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B heuristic exP\onc\-l-ion of Ratcher's ’Bamer

b:j Edsger W D'L"\(s\'rc\ )

Bbsiract Batcher's ’.Baner — 50 nowed 'bgj_’..’.Dav'.d gﬁas—-
15 o Sor¥in3 a\sori\'\\m 'H‘\a'} 1S o? 'm}‘eres']' because nany

og 'l\'s ”ComPc\rison 5\4&\35 cﬁ:{n ]oe G.XECLA“'gd Concurr'en“:j.

T s also o? interest because i} used Yo e hard. Yo
exp\o.in, |

This note exf:\_ains Baotcher's ’_Bamer b:j deéigning +o
Besides 'mc\uclinf) 0\\“ -\ne’ur}s'\ics, i+ has +wo dis\-insu\s‘ﬁrﬁ
?EQ}ures, both COn}ribu¥'1n3 1o 'ﬂ—s' c\c.ri"b and Brev}\-:j:

(0 the (LitMle) -nne.orb the C\lﬁor'l'nnm re\iesl-u‘oon

is dealt with in ]So\a“'ion;

(1) bj suitoble o.‘os-\rad-icms, all case o.no-.\:jses

have been removed Hrom the c\r::)umen\-_

*) Quthor's address:

Eepar\men\' o? Compuxrer Sciences
The Un'nversﬂ:j o?fTeXos a\- Auskin
Austin, TX J8N2- 1183

Uhﬂ'ec\ 5\-0.\'6‘5 o? Bmerica
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Balcher's :Bame,r — 50 named bf_j David QGries L1l

oﬁ'er W E Bakcher [0] . who ?u\o\is\nec\ his c\es'usn in 1968 —
15 o sor"inj .Qlaorinnm. Ths Bu’:\c\inﬁ block -’rrea‘}s..

o set o? o\isJom\- pairs oF) elements SWapping each
pair o? vatlues that is oud o‘? order; the poirs o?
the set ‘oe'ma c\is\}o'snjr, 4\1@3 will be treated as ‘uF

dea“' win‘\ C_Onc.urren¥'\:j. : Sflnce_ e\fen%uq\“ Q“ .Po{srs
have Yo be in order, we are interested in theorems
abhoutr sets o "COmFarison Swaps " Mol maintain

'Por Some O*'\’jer Po.irs “r\'\e_ '?ac\- -nﬁc} -‘r\'\e.:j- o\fe o\reédj

in order.

‘We shall Presen)r e relevant lemmota Src‘T’\‘ico‘“j'
A dotled arrow X ~=-3 Yy stonds ?or- Yhe

- Comparison smP

x',b = x_v_n__'\_r_{b , X maox Y :
o solid arrow X—>y stands Pof' Yhe relakion

X £ l.j

The craphs representing our lemmora should be
grep P 5 |

T“chcl s '?onows: 1? "H"Ie .'Ineoluc.\'l}'les Correspor\d‘mﬁ
-\ro -\'\'1.?. So\ic\ QYrows 'mi\?i'a\\ ho\d, -‘r\ﬂe,a are main-
¥ained b“_j Hﬁe Exe,c:uhon o }\ne (omPcsriScrn swa]as.
COrresponc\in Yo the doted arrows (wWhose in-
equq\}‘ries e_v'en\-u.ol\\:j hold as well).
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Lemmq 0

N ~\
A——3

’Pfoog gccerdins Yo the axiem o?nﬁsi‘jnmen)‘, the
Pos}Ccn&i‘ion aghb A AP s 3uo.rom+ee.d \'DJ ‘he

precon diYion

aminfA £ bminB A awmox B g b maxr B

which s implied by, the iitiel agh A AR
? )
CEnd o() Ff'0°€)

Lemma 4 o>}

’ 7/
A ———>

’Proo_ The {?ou»r solid Grrows are %se}her equ'uvo.\en‘
o _

o ok Q £ \o min B

>

Pis relaYion is wmamntained \QD (eac\w_op Yhe opera-
Yioms corres ponding Yo Yhe dotled arrows, since he
values o? Loth _'\‘rs sides remain uhaﬂ%c}ec\.' (End
O? /Pr00?> '

So much Vor Yhe lite _‘\'\"le.or‘b we need,

* *
»
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Qur purpeose is Yo sort array ?(i:OSHN) in
increasing order.. Tor Sim]—:\ici\-fj‘s soke, Yhis ﬁnﬂ'e
array is men)rc«\\:j extended in bobh direchons Yo
n ini\'v: '

1<0 =D P.i: Lo’ ond izN = Qi: % e

For brevity's sake, we ntroduce the iransitive predicsle OK
given bb Or.ig = {.)i < ﬁ 5
note thal, thanks Yo Yhe Crrogy extension, we have
<0 v j3N = OKij |
Our purpese is Yo establish relation TR gven by
R = (Ai: OK.i. (1))

b.fj \’ec\r‘r‘anfj'mg the values in ?(\ L0<i< N, (The
ao\v&n*c-ge o? -}\ne_ arro.tj ex—\'enS'y on s '\"r\o..)r }\ne cbove
un‘cversa\ c\uc.n}i?ica)ri on is over all in}efjers, i.e.
‘Hho.\' we don'} N eed +o Ybother 'anbmore. oJooy." _
su scri']:’a\- bounds.) |

The q\SoriW\m will man‘apu\c.lre, array ? oﬁ\:j |
bb meafns. o? ‘Hﬂe_ Qperahom Ord S\V% btj

- Operahion  Ordiij estoblishes OX.ij ; note
that  Yhanks 4o the Grroy exten siom , we have
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1<0 v jzN = Ordij = skip

'mdePenc\enHj o? qu. Vc.\ues '\n. ?(1:0$1<N), The
Q\gor‘i}\nm _wi“ 'l_nvo\Ke, Orc:l.'l.:) On\D with i<;) >
thus .%Sur‘inj 'Hjor} the sequence (i-05i< ND
remaoains G Permqua‘}ion o? iFs  ini el va\u__e..

Qprer W\ese .Pre\_iminaries we Ccan beﬁin wﬂ‘\'\ -H‘\e
desisn o{) Yhe Q\SOr'|lr\r\m. Th view c? R we choose

as invariant PO given \ij
Po = (Bi= OK..G+4D)

which is eo\sﬂb established since }3N = Po
Dince -—-b:.j construckiont = Po A 3= 1 =5 R , our
choice o? nvarian ¥ 5“35’)65}5 ?or Botcher's 'Baﬂ-”‘er
'Hr\e Porm '

“estallish +3N” {To}
é_o '\‘%1 - "reduce } under

. It
myvariance o? “Po

s

3
od {R}

The Suidihg Princ‘.p\e_o€ our deve\o?men¥ is thal,
once an OK relation has been established, it wil
e maintained. This means thal, i? “reduce }
under Invariance o? “Yo 4 '\nvo\ves_ the -}rcms‘s}—‘:cm
?r'cmr\ Y ot Y=Y, we require } and ' Yo

SCX\‘iSP\j .
(Riz OKA. G+ = (A= oW (4D

an imFlico.)riCm whose Vo_;\.icl.i\"j requires Cin view o?
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OK's ‘}'ro\nsﬂivﬂa) ' Yo be o divisor o? Y . Under
Pratl constraint the most modest decrease oP }
—le. the one +hal s\vreng\—hens Po as Lie cas

ossible — (s ho\vmﬁ it We propose lo  redwce
+ ‘03 ho.}vinj i}' (cmol,\n?.nce, "\-0 restrict Y o

 powers of '2.). (Note thal at Yhis stage oPouf'
omo.\:js‘ns, s ]’Jropbsa\ is )Fen}c‘\'ive', '\}s w‘nsdom,

however | will +romsp'nre s\norHv.)

EXP\ic'\\' ‘\n-cc:r‘oorc\}"aovx. OP -\%e mani\au\a}'\on o? ) |
‘\‘ ie\o\s ’F)o\‘ /BQ}C\OQN"S_ :Bc\‘ﬂ;\er— fo S)rogro.m 0?
-l-‘ma Eorm : | | | _
bi=1 3 do F<N — +=4.2 od {P0o A (Yis o power of 2)F

sdo Y41 o Fi= ¥ {P4]
. “resyore Po” {Po}

]

od {R}
w&}'\'\ ,P‘t S'I\I‘E’,n \93
= (61:: OX.i. (i + 2:3 )

The ryest c’:P Yis note s concerned with the
de,ve\opm«en¥ b? ‘Hﬂe Sg\:jc\\sori'n'\m For "resk:re ’PO“ :
as speciﬁed bij- Pre- ond \OO‘S}'CUY')C\'!}'IGHZ

{’P’\?s ”r E’S)*ore. /Po" {?OS

("For '\-\nis su\.oo.\gorijrl\m ﬂ’ is Yo \onger" re\eucm¥
Mot + 15 a power o? 2 ) _
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The desisn o? Retcher's :Boﬂ?\er 15 driven \33
the desire o Pind sets o? _Orc\.o]oercx)rions_ with
dis‘.’)oin} arSumen‘rs. because such Ord operal-ians
'CQY\_ \oe ex€CU3red -COncurren\-\J. Since ecch Ord
opéra5r)on establishes the CO\’f’&S)’DOnding OK rela-
Yion, we are invited Yo consider —as our Swethj :

reaSQnab\e ”L,mﬂs o es\'o\o\\s\wmen} h, S0 -\o_ sPeaL~_

conjunctioms off OK relctions with  disyoint arqu-

J - J 3
mev\\s. 1s il‘, ?OI" 'ms\‘o-nce, Fossi\o]e_ Yo worite B
PO‘&\'COY\C{;}?On Po as PeAT2 such that in each
OP P2 and Pz the OK re\a\‘acms have d.'n:-;\')o'nrﬂr
urgumenb " |
| We can .QnSure Vo =T AP3 with
P2 = Airei: Ox.i. G+ ) ~ and
Pz = _ (ai: 1ei: OX.i. (i-r--l-.))

wiH‘l om bo-o\ean Punc}"lrbn_ e /\?equ{lr'mﬁ "Hf\e
- O re\o»?ions in P2 Yo have c\is‘_‘)oin‘r | argumen’r.s
boils c_\own to requ.}r}nfj |

e = 1 e(i+t) :
Vor /PS 'H’:e dﬂa\ogous ‘re_qu]remen} is
e o= e+ D)

Com\o'\r\inﬁ Ye two requlr‘emen}s,_ we conclude

that \Ninn_ e So\lrisﬁj'mfj
(0) ei = 1e.(G+P)
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P2 and T2 can ecch Ye estreblished ‘03 a sek

O? concurrent  Ord O\DQI"Q)"‘O!‘\S. FTrom now on,
e denotes o Preoh cate 5a¥‘as?31n3 (o). Note

Yhot there are \mc\nj such Prec\'\co}es, o\l varia-
Yons on Yhe same Hweme_; the sim‘:\esl- one s

(1) ei = (imed 2:}) <}

/}?emo.r\& 1t s ‘Hﬁe ?Qck:r 2 i Yhe cbove ?ormu\ct

Hhet wi\\ .‘us}iﬂj our earlier c\qo'\ce _O€: reduc‘ms
* ' ‘OD thL?\rinj i\'. (End o?.?emc‘r\«.)

Usin; N o denole the Fo}en}'nq“j conc:ur‘ren}‘
combinc_« ion 'o? s}otements , we deyine 75‘2 and
oS3 ‘03 _ |
S (“\ e.i: Ord.i.(i-s- D)) and
S3: | (“'l'.‘le.i: Orc\;i.(3+-\')) |

Nemark In Phese quo\ﬂ}'i?it:o\)ﬂons, [ ranges over

in M'.):él:j mony values . bur Yhis Préseﬂ’rs no
u,vxsur-mou'n}c.\o e imr)\emen‘\'_c«hm«n rob) eyng since
Ord.i. G+ 1) diﬁ?ers_ ‘?rorrj s\ﬂfn ?or crh\J Ca
ﬁnﬂ-e number QF values c? [ (End of
’Remar\(,) '

Stalement S2 eshablishes P2 ond shole-
ment 53 es}o\\o\is\nes 4% , bul we Ccmno\"_

_ES“G\D\'!S% /PQ A’PS —~ {.e. ’PD- \9':) Per'—?orm'ths

S2 and S3 (in some order) consecuhively,



EwDgsS3a-8

)Oor in 3enercﬂ Yhe second ome will destroy whet
Yhe Pirs)l' one hes -es\'c«\o\‘\s\ﬂed.. So aﬂef the

execution o? the Firs} one, we have to Proceed

more gcoare ?u“:j

Let 'restore Po" start wilh  Sa es%-c.\ohs\wins
P2 . This choice O? S2 is irrelevont Since - see
(o)~ we are free Yo coll either Po\ar'n\‘:j o?-l-\ne.
Por}"\}iOhinS Predica‘\'e e . ’Proceed;hs) %m

thereon  “wore careg»“:) " eons es’ra\o\ishinb Ta
while mQ'm"aining ”PQ. ) The olternative Yo es-
'\'c«\o\ishins Pa c\;rec}\«j Cie. _b:j S3) s es}o\o\ishinﬁ
T2 b:) meoms o? Cr repe}—i\"lon with some invariant
P4 , where  Pg is o suitable 3€nerc~\_'\_2c~\'ioh o?
Pz 3 owr Purpose is Yo C..o_ns)rruc" Hhat rePeH-
lion such thaY it has the s)rronger- P2 nV4 as

_ ‘]Y\VC\T"\C\Y\\'.

:Be‘:)c)re Progeedins we,. rewrite Y3 Q)r Ssim-
Plici":j's scke n such o Way 'Hﬁc.\‘ its dummg
& controlled \o:j_ the soame range 0s Ythe
dummn n Pz . In view -o() (0) , we con do

SO b&j TenamEnS' Q«fm’a i+ ¥ r‘eP}o.c'mS i):

Pa A ei: O G 1. Gzt

M

We 5enera\ize /\7‘5 \:)3 rer)\c\c'\n:j -%‘he. Cons}c_.ﬁ}
2 oy the variagkhle w , lLe we propose

P4 = (Ritei: OK. Ge).Gie wb))  with even u.
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The. \OrH'er' cons)’rc\in\‘ on u ensures “ncﬁ H\e
OK relations in V4 are dis\')o‘m)r so that V4
comnm be es)fc\\g\is\qec\ b“_'j 54 , E,)‘wev-\ \Ot_«)

S4: (nl e.i. Ord, (H-\-)(H- u*))

Tn view 01[7 ocur Gaim ‘Hﬂo} the s\'rcnﬁe.r PanPs
e an 'mvo_\rian\-, it now stoands Yo reason ¥o
ihves)riaa)re under which conditions S4 moin-
tains P2 . That is »For' [ so}isg\jing ei
we have to '\nves\’iﬁcx)re. Hhe Fc}e o? OK.%.(HD;
on Qccown’t'og (0) and because « is even,
-}\n‘xs_ 15 Yhe same as '\ﬂves\-iscx)r'mf) Ye Fcﬂ‘e
_o? OK. (i+ud). (ivut +4) (?er any i satis ing
el . With its inc'nc\e.n\'_ Ord oPerc\-}icms om
S4 it Lj'ie\c\s Me ‘P'\c\'ure ~vnodes now \oe‘mj

lq\oe“ed \O:j SUL\BSC!'}T:}S--

BERTR S | Py 2ot

7 o <
s Pid

. }. -
1+ I+ ut+}

which 15 Cer‘l'oim\tj not o leMmq, but we can
recogmze_ the sequence --3 —% -5 in Le.mmaﬂ,

redrawn 1?c;r Hhe ‘Ourpdse:

i+ut > i+2.ut
e A
e e
7 g
, e 7
i+ + > i+ okt
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O? the three solid arrows added, the twe hori-
20ontal ones are '1mP\ie.d \o:j 8% because W I1$
even and ‘}he OK re‘c.‘r'lon s ‘}ransﬂ-ive. The -Pn'urd
one s im]o\ied ‘oD /PA(‘Zw\/u) ~ (Yere we howe
usec\_ Ve nolcotion ”’R(E/,J" ?or \he expression
4_2 e w\\ic\-\ = has been Su\DS}'i\-M‘}'ed @;r X, )
Tn other words ?or statement S4 we have
established e Yheorem -

{Pr A P2 A Pa(2u/dT 5S4 {P2 A P4}

/Remembe,ri'ns thal ?or -}He c\esian o? ”res}oré /PO"
we could re\fj- on }the Pre,cond:)riOn- “P1 and ‘\'Q\»\"ms'
Yhe invarionce. .OP 4% ?or e Yime be'mf;) Por
8ran*ecl, we see [rom our lash Yheorem , =ince

- \93 consYruction —

P4 A wu=2 “—%’PS

]

Yhal we can es}c\\o\is\w P2  under invarionce og)
2 Y grssr es’rc\b\is\qinﬁ Vs with equa\ Yo
X Suféc‘renﬂn '\nig\-. power of 2, and then
T'&‘Fe.os)fEdl:j \na\vinﬁ w w\\i‘e_ each ¥ime maim-
—\dihing_ VP2 A V4 \otj on execuYion OP S4

'Thus %‘\ne ?u“:j o‘nno'\'a}e.d VQI;S‘)OH o? ’fres)rére
Po” Yecomes '
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{P1} S2 {P1 A P}
. "w.= suitable power o? 2 {P1 AP A P4l
do w#2 — w:= u/2 {Pr A P2 A Pala u/u)g
: 54 {P1 A P2 A P4}
od {P2 A P4 A us=2 , hence “Foi

.
3>

We are \eﬁ with two o\:\iﬁa}:ms de}‘ermmmf)
o8 ”‘Sui)ra\o]e power of ‘2” and s\'\owlns the invariance

o? ik
Since

wt-+ 3N = (Bi:: OX. G+ b)) Giaut))

and the CQnsequen\' im‘;\ies ’P4, o W so.\r'\s?‘jin& the
antecedent would de Yhe Jo‘o. With ‘For e the
SPeciﬁc choice (1), the weaker wt 32N will do

because

ut 2 N
= {cons’.der i<~ ~+5i<0, Osis
(Bi: wt<0 v el v i+ Ut 3 N )

{ Pmd'lca}e_ CG\Cu\us}
(A ei: ixt<o v i+ uwt 3 N)
= {_\Oj the eﬂensmn to an w\fm)e Qo &3.7)

(Ai: ei: OK. Gi). Gia wed )
= {o\e?m\\cm 0? ’P“a}

V4 .

[

_../W-‘-»-
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"F'ma\\n we have o s\noQ Yhat Vi, e,
(93:: O¥.i. ('\ F 230

s maintained \):j 592 cnad bj S4 . The Yatter
two are bolth o? e ?orm

(i s pi: Ord.i.(i+m¥))

with 0dd v and P.ize.i or T>"l.=-‘\e-i, i.e. with
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]o.i =1y (i«l-m-]-)
Hence, eac‘n OK \'e\c&.\"lon o? ’P*\ coccurs once as o
50\\0\ Arrow In 'Hne Fo“ow‘mﬁ c\iaﬁrc\ms w:pn )
50}]5?3':1(\5 ’P.i :
| — i 2. ~

~
~ N

™~

b+ m-‘*'-———}i-}-(m-r?.)#

In ‘Hﬂ'ls Ao ram , wWe reécognize Lemma (0 ]ﬂénce
neither S22 nor S4 ?c.lsi ies P1 . This concludes
our \ne,ur\s\-'ac eaﬂplc«no.\-%on o? ’_Bc\}‘c\wer‘s 'B&mer.

Concludin o Remarks

Seve,ra] GS}DQC‘-\‘S OP -“ne a\':nove are \worth no‘}'ms,

. Tor the t?x?ress\cm Gi < () we ‘miroduced -\r}ne
Aransitive redicate OK.'\,\‘S “Lor \orevi\-xds scke * More
'|mT>or\-on\ \Kcm Hne P\\:jsicql c.\gbrev'uo\\'su-n s thol in Yhe
no}'a}\on OKx we an re‘a}nec\ \,J\'\c-.)f wmnefs in +he
5@3ue\,vi2.. Yhe Yo  Index va\ues;, nor unl:j the ve-
?erences o P , Lol —wore .\m'\DOf}Gﬂ}b- the
w\oex?ress‘\ms ?.'\ and N Nave d“sm‘:?eo.reo\-,

so has the relalional sperator < , and r‘.gh)rb
S0, Qm- we could hove wished *o sort in descending
arder,

N LN
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o e wa in whic\w e invarionts hove been derived
Prom the Pos}'condi}ims ~Yo F‘cn'n R and P4 From
Pz~ s Qbso\u“'e\-j s}anclorcl; W} is Known es “re-

P\ocm:-j o constant b:j-o\ variable . The choice op
which constant is 1o be rep\aced b}j e varicble

15 usually severely cons}rained bD Yhe requirement
Mat we con think o? an initial value ?os- Yhet vari-

able with which Yo es}'o.lo\is\-\ the 'mvar';cm\-.

e We have introduced two vc‘ria\o\es, } ond u,
Ccmslrruined lo \oe o -Power' OP 2 . We could

have Yeen wmore exP\ic;\- bi’) rePresen%nj in our
Qna\ijs'IS -\\neir values \93 '2‘" ond Q_k"‘ reSFe—C)ive\Jp
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e we could hove introduced the nalumal varables

W and k \ns}e.o\cl. ‘ﬂ- Seems A Mminor ‘no}'o:l-‘:on-:]
vc.r'\a\'icm, but 1 would ke Yo Fo'm\' oulr Yhol b
makwes ol the c\iﬁ%rence. The d‘n?ﬁer&nce is nof
so much el the _.IC\E‘V\\"! iers + onad W are
shorler thon Yhe o.\}ern alives '2“ and 27 )

The diﬂ?eremce. is ):\'\G" with  the \o.‘n_er' no¥c¥)m
.'\‘\'\e‘lr \oe'mi.) o Power '0? 2 wox.n\c\ }nave 'Permeo:\'ed

&Hﬁﬂﬁ@@ﬁ our @srma\]ﬁm’ even where

therr \oein5 o power oF) 2 had not yel been decided

or did no \cm&er- motter. The nome/nc\_olure
Frovided b + and W enohles us Yo do Jus)r'lce.
‘}‘O Hne \c)’)re.r d'tsezn'}ﬁﬂca)emanx o? \-\ne Qr"c_;)ume/n\‘.

e The extension o? e lﬁnﬂe.arrot) Yo an 'mﬁn':\re
one \WGS Presen}eo\ as a Woy oF 531’“?“%""’3 the -
Pos\'conc\i\—')cm and +he Inlermedicte asserbioms, bu}
nore Yhol b hes bOush\' us much more. Withodl
¥} oour hwo lemmote would not have Suﬂjicecl
and our nvariance Proo?s would have Yoeen bur-
dened by case andluses o take core oPa“
sorts o bouvx-do\\:j e??ec\-s due to ”miss'mfj |

elements .

. 'T\ne e*"EﬂS'IO'h ‘\O n 'lh?'ln'l“e oTra }\as .Q‘SO
Pro]'ec\‘ed AS ?rcrm '“12 \'n)lrodu c;\"tcm o eleerSS'fc:Y\s'
\ikce o \-qlob.N -\

trok R
ancl @crm 'Hne. S es}':cm\/i\ne' c.)sur‘.“-.m 15 req\\j deﬂ
Si 9ned For N of the ?orm 2"
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