcz\ls notice the anoVnalj
any wmore . But b becomes a dl?{‘erent matber when
we realize the massive amount of' Lime sPent on these

« Compare 3x , 33

in classrooms all over the world . For the uncorrupted
5oung§l.e.r their Leac_lﬂing s all the more pzrpiexing,

as , at the same time , the whole topic is Przsehéed as

s
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\og'\ca.l, s‘jsjcema{:ic, reaSOHO.L\e, a.wd prec.ise . I{: \-JOuld

be nice to know in general which percentage of mathe -
matical instruction s in fact usurped by getting pu-
Pi\s to learn how Lo live Wi th ho{:o.\:imna\ anomahes;

the Pe.rc.enl:age. couwld very well be s\noc:\cinﬁlj \qigh. An-
other possiblj \neavb Price is the wideSPrzad distor -

tion of the cae.nexal Pu.blic’s view oF mathematics .

s Parsing '\mmedlate\5 becomes context-dependent,
eq.
p(xﬂ,ﬁ

1s this a Proc\ucE or a {u.ncl:ion aPF\ica{iow?

e It has created an akward position [or what are
now known as reserved idenfn‘.ﬁersi whalt about

sin (5 sien) ?

e 1t s u.ndou.b(:ed\j resPonS'nlo\e —fbr the gzne.ral relu;c_
tonce to introduce multi-character identiflers | which
after the exhaustion of the latin alphabet led to using
Greek letters , Gothic letters , Hebrew lebters , and large
script cap'n-l-.o_ls . We need not elaborate the ensuing

cost and cumbersomeness of Printin9 mathematbical
texts . TThis l'.tjpograp\ﬂica] immodes‘:b, which makes many
o ’cbpewri(:er ol but useless , is the more amazing be-
cause it is of litkle help Compo.red to the use o{? multi-
character identifiers the admission O-F two - character
idenl-.i.rrars a\reada gives the power O’F 52 new a\Pl'\a.be‘:.s.
( To be [air we should add that wmulki- characker names
have found their way " geomeLrLj to denote lines,
line se.gme.n{:cs, Erian%\es) etc. . Geometry is ,o.r course,

o context in which on dimensional arcmnds products

are less common than qucl—.ien{s )
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e It is similarly resl::o»—ssi\o\e for the presence of many a
subscript. It is not uncommon to see the angles of o

triangle denoted b‘j A,, A, , and A3 , whereas Ao,

A1, and A2 would have done at least as niceli.) . Alse
Su.bSCriPEfon s ahn uhforlzu.nale convention from a -Lﬂpo—
graph‘ucal Po’m£ o{? view : it creales the wneed o]f a Smaller

character se{; or occasionall3 wider .spac'mg oF ’c‘he lines.

e  We shall deal with .Fu.ncl—.iona‘ QFP\ECO.[:ion in a little
more detail | since we mig%t have readers that are unaware

of the operator that has been omitted .

What s the quintessence of p being a function ,
say of a natural argument 7 Well, two Ekinss : firstb,
that For natural variables X and y , say, we may
write down p&d) anj) , P(xﬂ,ﬁ , ete. as legitimate
expressions , and , secondly, that we can 'r'e.lj for all natu-

ral x and y on the vo.hdil:«j o-F
x=y = pid=ply

Our expressions PC:O , PCx«-tj) , ekc. consist of £wo
componeh£s , viz. the .Fu,nc‘:'ton i these cases -
and a naktural expression -~ x or x+y — | In ma-
thematical parlance , in PCx) , Uox s suPPlied (as
argumehk) to (the function) P Voor a\l—.e.rna!:ivell.j
“ (the {’unckion) p is o.FP]ied to (the argument)

x % . Tn the notation wsed , this state o{,jafpairs
has ko be deduced from the succession of a function
name and a Parent\nesized expression | (As po'ml:eol
out before , whether this identification is context-depend-
ent depends on the rest of the grammar , ie. whekbher
or instance the Vnu\{:iphca}cicm ope'ra.‘l:or \s invisible. )
Note that this -Yu.ncl:ion notation extends the use OF
parenlz\neses ¢ as Iong as Paremqueses are used on\uj
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as Par!: OP o comvention that represenks Sjnl:a.C{:Ic Lrees
by strings, there is no need to surround a single variakle

by a pair of parenl:lneses .

Consider next 7 the infinikte sequence
Ao, Py, Qz) D : Then 3 .For' all natural i and J
we may wWrite down constructs like Ay ., A; ,
A In short, in the position of the subscript we

i+3

allow any nat ural express'non Cprovided i s small e.'noucjan.
Also we can re\u:) -Por all natural + and j on the vali-
duL\j OF

>

] = J = A = AJ
The moral °1C the S‘LOYlj s that we have two diFFe_ren’E no-

tations for the same state of affairs @ {funclion ap-
plication tied p to x, y, and x+y in precisely
 the same way as subscription tied R to i, y,
and i+j . Tt now stands to reason to consider a
s'mcjle. oPeraJ:or to denote this connection, e.g. an infix
period with the \n‘ug\ﬁesi binding power of ell . For our

examples, this would give rise to the e.xPreSSIOhs

P-X 5 PY P.(x-!-lﬂ) , A, F\.J , Q.('H-J)

In the previous lne the per]od is wsed as the visible
representation of the operator known as functional appli-

n
cation .

In Judging qu pros and cons o? this no\:o.L—iona‘
albernative , there s more to be considered than l:t,jpo'
3rap\'\’nca| s‘amp\iricakion and realer noLa.l:'aonO.l/COhcePE-
wal \nomogeneikj . We should at least invesl:igcd:e the
Pol—.e,n{ia.\ sljnl—a.c{:ic P‘n{:fal\s of the new rendering of an
expression such as  £i(x) , in which the old subscrip-
tion and function notation are combined . We could en-
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counter Suc\q o exPression when dea'ima wakh a w\ﬁo\e

class o? gu..'ﬂCEiOV‘IS consisting of Fo,.ﬂ 5> f25 - .
As we wowld now denote t%eSg .pu.nc{:iOHS by fo ,
f.‘l , 2,40, a suitable candidate for -F.(x) is

£i.x

But the period is not associalive , so we have to settle
how such a .Formuia' ,if admitted , has fto be Parsed . Its

non- admi tkance would implj the use of an ob\icao.!:onj paren -

thesis pair , 5ielo\'in9 wm this case (£).x , as in the
alternative rﬁ)() we would encounter the non- ihﬁer‘ore{:-
able subexpression  ix (i ot denocting a Funckionv .

Tts admittance leaves the choice between c:onf:exk—c]efsand-
ent parsing or the strict rule that .Fu.ncl:ional QPFlJCa-
tion s lef{- (or rigH:-) associative . In the first case,
£i.x  would have to be parsed as i).x , but phi as
P.(Q.i) : _I'Fwou.ah n a SLLFFEC.;Q,?)H:] Etjped context this con-
vention does wnot lead o ambicau.iEg , it has not been aalop-
Led , and Proba.ub \.o'tSe\-j so . The usual chaice , ¢.g.
in functional programming , s \eﬂ-assoclal—.;uﬂ:g , e. ad-
mitting .F.i.x , but requ‘.ring _{:he Parenl:%eses wn construcks
hike P.(Q.i) and WD) or even amr.(AY)) . (In
passing we note that traditional subscription s right-

associakive.)

Te s 'nnl:e.resxl.Ing to note that u.relj notational consider-
alions have led us to the diSCoVeﬂj OF the device known
ko the Iogicians as ”C""”'.B;"‘j ® , but ]eor- the judcjemenh
of notakional adequacy there 16 more +o be considered .
Not onln can we dis[:ingu-is)n between a function of two
arguments and o {unction of one o.rﬁume.n{: that happens
to be a Pa,ir ~vide {li.x versus g.Cx,tj)"' , but we
also have +to. In contexts in which this diskinclion s
deemed irrelevant , the obliga{]on to d‘\sl:incau.is]n will be re-



AvG 65/ EWDIE0 - 14

sarded as an awkward bu.rden . On b‘qe ol:\'ler \-m.nd ) ik ena.la]cs

us ko write down expressions like sum.(a,b) , sum.(ab,c)
ond even sum.(a) and sum. () without the introduction
of a Lunction with a variable number oF argumem‘..s : the,j

are all of the -Form sum.x where x s a list |

L This secemed o suitable occasion {’or some e.xPerimen-
tal mabhematics: in order to find out we took the experi-
ment of adopting the infix period for {unctional applicakion.
The initial experience was so FQVOu.rable that ak least some
of our readers Jo'med the expe_r-iment . The a.{orEmenEioned
obligo&loh of distinction turned oub to be less O]E a burden
than expected . In a number of cases the poss}bili{:tj of
distinguishing was essential 3 when at {irst sight the dis-
Linckion seemed irrelevant , oflen closer inspeclion revealed
one of the alternalives to be clearly preferable . The experi-
ment continues , and the reader is invited to join it The
decision %o take the exPerlmenJC was in Par£ {'.rigcaered by
the rereading of the \nisl:ora of the equality sign , which ,
prior ko its introduction in 1557, WaSs somekimes exFrESSed

b‘j mere Ju.x{:a‘posiﬂion . .-.]

* »
¢

We would like to stress the deficiency of notations in
which ia\entikb or scope of dummies are unclear , because

such notations are not uncommon .

For instance , we recall the set {Jl (E i+ j= 2 . 3‘1)} _
This is so clumsy that occasionally one finds this set
denoted by ‘[in Bi} . Let us take , for the sake
of the argument, a special choice for B , and consider
the sel denoted ba {‘I?'\ i)l} ;@ Similarlj denoted
- set being {‘:3} >3], we find ourselves now consider-
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" (P13
ond bc:) that time we have been nic.e]:j led down the ga.rden
path . Had we writken

{iv B 123

bo skark with , we would have ended wp with
fiomgsith

hich definitely differs from
AERES TR

Se much for the consequences oF obscu.rikj of the .‘dem(:iéj
of the dummu ; let us now turn to the Scope . One Finds unt -
versal guantification dencted by Pre{ixing with (\-}x)_ :
Wiﬁkou,{: e.xp\icIH\j .Sl:o..!:ed Prioril:j rules B it is t\qen no.
longer clear how to parse

(Vx)?x v Q and (Vx)'P.x A Q

A Possib\e reason w\nb the parsing rules are o?{-.e.n le._r{-, wn-
defined is that the two parsings

((Vx)?x) v & and X)(®x v Q)

of the first \CormuJo; are semanl:‘ncan& cqu'lvaleh{: . Those

of the second formula ,

((Vx)?x) ~ Q and 0x)(Px A Q)

are only equivalent if the range of x is nonempty ;
for an empty range -\:\nmj tj'se.\cl A  and true res-
pec’cwe\‘nj . These problems can be avoided by introducing
an obligatory “parenthesis pair’ that declares the dummy and
delineakes its scope (vide ALGOL 6o’s block structure ) .
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This is Prc\oa\o\j Ehe F\QCe to Foinlz out that digjunction
and conJunchn are not the Oh\\j Snmme[:ric and assocrative
operators whose definition can be extended - sometbimes
conditionally - 4o a possibly infinite bag oF operands ;
to mind come the maximum , the minimum, the sum, the
Produci, and set formation . A homoge.neou.s notation com-
prising (i) an explicit declaration of the dummies ,

Gi) a range expreSSed as a boolean e_xf:ress}on in terms OF the
dummies , and (iii)a. term expressed in Lerms c.r the dum-
mies, might have avoided such anomalies as a tradibional
notation for summation

up
L

1=low
This notation erroneousltj Lies the notion of summaltion to
a consecutive range o{' 'mlzeap_r.s, and the reader is nviked to

use it to express the sum o? all prime humbers thal are less

thamn N .

There are two ways in which a homogeneou_s nota. -
Lion for quantified expressions could be used; apart ,From
being a {ool for the working mathematician , it could be used
as an educational device so as to separate the problevn of
how to use the dummies in cl(uanl:TPie_d exPress°|0h5 .Fro\m the
Pro\o\e.ms caused by the ‘nrregu.lar.‘(:j and de{—\nciemces of estab-
lished notalions.

In addition to the above, we have less grammajci cal

concerns oF notation . We mention the Fo“owing ones .

. A notation should not force ws to be 2x]:>\ici£ about what
is irrelevant. In contexts in which 1en3Uns o{' s{:rihas are
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hot very relevant , it is OVerspeciF‘ic to represent them by
the uswual X, Xz,..., Xy . We have encountered cases where
, regul&f‘ expressions provided the appropriate alternative , In
other cases a combination of character variables x,4y and
string variables  X,Y  did the Jol:: XxY stands for a
nonzmphj string and  x for one of its characters , xﬁ_x
provides the nomenclature For- the fwo Ieacling clements ap
a string with ab least two characters (and also for the Possilolj
CmPE‘j rech)_ Sim‘mlar[t_j 3 wiHnouf su.mma{:'lon COh\/eh-{:ion it

is all but impossible to do analvjt-.ica’ geometry without com-
mitting omesel{ to a specific dimension of the space in
question . Coordinate - free a.na.ftjl:ie:o.\ eaomelzra provides
many a hice example of argu,men’c.s not encumbered ba an

arkiérar{fzj chosen coordinale sbsécm.

. A wnotation should Provide the combinatorial \Creedom we
need . This does not Oh’j mean that what we wowld like to
vary in the course of an a.rgumern’: showld occur as an ex-
Pl‘xc‘.{: paro.me[:e.r_, it means more . We have \m.eméioned -b]ne
s\nor{—comings of de Morgan's notation for negation; we
still find similar phenomena in much more recent literalure,
e.g. n R. Courant’s DiF{‘e,ren’cia.} and T.nl:eara\ Caleulus :

"If d(x) = f(x) + 9(:0, then ¢(x) s different-

iakle and
cP‘(x) = [ + g'Cx) ” ,
a roundabout way of expressing that differentiation dis-
tribubes over addition. We run into similar Pra\olems if

We can express u.n_'Nersa.! c;uan%‘:.[?:caiion ohlj 'lmPl'iciélﬁ n
connection with , say equall&.g , wril:ing f= 9 to denale
that { and 9 are the same function , The moral seems
to be not o ntroduce notational constrainks on the a[:rziica.-

b'u]ihj o]f all sorts of oPer'a.Lor.S .

20
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o We wouwld like ko po‘mt out that minor wnobational accidents

can have major consequences . We give two e.xamFIes .

We have all encountered and Pro\oabij even used
A=B=C to denole that A, B, and C are all eq“.al,
Tt is usually explained as a shorthand for A=B ~ B-C,
'Era,n.s§£1vi(:3 SuFP'\j;nﬁ the remaining equaliéﬁ_ But shork-
hands are dangerous: this one has gmeralla obscured the
fact that equ.o.\i&s between boolean o]aerana[s is nok oh[j
sbmmel:r;c but alse associative. The truth of a continued
boolean equa\itj amounts to the num ber of false argu-
ments being even , e.g. false = false = {rue, which may
be parsed (false = false) = brue or , alternatively,
false = (false = true) . We mighl consider a special
sbmbo] for that associative equa\(l:tj and write ('or bool -
ean ar%umenks for inskance_ a=b=c . Tlhe irony oF
the sitwation is that indeed a sPec[al boolean equality
sican s in use , but it is the wrong one With the wrong con-

notation: a ® b , pronounced “ a if and Ohl:j i b
is viewed as sharthand for a=b A b=2a. Asa
result (a e b) &= ¢ and ae (be>c) have

complei:elnj diFFercn’c expansions, and the a550c.';al:3v.’l=9
of boolean equ.al(!:a_ is hidden once more . But this is
not the end of the sad _sl:og . Gereral unpamiliarfl:a wikth
the a\gebraic PrOPerEies of boolean equalh‘:a Ce.g. that
Furl:\ne.rmom dIsJunc_l:'lon distributes over it) has led to gen-
eral underexploitation of it; as a result, Proo{’s are

often much longer than necessary .

Next we mention the general acceptance of the symbol
= for "implies”, more precisely the general absence of
the symbol & for "is impled bj‘ or “follows from™ . We
have seen a number of proofs in which the adherence to the
implication sign gave rise to proofs that were in conflict

21
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with the convention that texts are best read f[rom begin-
ning fo end: &\nej were more cOnven;e,nl;lj read backwards .
This observation invited the use of the Fallows—-grom s:jmbol
in a reverse presentokion of the argument. 1t was a great
improvement , as the switch from a botkom-up to a top-
down a.rgu.men{ enabled the inclusion oF almost all heuwris-
ke considerations , which would have required an appeal to
c!airvo-ljcmce beFore. That the mere transition from = {o
& could have such a Profouhd e{-‘{’ec{: on mathemaltical ex-
Posiﬁion is a frightenin observation, which is not Lo be {or-
gotten. 1t is not imPossilo\e thal the restriction 4o the
one-sided => - insPired bB the cause/egecﬁ dichoto-
Yy of the Pln':losOPkers?— has greal:hj contributed o the mys-
tificakion of mathematics. B sobering thought.

Austin, & December 19385

pro{\. dr. Edsger W, :Dijksl:ra.
:Depa.r'{men'l: of ComPu.l-.er Sciences
The University of Texas at Austin
Austin, 1X 78712 - 1188

United States -o{: America

drs. AJ.M. van Gasteren

BP Venture Research Fellow

Department of Mathematics and C’ompu.&ima Science
Eindhoven Un'xve.rsié.a of Tec\rmo\o:aﬂ

Tostbus 513

s§6oo MB EINDHWOVEN

The Netherlands

22



