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The s’:ud:\ o?a hO}'an, viz. that o? residue C\Q.sses

The work;na mothemaotician introduces Tew concep‘rs
¢s he goes a\ons, ond he somelimes miroduces new
notations n connection with them. T Mhink Hhat each
Yme he does so he should ask \wimse\? qu@s*‘ucms
such as "'Igs s Cor\ceplt wor th be'mj miroduced?” or
“Do 1 reo.“D need this new mnoltalien? . Tven if i+
Cann o} give Yhe com‘:\exe comeclusive onswers, o
course on Mathematica) Me“'mdc’\ofj:j should reise
and  discuss such ques\'mr\s. Twn this note we
conduct o case .s\-uc\b _—\c-now'mfj ()u“ well the limi-
Ya¥ons o? such on a??roo\c\f\—- ond have chosen the
*o‘:‘tc o? residue C\Gsses.

Kemark TThis choice is ar ely acciclenta). Some Yime
0;30 ~EWDJ70- T seemed 3o be akble Yo wake Sooe\
wse 0? Yhe Concep‘f, but \oe"ms cmj f)o\'m\-\ {%\mi\iqr
with 3. 1 wneeded o bul\d up u}aqx' \-‘f\@cnb %neec\ec\
Q\Dou\' 'u\'. N\\i\e doinj so 1 wmode o wmental note
tha} Hais m'nj\n\- be o 3::00\ candidale @ur‘ such o
"Concep\ua\ case shady': i} starts E’;‘cmw o veny
moc\es\' th“'nemc.}'lctﬂ \DQSe, i* raises ho}q}'nona)
ques}ione,, and quic\c\:j leads 4o not endirely Irivic
I’eSu“‘S. Vo awvoid on misunc\ers\'o\nc\ing, G)\-
lovﬁns deve\oPmen¥ s n_c_:} c \ﬁ‘ns‘orico\\ \'econs)fruc-
Fon: Wn wr‘u}ing T did not comsull the literalure.
Also 1 would \i\(g o moke i+ clear theal T hove

ver 1itHe .‘i“n}eres\-- n number \-\neorb per se. (Enc\
[4) /R@mo.rlc.)
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For 'm‘egers q and %X  we con raoise ?or quO
the o‘ues\-kon whether q divides » . (1? q=0,
we con roise +the queshon '\'oo, but -\-\nen Yhe
onswer is less clear; we skirl thal issue)
Since o\ivis‘:\oi\lb_ b._‘j ~-q s the some as
d'cv'ls’nbi\'l}n \o:j 9 ,'l" 1Is no loss Yo Ccm@'ne OUr-
SQ\\IES ‘o Posi}‘we 9 1? \-\na} comes " \r\cmcb,
and we shall do so. (In a moment we sholl
sec Yhal o constroim} Yo nalural x  does not
come In \f\onc\b.)

Number '\'\neo\ \oe‘m:j w\no} '1)' is, we W\o:j ex-
\Pec\- Ye divisibi i‘:j 1= o‘ 40 be. ynost inter -
es\-‘ma ?or Some o Yhat is Pr'lme. Shouldl we
‘\'mmec\'\cAe\:j reskricy our a*)te'n*'lcrn Yo Prime
dividers ?

Ih owr c“rrer& exp\orq-\-'\ve S*Q‘}e n\e GNSWey \S
"No” becouse d‘wis'\\ai\i\:j bD q is per?ec\-\‘j
degnec\ E’or non-prime  q and we can a\wo.:js
decide laler: o} Yhis st we should \<ee,T; oW
ophons open. (Note )rh;?e'i om mot o.dvocohna
"5@&2\"0\'\5" @)r i¥s own SQ\(Q: 'l? c.“ in}eres}inﬁ
resulls ore ccm?med Yo q's Yot are Tr‘.me ond
C‘cnr'\‘.‘:o‘u‘:s\er'nr'.:j q's \-‘f\a\- are not Pr‘;ma' crn:j \eads
o ua\:j com‘-:\icc.)ﬂms, we should reskrct our-

selves n Yhe gnc.\ Presen}c\\icn riah)- ?raw\ the
stort Yo Pr’ame e\‘lv'uc\ers.)

For %e \ooo\ean ex?r‘essicm ”ol divides x"
ex‘\s§s - Since N\ﬂe'\? T have no ide&-— & more
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or less o\ccep}eci {)ormq\ notaYion | viz.

q | x

CT. 50:3 "Ynore or \essﬂ \oeco.use s “’th}\ ‘I \'\owe
encountered % resu\o.r\:j w the literckure, T do
no‘- r?.m%m‘be.r‘ (Y S'l‘hg\e_ o‘.u\-\'wr -m:.jse\? 'mc\ude!:‘—
\De'mg very eX‘D\iC—i\‘ ooout ﬂs suntoachc s}qxu.S.
Do we admit q\ X+y For 9 (x+3) ond

°|\x v °\\'j ?0"‘ (q\x5 V<q\~j§ 7 In Yus Yext
1 propose  we do.)

Whet cdo we Know cbout our relalion l ?
We\\, x \0" Because

x l Y X = % ged Y
we knoo -see EWDA54 -

becouse gg:_g\ \s ide“mpo\-en} , ] 18 regemve:
. x\x Y

becouse ﬁ 15 stoci&\'-ve, \ s *romsi\we:
d * \b N D\‘z. = x\’z )

hecouse ged s sbmme\ric, ] is Om}i-re@extve:
. x)b Ve D\x = X::j N

because 1 s « \e@-\mnd 2ero~elemen} o? ged, i+
[E \eﬂ-\nanc\ extreme o? \ ;

¢ 1y

becanse 0 s a i Y\\-L’\Omc\ uni\~e\emen}- ofgg_d, ik
s & Tis\'\\"\'\c;nd egreme o? \ :

) X\O

Well, Yhat is VerD encmrag‘mg); it makces ohvious
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o}l our relobion "Aivides miﬁ\r\\' be somethin
worth Pcmder'mg about. Let us lock whatr i+

does with arithmehic uloera\'nons ond let us }Yoke
Yre additive wnes Virs\r. We have

©qlx aaly = qlxy

and Yhen as conseguences u? ol Yhe choove

. q\x = o‘] ~% ond
- qlx N cl\b = ca‘\)(-r:j s ancd  in T)Qr\iu\\er
©ql xex

al x-y = q] y-x
c‘\x-3 A gqly-2 = q}x-z ,

.. now viewed s re\o.\icm \De)nweeﬂ ® and ._j

- "{?or ?‘lxee\ 9 " so Yo s?eak— q\x"b s

e ylexive | s’:)mme\'riq , Gnal Xroms\)ﬁve , l.e. q\ x—J

s m\ao.\- s \cnown s awn e.o\udva\ev\ce \"e\a)rion,

What a\:mu} Vnu\\-i\o\ico.)f’wh? \/Je“ .

. q\x = q\ X'D
8 Q‘Oou} \-\r\e cm\:j %—\n‘-rg —}'_ Oy \-\r\'m\« Qe Bu) i+

SIVQS ws
ql x-x' aay-y’

> cﬂ(x-x')b ~ o‘\ x'-<3-3'§

= q] (x-x')-ji- x‘-(tj-‘j')

= q| xy-x'y , el
s A A qlyy s alxy -xthy

S'Imi\cnr\:) we have — Pmo? owutted —
a q\x—x' A o\\‘j‘j‘ = q‘ (x+~j\-(x‘+3')
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Now oll Muis s no"uhmq“n unottrackive Evi-
den}-\‘:j , the asserlien q\ x-tj 15 an '\n\eres)nna asser-
Mon a\bou} X ond !:) , hut as W"‘l“‘% down
‘u} Pma\s ‘o express in o ?Gm'\\'lof‘ manner its
S mme}':j and o ?ew other pro erties ﬂ' S\rmre_s
WA Qo\uq\ﬂ:j. Ore o? the notokions ?or q] X-4

Yol come in use s
X = \:) Cmod q)

~-yeod as X conamen‘r 2 vodulo 9 " , in which
=" ?usu.res as & Somewhal weckened QC\MO.\'I\b
with  Yhe SQﬁ%x “(mod q)" P'mn‘m Yhal weokenin
doumn. T have Yo reasons }o eror\- \rnmec\‘ua}ej
F‘cnm Yris ho\‘m)f'lcm: Yhe persona\ one Yot 1
hove decided Yo gdopt "= @r Yhe associahive
equo.\i‘j between Loolaan Qr‘Sumen\s ~in which réle
T shall need i} in o moment -~ and the Senerq\ one
ot \'\f\m 1S \i“’\e. Yo e said in ?o.vour' o? o
kqlr - \ngx and \no.\?_ Pos\?;x opero}or-, Tor Yhe
Fur'\oos«z o? l\rﬁs discusSsion -[ S}IG.“ deno\re “ne
SUmme\'r{c re\c\\"\on O‘\X-D with an 'mﬁx Con.g

X conq Y

Fih “\‘ls Y\o}'o‘\ﬁm we Conrn Stavwvvmorize

X gong X

X con.q :j = a conq X

X Cong Y AN \3 ton.q 2 = X cong 2

X cong x' A Y tonq 3‘ = X4y <on.q x"+b'

X cmq X' Ay cong Yy D XY comq Xy,
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o Younch o? T)ro?er\ies o? cem.q Yot are shared
loj equo.\'\\:j. Treahn "bein conf)ruen\- " e "\':»einj
QOtu.m‘ s bu\‘ no} G‘A“j is no? Ver‘j Sa\is@c‘orn,

ond we con do swne\%sna about ¥} in o {?ew s}e.‘:s.

“The ?irs\- “"\'ma x-o clo s *0 use o me"a]:\'\or
- "adov‘r o \')o-r on or "introduce o nomenclalure” -~
Yra} oloes Jus ice Yo the ?GC¥ et “\Deins Ccmgruen)‘"
1S —See Yhe ?lrs\' Pree summorized \o-ro\oer‘-ies-—
an equ\vq\ence re\a\'-m\ ond, \nence, \nduces a

r¥i¥ioning of the domain —nteaers so {or- Yhat
we Wave \?een?\-o\\&'mo e.\oou\* \,J:acom d.oio \33
S'Mn%h the Po.r\"l\n ms o Sene fic name , and Yhe
eme ot has been miroduced and 3enem\}j Qcce\o}-ec\
is  "residue classes”. T} enobles us Yo re?l&ce
the expression “ben comaruen ) 1) "\oe\un n
N «\Me.? Sowme res’m\.uae c.\c?ss", T tjc.“ows ug 2
lo rephrase the las} o summarized ?crrmu\ae.
as “the residue class o Which o sum (wi:rod.uc})
\oe\.cmgs 5 dekf mined b §-\ne. residue c\c.sses
o which Yhe addeno\&C%m}ws) \oe\cma ‘.

Belore continuing owur \insuis\-ico.\ and notaolional

\e}- WS C\QI'EF'mine '\- e r\um\oer‘ oF) res':due c\&sses.

From
(Ex,:): 0<x<y<q: 7 qlx-j)

we deduce thal Yhere are ab least 9 residue
c\osses. “Frum “'\e g)ac" “‘\G" E)or' eac\v\ tj )f"\e.

equc\ﬁm X (0$X<q /N qlx-DS 1S sc\v&\ole,
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we conclude thal there are ot most q residue
c\asses. Summo.r'uz'una‘. H-\ere are Preciseb ﬁ
residue classes, and the lost equcliom pPuts
them inlo one-Yo-ome corres?onc\ence with the
values  x {)rom e range 0D X< q

More precisely . tol e.qu\o.}'rcm havin recisel
one SO\U\"I‘:M , i"l:jde 6nes Yhot s olwlion 3&5\')& gan:?"‘ch
o,f Y and 9 the g'ea \oqrome}ers in the ‘oocb
ol” the equo.\‘icm. Tor that ?unc)r‘rm o s‘;eciq\ No-
¥o¥ion hes ’?ouno\ s Wy i the lileralure ,

Vi2. an 'm-px mod

X:by_n_géq = 0SX<gq A q\x-b

PBecause

qlx-y = xmdq=ymdq |,

wWe Conm Now QxPress ”\De'\nj Ccmaru.en\' w\od.u\o q“

-_ 0r, equ'wc.\en\-\-‘j . " \oe\cms'm '\o \-\r\e Same vesSidue
C\st (vnoolu\o 0\3 " — N P&rms o? an eo‘u o.\'u \.:)’
VAL, 519\0\1 ns '“\e same VQ\UQS wnder O\P ‘3\: co.}'mh

o? Yhe (‘oos\-%‘x) aperc.\‘ur " wod q“ .

’l'zemqu 'ﬂ'\e Vel:j Q“en\'i\fe reac\er M“ \'\uve ﬂa\icec\
Hhet . ron'\e\“ '\mP\ici\-\D, we did Some}\'\ina e\se; we
derived trom the \'a’unorb oPero\-or' "v_rlo__d “ Yhe

More. "kOW'\ Ca CQ\’\\‘LAFD

unary opero»}c:r “wnod q .
a@er the discovery o? residue classes , this devie
would Yoecome known cs ”Curr:jinst CEnd o?



EWD984 -3
?%o.r\(.)

We lnave deme more . “\Q ‘oos)f?-x c:Pem‘or
mod cl” assisns Yo each ‘m}eber- a velue Jho} 1s
c\aarc.c\'eris\'ic. (?of' )-‘ne resicdue c\c\ss }o w\'\ic\'\ )r\'\e.
‘m‘re&er be\anss, ond we shouwld observe Mot
his is o aener‘u\ wo:j e? c‘r\grac)rer'lzina
E:r\“vonihas 0? c«ﬂn c\om'.n: c\noose Cn unc\‘icm

ot st'tané the sGme Vc\\ue Yo e\emen‘s fia
e same Par\-l\'im ond ditferent values Yo

e\emen\'s 11g dinren\ \oar\‘l\':cms.

n

Whol does i+ do Yo our ?\ve \oro‘oos'n\idns

we listed im ferms o? Con.g 7 The %rs‘ “\ree
xaielo\:

X mod q = X r_ﬂ_ﬂ_)_é q N
w\'\-‘c‘n S hc" veu:j {n} er es\‘ina 3
qu:bv_@q = Utn;o__d_q=xmodq

which i1s o more Yhan Yhe s:jvhme\n:j :_?—'}\we_
od

*

equa\i\-:)s
xmedq = ywmedq A ywmedq= 2 wmdg =
X mod q = 2 wod q

w\nic\f\ ‘Jo'\\s c\owh \-o }'\'13 )rrans'n\"nv&\:) o? equgo\\ib.

“The last hvo PmPOSi‘ﬂms become wore in\-eres\"mj
iF we choose x' = X mod q ond 5‘: 5‘ mod q
and reolize thot (x Ln__oécy\) wmod o = %X v_v_\_p_g\ q .
The oantecedents are then drue, and we get
Yhe wImost nice Cdﬁsequ%\"s
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(xvdmod g = (( med 9 + (y med 40D mod o
(x:9) medq = ((x medq): (Y medq)) med q
MAmosy nice. Had W} not been (’ur e Final

n

”W\od S vi\ied Yo )f\ﬁe r'!g\f\\'—\'\o\nc.\ Sides, 7135\ Q
WOu\C\ \nonre dis\'l"\\Ou}eC\ over +% and o \

“he Prob\em with  the in’feser—-a 'm\eaer o?em\w
mé q s Yhat i} choracterizes each rvesidue
Clqss b cme oF irs mem\oers, ond ~ scrmewhalt
o.rb'.)rro.r‘:?.j.. we hove chosen s one and onl
Member X Sa}ﬁs%;nj DSx< q . (\-\ence Yhe
need gur Yhol oddifomal “mod q " a} Yhe ?o.r
ris\n\‘: its Qr'sum@n“ c‘ou\d be "ou} o? rowae".)

The wea out OP }\fﬁs c\i\emma s Yo remove
Yhe observed arbitrariness by rep\acma "med q
@S charactert stic ﬁnnc"tm o? Yhe Por—h\-‘n c:n'ans
bb cne oP } Pe -\n’rese.r - residue closs .
No lcmaw bothering Yo men¥ien q QXP\’!C""\
~consSider it as o 8‘%«;\ Pomvne\er.-. we denste i+
b:‘} o ‘Doﬁr o? braces . ’Be'ma o characteristic
ﬁAnc}"lQﬂ'\ @;-r “\e Po#ﬂicn'ma induced ?; “‘te

Qqucuva]ence re\a\iw c‘] x--:) '\\ SQ\-is 1es

[}]

q)X—g = Ix3={y}

T.h Jt-\\e T)f‘ecec\'ln‘j Pol"a& TG-T:]'\ we yade rec.\b
lwo 5‘@?5 -~\')b\m]'>s R i? t:)w 3\<e_ . 3@5'](.‘!@‘5 -“we

new g.-nc\-'loh ":j)oe ‘h\‘?&er -~ residue C\QS‘S
we ‘m\Tod.uced “ residue c\csss ) as o (Cl--vq‘zuec‘)
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\UPe n s owm riﬁ\n}'.l So @r, our G“lf_') \beneg}
s thal the k\normc.\q equ\o.\i}:) S deghed o i“,

or mu\o.)'e now *'he_ -\-\meorem

ond Yhaol 15 alrecd Sme“\'ﬁn&: it alows us,
' ?yr 'ms‘-omce, -\o (}D

{x+q} = {x}

T view 0? l\me obove it stonds Yo reasen Yo
de'ﬁne {%r our  ew ‘r:jpe additien , sublrachon,

and \mu“": ".)\! ce i om bJ

Ix3 +{yd = {x+ 4y}
I3 - {9y} = {x-y3}
{x3~ {9} = {x-4} ,

thus See'ms Yo i+ thal 43 hicel:j distribules

over “\e Qr'\“nme}ic o-]':ero}ors Ca-nsicief‘ec\ So Par.

Remark We hove "overlooded” + ,—, and -,

since ot the right-hond side their operonds are
iﬂ¥28€r$ , G} Phe ‘eﬁ-kqnc\ side }"\?A‘"r‘ cher‘o.ndS
are  residue classes. We should not be Qigh}enee\
bu this: F.rs“ . the ouer\OQd'lh 8 necessar iP
Y ) NS 39

we le\ 4*0 see )—‘ne Q\oove ’r‘f\ree @)rm“\o\ cs dis-
Yrbuhon laws | seccmollj we should be qw‘e

used o i}, when e iﬂ}erpre\-
oa-(b+c) = ab + a-c

QS 'ufle di S‘r i\ﬁ u}'l ChA OP -n'le. s Co.‘c..r' Produ e,‘- over
“\e vector sam : the + at the n S\r\\'-}\om d side
adds reals. (End o? "Revnark ) .
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Hove we oachieved some'\-\nina? Well, we hawe
introcluced or residuwe clagses o Cs mme\-nc3

Mu\\ap\lca)ttmn Hhat distrbules over -\-he Csbmme)'flc)
Qc\c\ \'lO’f\

O3+ ({3 + {23)
= {o\eem‘-cm o? ?or residue c.\o;ssess

{5 {y +2§

= {deﬁm\wcm o? ?or residue elasses]
{ x- ( +2)}

= {dlS}rlbu}lCﬂf\ o? orithmelic - over o\r‘nname\-ic —t-}
{ X\ + x.2%

= {de?m'a‘ﬂcm o? + ﬁ;r residue c\asses}
{x93 + {x-23

Por residue classes, xwice}

= {deﬁni“acm o«}o .
{3 iyy + x3-{yy
Eﬂtouraama, -\\nous\'\ g-lrcmn onother Po‘m} not

impressive: one could cenclude thal e arithmekic

W\nﬁ residue C\Q‘SSes is 2o S’tm'a\o.r' Yo *'\f\o‘} kn“n

inteqers \-\no} 4OouU dew'} reclly need ver\tj much

Yo d'ls\"mgu'us\'\ Lelween Yhern ond Hﬂo.} Yo domt

\’QQ\LJ n eed '}D l'ao'\'\'\er' o&:ou‘ '!-\ne bmces o\}_o\“. Bk

le‘-'s \ceo/P }Mem
Whereas , withou} the addition c‘? residue classes,

he equatien in the 'm‘e&er X,

x:({x+93 = {2})

has no unique sc\.u“\m\, e ome n the residue class {F

1x3: ({x+ 93 = {23)

has a u.n'nque sg\u‘hcm, vz, {2—33
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s dhis \mPor%m}? Nes, 1 Yhink so, g)or i+

‘lr\#ﬂ-e_s uws Yo look g\‘ QQ'AG"ims like
x:({x-bg = £23%) R ond

O3 (x93 = {23) |
Le} us look ot the @rs} one , which we oy

rewrite &S
x: <q\ X+ -2) , Yreen which we conclude
Yot i} Moy hoave no soluhiems o} ol - e.q. @»r

q,\\'),‘z. = 6,'?.,3 -  Or w\o:j \f\o»ve. 50\u\"wns \ess }\'\av\
9 qpo.ﬁ - e.9. F%;r >4, 2 = 6,2.,4 —~ .

\rd\nem \'ms H'\e secemd Equa\icﬂ\ Ca Lm;que

So\u\—‘ncm (i() ‘:\— \f\us cme) ? From
{x- 33 =92% N~ {x" 33 = 2%
we would like Yo comclude Exy = {X'.S

NG\‘e {XS = {D'S
= {aﬁ“ﬂme}icg
{x3 = £y +0}
= 1+ ?0"‘ residue c\asses}
{x3 = {9y} + {}

= {Qﬁ“’\me\"lc}
£x3 - 1y} = {o}

= {- fr residue classes § |
{x~§33 = {0} " (End o? No\e)

We cown conclude

{ Cx-x")- ':j?) = {OS
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bul Yhal does nol SM%CQ’ e.q. °l>"”‘"&:)= 6,2,4,3.

“The ques\‘ncm o? Uniqueness roises Yhe ques‘im
wun der \\)\'\ic\'\ c'-rcums}mnces wie \ﬂave -“r\e wsuo.“-

{x.y3=0% = {x¥={0} v {y3=410}

This implico.\"lcm does not hold i? q s comPos'nk!
With =6 , {or instance , Por X,9= 2,3 , the
antecedent is Yrue , whereas Yhe consequent s
not. So, @r ccmFosﬂe q we ge\' e \-heor:j
in wkic\w o ?roduc\‘ Ccon \oe, 2eroe W's“ﬂou} ony
O? 'l\'s ?C\C\'Ofs \Oe'ma zero. Sure\ Scrmex-\n}nﬁ
wor\-\n \hves)-isq)ring , bul we wen do so here
and  will Gcm viow on Trestict ourselves
o values of) S eolm\ Ao some prime  p

under which constraint Yhe ohove '\mp\ico.lﬁon
holds .

Consequ‘en'*\j , PO‘I" {\33:"—{0‘5 Ol'hd {XS rﬂ'ﬂ&i'ﬁ
over the P residue classes, the values {xy}

are all disknct | ie. dso romge over the P
residue classes. Ccmsequen\'\3, Fc_)r' {33:,&{0}

O { xy¥ = {=})

has o WUnigque soluhiem , Which we moy dencte
"’a {23/{33 ,’r\'\us 'm‘rrOcLuc‘mS LN C\ULCA"IE'Y\}'

[
vl residuwe C\QS‘SQS‘ Prov‘lded Hhe "de\r\om‘mc&or'

di?@rs ?mm {0}
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Remember Yhat we hod introdwuced For residue
clc.sses on adcdition and o mu“‘:f\‘uc.uhun 50.'“5?5-
'm3
{x3 + {9] = {x+ DS
OG- {y} = {x 9yl
Vs Yhere o sense n which our newly Miroduced
qwhen\' E’or residue c\osses can 5&\-15?3 the

simi\ar

{x's/{t_j}: = {x/:jS for Lt # {0} ?

In other words, wmou +the broces distribute
over Adivision cs wel ?

n n

“the. onswer is no um\ess we ofre w-i\\inj '\o
extend the broces Frmn o ?unc\'u:m grmer
ey c\thed o in\'e._c)ers Yo e ?u'hc\'ic.rn deenee\
an retionals. The onswer is "yes’ i? we do
exrend the ()u.nc\"\cm Yo ralional whose deno-
mmc.}or Sc.\r'\SFies {3'5 :,&{oi . Te reasen is
Yhelt {339{33 ~ delined as unigue solution
0? o lLinecr equa\\m -~ indeed Unlt) d@Fe—nds
on The (hOfmo\\-) v olue o? Yhe ?rac ion x/:) ,

wmore prech se\J .

Lwisfol A {93 ol = /4y = {wx'ﬂ/{w-b’s

To demenstrole Yhis we ocbserve thal} ?or ony
w: X, ‘j, ond 2

{_'Z.'W' ‘33 - {wx}

{ residue Otrﬂ‘\nme"ic's
f2-w oy = wx$ = {o}
= ‘[ori}\'\me}icg

{fw: (229-x)F = {0}
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= ) P is Pﬂme}
{fwi= 10y v {2-5-x}={03

‘['Z.-l:)-.XB = {O’S
{ residue ortthmelicl

{2‘3'3 = £x3% o,

te. the some =2 solves the Qquo.\'lans ?ur {X.ﬁ/fb's
ond  for {w.x's/{w-3'5 respechvely.

]

Since all Proper\nes o? rahiomal arnithmehc
(such as G/(b/c) = (G'C)/b » a/b +e/fd =
(ad + he)/(bd) , ek.) con be derived \o:j
c\e%mna c./b os 4he unigue s olu o 0?

x: (o= bex)
ol Yhese pmgger\ies Corry over o the rclona)

arith metic residue closses, the onl
c\iﬂae.remce \oe‘uns Yhe} the wdll - elemen) Qi?Fers:
in the wnormcl cose Yhe nuwmerctor -s\wou\c\
ditver rorm O, In -qu res‘ud.ue O\r‘\\%me}ic '\\‘

should d«.'l% me {0} . Tn btk cases the
Y‘Equ‘:remen} uaron}ees ~'Hne. ex‘ls)fznre o? o
Uw\iolu,e SO\U. o,

And now we con stort \O!A't\dinﬁ WP o %ecr:j,
Com\ﬂg u.')o Wik A‘heor%s suc\-. Qs

o« AT ={gd = GA={g v e~

- ?or' \’)".: 2n 41 }\ne P rQS'IQ\MQ C\&S‘SQS

consish N nan-squares ond nH squo.res,
beihg {11y wAth  Oogign

* ?‘” = 2Nt
fesitsion: (s 15isn: VDY ek
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wk‘\c\'\, ?or \ns}ance, Frov'\c\es o wo:j o? c\emons\'m‘in‘j
+hal ?or' P25

(Si: 1< p: (F-‘l)’f/i) V;_ﬂ_gipa = 0

(This is not Yhe ploce 4o show thal demonstredion,
w\nic\\ A SES -Hne \GS\’ \ou\\e\- -B 18 men\'ionec\ a8
exovn\o\e. o? how ex\-endinj the “broce ?unc\icn“ ‘o
rohional or-sumen\s gives our vocabu\ar:j an enfi_f:b-
ment withoul which some arﬁumen\s wou\c\ be ex-
-lre.meb hord o c::nduc\n)

* *
%

What did T learn? One Mrivial \-\f\inj: sSquare brackebs
are wore convenient Yo write thon broces. (Eorlier
T used squoere brockers: in this wnote 1 reP\cu:ec\
them \oD braces and, o} least in my hond, that

wos no}l an ‘.mProvemen\-.)

\Je %Coun\"ef‘ed -“12 ve.r‘j je.nero.\ )-ec‘w\io‘u\e QP
c\norqc\-eri?.'ma o Yor}'l\ion'mj ofo. domain \O\cj Cn
?unc\"\on on Yhel dowoin: be\o-njina Yo the sowme
Pmr}i\'icm equiveles :j'ne\éir‘sﬁ the same @Anc\-‘zw\ volue.

More "W\pc}f“‘o.n} wos “the é.‘uscove\:j et ?or‘ Pe
range o? Mok @v\c}'ﬁoﬂ we could introduce o } Pe
~vresidue class in this case- @r whidh we coul
define + ond + M such o Wony Yhaot the fumc-
Yion o\is\r'u\mﬂec\ over Mese arithmekic erators, 1
-“n'mk '\»\r\o} the Possi\oi\ﬂ-\j o? }l’\o.} diskey U\\‘icrv\ wWOs
(% ver:j encourag'mﬁ ‘mc\ic‘o.\‘mn '“flo.\” we were ]ﬂem:\inj

?cr 5Ome\'\'\in3 WO\'“'\N\'\;\G.. Qﬁer Q“, wWe WO\.\\C{ \i\(e
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to mqni?u\o;\e, and in order Yo e olde Yo do so

one needs laws.

Encouraging as Yot Moy be, the Poss‘:\oa\i\:) o?
manipu\c}ion s not enmﬁ\'\: the mc\myu\o\-‘:ans
cowld e wothing wiove 'Hnom ‘ms‘u)o}c\ rewrﬂin s
bock omd @rn\ Voehween d‘aﬁjeren} notatiens., The
Foss‘.\oi\i\b ‘3{) ek‘ev‘c\‘\:ﬁ -\\ne. domain \-o ra]":ona\s
was, L Yhink, the cracial desk. (Tt 'nr\m-nec:\i«:a.\re\t1
suaﬁes}' on ex}ension 40 \-‘ne ComP\eK \:\ome-, ~\\f\is
s \eﬂ as on exercise Yo the reoder.)

Tinally 1 Miink i} worth nobicing thet we oml
J e )
30\ oﬂ? '\-\fne SrOunc\ q@@r o\oo\‘\s\n'\n\gj Yhe ho"-c.)l-‘uoh
A = 3 (wod c)) , wk'\c\n Vs \-\3\:3 o\n\j\now.

C\osinq re.vv\g:k This BWD *oo\& < ‘Je-l:j ‘cm& }'nme.

to ca:}np\e\'e end 1 om ot ?u\\?) \eased with ik

eeling Yhot the
exercise heas Youohrt e more than 1 con @)rmu-
lote now. (End n%Closihj ?qur\’(:)

Com?\e\"lon. 1T hove Yhe u.ne.o\s:j

Qushn’ é :)o\nua.\a IQS?

prog or, Edsaer \/J:'])B\cs}ra
'.De?ar‘fmen} o? Compu\'er Sciences
The Uhiversi\:.) o?Texas ot Pustin
Rushin, TX 98712-1138
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