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Helakional Coleulus occording Yo ch

This s m.j Perscnq\ Summm:j o? the re\a)riono\ cal-
culus as it emeroged o} Yhe ATAC session °F 23%.9. (g86 .
Mo.t')or credit is due lo He j'l?ena Cin a\asen\io\\,’l-anj
Hoore and Wim H. Hesselink; no eme but me s Yo e

blamed ?or 5\10r\-com'm35 in Yus Yext.

To beain with we inlroduce o "th?ix c\gemlor
s —vead "Hlde'—= . T} hos Yhe same -i.e. maximum-
b‘sndiﬁa ?bWer‘ as > unor:j \ore@x cPerc}crs Gare
ﬁa\ﬁ' c.ssociahive (o.s usual) |

Axiom 0 IX23x-Y]) = [Y=a «X]
Theorem 0 Lo {’c.\se = Yrue )

’P"Oog 0 drue

= { Prec\i cote cal Cu\usl

” [Fo\se = ca*me-]
{Rxm. 0 with XY s ?c\sz, brue §

L drue = OQFQ‘SG]

[/

= {?rec\’;cq\-e ca) CM\US.S

[es ?a\se = Yrue) ,
(End of Proef’ 0.)
Bxiom 4 [ Xe oY) = [ Ye «X]

Theorem 4 Ler drue = false ]
/Proog A Similar Yo ?m?O (End 0? ’))"‘-“’?1 5
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e Prec\'cco.}e CG\Cu\us, Lut P\eqse

Wemark TReplacing s \ob 7 in the chove axioms
(die\ds Yheorems %‘

note H\o} »ne hesc.“iOn SQ\"lsBes the s*runser

LX=211Y = YaqX) ond

IXeaY = ve X)
(End o??emqu\

Theorem 2 ILX= Y] =2 Dz o X))

’Proof 2 [XEMY]

{ prediccie co.\cu\usl
[X% WY] FaS [.Xé= mY]
{Axms. 0 and 1}
[Y% %X] FAN [Y#mX]

= { Prec\'sca\-e calculus §

1)

(End o? ?rb:;?'?..)

'ﬂneorem 3 IX:.-'-'. M%X]

’?roo.g % [X = umx-l

{Thm.2 vath iz o X

[mx = o X}
= { T)red| cate co.\ cu\us}
Yrue . (End °€ ’Proog':s \

Next we introduce o hinar '\ngx o-?erc.\cr,
ch“ec\ "CUMPOS'A}Q““ and deno)ced \o:) > . 1\'5
\oihc\'mb Power s \ess “\om n'\o} o? '\'\ne lAﬂO-f\'-j
oPerc}ors and \n'ls\\er Yron +he \O'\HQ!U losicq\ cpero.xurs.
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Axiom 2 [X;(Y32) = (X;Y); Z]

In view oP e associo\-‘w\\ o? Com‘aos';)ﬁm
we ?ee\ ?rcmn now o Free bul not o\o\isech \-o

omit Parenl-\nes‘ns povirs ?f‘cﬂn cemBinued com?os\)tions.

The next axiom introduces o constont | dencled

\3:) :D Gn c\ co.“ed " C\'l ve f“‘.‘:l\a " .

Axiom 3 [X;Y =2 D] = [X'—-“»w\']

Theorem 4 L XO',...:,X'\;YO;...;,‘(-u = D)

IYo:..55Y1; X0, X2 = D] ,

e, with o C.on\r:mued CQm?OS'!hcrn eueibw\'\ere '\mp“}j‘wlj
D, we are ffee Yo rolate the c\raumen\s of Yhe

Cm\\"lm;ec\ composi"'wn: on\:j )r\'le‘:r" ('_tjc\ic arder mot“'Ef'S.

Prool’ 4 LXo, . ;% Y0;.... 1 D)
{ Axiom 2« we are e'ee. Yo T)\ace. Parveﬁ\\neses}
1Mos %) 5 (Yosu.... YY) a3 D]
{ Pixiom 3§
L(X0;..5%) = e (70;...5 1))
= {ﬂx'\crm 03
[(Yo,..5YA) = e (Xo;...5 X))
{Bxioms 3 and '2}
Mo, oM X0y ... X = DY)

(End of Proof 4D

]

!

"

‘“12.01'2“'\ Ba EX = X,MD]
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’Pruof Saa LZ=wnX)

—
—

{Bxiom 3 with XY .= 2%}
[2;)( = D]
{Thm 3 wilh X-.-;.'D}
[Z.X = e» D]
{Axiom3 with XY .. (X), &D }
[CZ;XB;M:D %D)
{ Pxiem 2.3
[2;,(X;D) 5 D)

]

{Axiom 3 with X, Y Z (XD}
{122 o(Xed))

Since the equivu\enee. between Yhe exYreme \ines
o? Yre cbove holds @:1“

omy Z and X , we con-
Aude €c.rr- omj %

brue

}

{a\oove c\aserv-o.\-icn}
LoX = w(X; D))
= {lebma]
e X = e (X, DY)
{Thec:rem 3 \w’lce:S

(End oF /Proo? Sa)
Remark \We could =i m't‘ Cr s

\J s\\ow ‘-\I\c\\- D
a\so %e \e@-— ‘\den)"\\:) Q\Qmen} o? CmvoSE)l‘?on, \Ou\‘
Yhis conclusion is Pos\-\‘xmed. (End o?’l?emur\(.)

The next (oand qu\ ) axiom Connects 1 ond
& with ccwn‘oosi\-icm.
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Axiom 4 Ll X; oY) = 2 (1Y; aX))

Theorem 6o | X = D ; X]

’ProgE 6o }rue

= {Axiom 4 with XY .z 2%, D}
ler (X ;D) =~ (1D 21 X))
= {'“\m Sa. Prec\'nco}e ca\cu\u.sa
lrwaX = 2 GD YD)
= {'\'\fm\ 3}
[ aX = A (1D X))
= {?rediCQ\'e Qa\tu\usa'
IX= +D,%x )

(énd u? ’P'f'cm? 6c.)

?emrk We cw\c\ s\m'n\o.r\b \'\o\ve s\v\own “10} 1D
s Q \"°I3\'\“ '\den"l\:j e\emen\‘ o? Ccrm‘f:os'A'\‘Oh, Lt -“n'.s
comclusion nNow @,\\qws n & moment. (End oe,\?eme>

Theorem 7 oD = . D]

’Prcog 1 e D

= {'“nm Go wih\ X:: e D
1D 3 e D

JL_“'\M So. with X = '\33
1D

1]

(End o? ’Pl'oo‘? ?3

Com\a‘m‘mj Theurems SQ,GQ ond J |, we Comclude

Thesrem S [X= X;0D) ana [X=wDX)




EWwD482-5

Theorem § I[X= 1D X] ond [XE'X‘,'\'D]

And vow wWe are re&dt} Yo show Mhal oW
‘\'\N‘O lAY\Qr:j c;-‘:eno}m-s Ccnnmu\*ez '

“Theorem 7 LrieeX =eaX)

’ProoE? laen X = W]

= {Pred'ucc}e co.\cu\u53
["IH = wX]
= {fkem 2 with X,Y .= “H, X%}
1 Y, X = D]
= {Predicc.‘e ca) c.u\u.s}
[+H;42% 5 D)
= {‘;rec\im\'e <a) cu.\us}
LD a1GH A X))
{Axiem 4 with X)X :2 X, W]
LD = v (X e W)
{Axiom 3wt XY .. D, (r1X, WD
[13;%1)(;“\"\ =§;'D-l
{ Theorem ¢ }
[ «1X;H =D]
{1 Axiom 3 viln K.Y s cn"l)(,m\-\s
[m"\x =) Cﬂm\'\}
=  {Theorem 3} |
[eraX =2 W)

Froen ?Irs\- and \ast lme we cunclude Theorem 7.
oY
Gs 'H WGS G ‘l‘c.r-n (E“d °€,Pr°°?7)

A
-

"

i
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“Theorem 8 COm?osi\ion s universo.“:j c\isdunchve "

each c? its oraumef\\'S, \.e.
(D [(E'\:: Xl),\{ = (Ei:: XasY))) and
() IX5(Ei=vid) = (= X; Y]

To \omve (‘) we observe @:r Dma H

LCEI= Xi) 3 )Y = o]
{ﬂx\cw\ '53
[(Ei=XD,Y, 0 D) *
{ A xiemn 3§
[EizXD) a5 (O]
{ quosi-Qishibulion consequent §
LRz Xi s olnr)))
= {1 QA xicm 33
[(ai:: p & LN H %D)] *¥%
= {Axiom 33
[(Bi:: Xi, Y = )]
i quasi ci stributiom consegue n-\}
LCEix X)) = oW

i

i

)]

and smce el is or\o‘.\mb, G) hes been proved.

To Vﬂwe (ii) we c\oserve

[X;(Ei:z\’.i) = v H ]
= {QXEM 33
YX; (Ei:zY.i);H = D)
{Thearenm 43
[(E\‘:: Y.i);\‘\;x 2D )
= { as above ?mm x Yo s with X,Y.H-.:Y,H,XS
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[(el'l'.:Y.i s H; X 2D)])

= {Theorem 4}
[(ﬁ_i:: X;Yi:H =D)]
= {ﬂ-xwm 33

T@i: X;Xi » el )]
= {qw&sio\is\ﬁ‘ou}‘.wz
LCEi: X1Xi) = ]

oand wince «»H is c«r\o"&ro\rb, () hes heewm proved,

CEnd o? ’-Proo? 8)

e »
X

InsPimd 'bb Theoerem 7  we inkoduce o lesh
wnory eperatur called "Yhe comverse . we shall

'*en\o\-'welb dencte it ‘Ob b
A xiom S [4:)( a-m-,X'}

Ih view 0? ““'IQOT% b R tx EM%X)—- , o?
Mesrem J = Lol z=zwar X 1o and u? IR ERER S
we hoave
Thegrem 9 0? Yhe Yhree O‘Perc}ors T ,en, ond G\a
(1) each s the ?Mnc\-'nma‘ Cm-n\oo'si\'iun o? Yhe other

Ywo
(ii) O\nJ Pc\:r cormmvautes
() eoch s 'l\‘s DWW  INVerse

’Proa?q s \e@- Yo Yhe recder.
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Theorem 16 [ X 2Y] = [ K= 4 Y)

Yroo¥ 10 [c{aX = )
= { Thesrem 93
[~ X = Y]
{ Bxtiem 4§
LY o 2 X]
= -[Prec\‘\m}e co.\cu\usS
[ X = "\MY]
= {Thewem 93}
[X =2 Y)

(End q? /Proo?'lo)
“Theorem 11 Opera\'crr nb L1 un'\versa\B \')u?\c\-ive.

’Pmo. 11 We ghall Gfs} Preve \-}lu} ‘-\" is un\verso.l‘l_gj
C.CMJMV\ chive )03 0‘352!‘\!\1\3

IH > °"> (9_'\:'. X\)]
'{'n\eoﬂem ‘103
4R = Bz X))
{ pmc\'lc:o}e co\\cu\us—s
[(Ai: bl = Xi))
{?rec\‘acq\'e caleulus §
Qi TN = Xad)
{ Theorem 103
(Ai:x [H= +Xi))
= { ":rec\iCo}c Co.\cu\us}
[(B_i:: H= &b Xu)—)
{?rec\ioo.\e caleu\us §
[H = (Bis X))

"

n

n

H
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ond hence [0\5(9\ X.i) = (Bi::ub X!)-_}
estoblished.

\'\Qa L:oe.?nq

Universal d'nsJunc¥“v\\D s now- \orovec\ BJ
o\o Servy ncj

S (El i Xi )
= {Theorem 9, Prec\'u cale cc.\Cm\usg
! "+ (&! N X.i)

-
b=

{ 3 un%verSo.“D Conk')unc\'we?)
L (9_\ T N XD

1 \)re&ico.\e col culus . Treorem 9}
(Eifi % X3 P!

(Enc‘ o? ’?ﬂwF 10).
Because _Theorem G- b commutes wibth A , ond

Qqu.iva\ence Omd imp\ico\'}oﬁ Qovny \Oe ex ressec\ L)

AN L,V and T, con we Yake

Yhe converse o
orh itro

boo\eo.n gx‘f)\"ess'lms \D.:j reT:\c\cinS Ck“

Q\‘Om.s \o:] lf\ms'_i‘r <canmverses |

So much {’w w\t) summo\v o? tjes\-ero\o:.j

qﬁernoon.
Aushin . 24 S@\D‘GM\DW 1686

‘;m? dr. Edsaer W, iDS\‘s\'rq
'-\Delxur\'men\‘ OP Com?u\‘er Sciences
The Umvers'\b c? Texas o Ruskin
Austin , T 8712~ 138

United S\'Q\'GS o? Americe



