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A theorem o_? Charles “Babhage's extended

T L. Bauer 0] }old me }hal Charles 'Bo\‘o\':age, has
shown that

20- | : . . :
(ff-11> = 1 (mod \97'3 |€ ond Uﬂl:j \F P is on odd prime.
He ?ur}hermore Yransmitled Yo wme his Cu*ndec}uf‘e Phet

(k+p -1\ _ .
P'f ) =1 (mocl \oa) ?or narural k¥ and pPrime p %5,
which will e Froved in Yhis note.

Convenyions Al H1r0u5\-\ Mis notre

P k is & nalural number

® P 19 Qgr'xme sa}isVainﬁ )’D‘?: 5

o n sahsVYies | = 2n+1
e T scariskies T= (‘P-‘\)\
(5 dummies : range: Yerm ) is Yhe ?c:rmo} wsed Yo

dEnolre SUuMmm ot on

. (P dummies: range: Fac}or) is the Porma\- used Yo
: ] Q}‘
denote mun-;P\lc ton. (End o? Conventions )

On accom\)f o-? the degni}ion o? binomial coe@

%’iciev\\-s. Yhe demonstrandum is equivalent Yo
(Piiisi<p: ¥p+1)/F =1 (mod p>)

or eqm‘;va\@n}r\j , since ¥ has no f’o\c}-or P -
(Pi: 15i<pe \KP-H) = F (med p*) :

\

Yo be&'m with ., we %Bere{)ore Expond Yhe \eﬂ-}mnd
Side In powers o? kp . This taie\ds
(P 1 sHicpe \&p-}ﬂ = F.+ C (ky) + ’D-(k?y * \mg\mer Powers o?kp
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with C:(_S_i:1$i<P:_F/i)
anc\ ’D=(§_i,J=1$i<J<P: “F'/\J)

TY\ view OP )r)'le ex\oanswn, Hne c\emons}rand.um

-Fo\loms ?rcrm CYhe s\'rcmser)

(0) C 20 (wmod Pi) ond
(1Y D=0 (mod p)

Let us Yackle Proo? o\o\isa)ﬁon (o) ?{rs}. We ohserve

C
= {_de@m}\oﬂ&
(Si:1si<p: T/
= {_sp\in-'mg Yhe ro‘nge}
(Si1sisn: F/i) + (S n<;<\c:'F/i)
'[reno.m'mj the second dummy:  i= TJ—\')S
(Sis1sisn: FAD + C‘é“): Ve ysne "F/(p—j))
'[Cc:m\o'\nina Suw\mc}ims over equa\ T'cvmgesg
CSi: 151 gn: T/ +T-'/(p—'\3)
= { arithmetic }
P (Si:15ign: T—‘/(i-(p-i)))

Rence | proo? o\:\iﬁa\riOh (0) con e dis&\arged \"_‘j
deamcns\'ro\\-ing

(2D (_fz-‘._ 1 S'\Sn:'F/(i-(P—WE) =0 (wod Yﬂ ;

I

i

Pur’rhermore we deduce ?rcmn the above
(3> C =0 (mod ‘3)

Tor Yhe momen}t we shelve ProoP ob\igo\im’\ (2)
and  Yackle \ordo? o]o\i&c)r';cm (1) . To Yhis end we

O\D serve - G\emeﬁ\arj 0-\ 5e\grq -

(4) C?' = (§E:1$i<?: _Fz/iz) + 2F¥D -
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which allows us lo rewrite (1)

D=0 (mod P)
{ 2F¥ has neo ?ac.\-ar' PE
2FD = 0 (mod ‘))
= { (@}
C*-(Sit1si<yp: T2/i*) =0 (wod P)

{ (3}
gy -(Siitgi<p: FY/i?) 20 (wed p)

]

Hence , Proo? o\o\ija}ion (1) con be disc\nc.rfjed. by de-
mons*r&\‘ing (s) s w\'\ic\q S anouraaina \D 5':mi\o.r }o
(2D , our other remo\\\n'ms Proo? O\D\HSG*’IOV\.

Because both (2) and (8) are congruences module p,
we now resort do Yhe residue colculus moduwlo p. In
what ()G“O“""’, '}0\(3“3 Yhe residue class o{) e. (rational)
a?umen} s denoted b:) surroundina the Gf‘sumen\- b‘.j o ponir

<o Sclucq e brac\(e\-s.

Tnterlude We recal)

® ?or ‘m\‘eﬁer araumen}s % and 3-. [x]=['33 = F]Cx'b)
(for “alb’ read "o divides b')
e there are P distinc} residue dasses
- add’.\»’ucm, Su\:‘rrcsc}"lm, and m\a\hf\ic&}im o? residue
cle.sses s c\eg:mcd bj the c\is)fr)\:m)ﬁon o? ‘he Square
brackets over +hese o-?era)fors, PLe.
[x)+ Tyl = Lx+y)
Ix1-1Lyl = [x-\:)]
[x): Ty} = Ix-y)

. as )‘.7 1S Pf'lme

[x'.)-fb) =[0) = [x)=lol v t5]= Lol
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» oL} 'P s ?r‘;me, e equo.)f'tcn'\ m the unknown residue

C\O»‘SS 2 z-_( [x] _ [3].23

has -?cr Y33¢[03 o wnigwe solution, dencred \'-":j f"j/[‘;))
) bb \e)f\-'ang Yhe souare Bbrackets distribule over divisiom

as well | ie.

[x3/ Ly) = Ix/y]

residue C\.cxsse.s g)cr ‘Pr‘ame Gre c.\so &ss'ugneoi \-o

roYional g)ra chiems X/-J wirh [v'j# Lo)
(End o? Th}ef\u\.de.)

wWe tackle (8) g)irs\--.

(53 |
= {c\e?’mi}iuv\s o? () and o? residue c\ass}
["(%3: 1 151(‘3: -Fz/'ll)] = ol
= { ariYhmeXic §
[-F2 (Si:1si<p:1/i1)] = o]
= {dis}r'tbu.*ioftg
-v%)- t(él 18i<pr 1/'\2)] = o}
- { LFD) #1005
L(Si:1gi<p: 1/';”')] = Lo)
= {p= 2N+ 13
[(Siirgisn:afit+ 1/(p-3)]) = Lol
= { dis*ri\ou}ion} ‘
(St 15 gn: +/i*] + [1/('?2-7-?35”3) = Lo]
o { Ty Ix/Cypd) T
(éi: 18isn: [1/3‘] + [1/31]) = [03
= { disinbudion}
(si: 1 sisn: [2/%)) = To)
= {d’s%ri\su}‘amﬁ
£2)- Céi: 1€ien: Y_‘t/i"]) = (o]
{ 121« (01}
(6 (si-1sisn: 014D = ol

)
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Now we Yackle (2):

2
= {'deﬁni'\icms oP (2) and o‘? residue clossé
L(Si:15isn: F/A(p-i0] = Lol
= {arithmetic §
(-F. (Si-t1sign: 1/i.G-p) ] = [o]
= { d'|s\'r'|\ou}'lon5
[-F). (Sir1gisn: [1/(i%ipd1) = lo])
= { LFY4 [od}
(S 15isn: [1/Ci®-ipd1) = (o]
= {[x/bl z [x/(:j-p)] §
6 (si:1gisn: [1/i*]) = Lo] ,

and henca OWLT )(wo 5\3“ OU*S}Gﬂdinﬁ Froo? o\:\isc}'xcms
(2) and (8) con boH\ e d’tsdno;rsed b:j s\now‘m‘rj (§).

Since Por inteoer i oand J
L% = 1))

{ residue calewlus}
[i-l-J]'[i-j] = Lol

{ P s Prime}
[i+j1=L0) v Li-jl=To)

]

Qur ‘P (: 2Ny 1) residue C\stes 5—’&\ cx?cw\' in M
ngnsquares , Sguare o) oma n "\oos'\\\ve squo\ree'
and qjc.n" i rahs'in& over Asigwn [i""] raﬂ'ﬁes aver

the pos:’\-':ve S quores.

However, ?or in*ege.r ) cvnd\') wAth Ei‘)}:ﬁ Lo]
[+/i*] = [1/3*]

= { residue calculus §
Li+32- Ti-j3- [1/32d = Lol
= {b/pllold
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[i+3]- [1-3‘_\ = tol
= {P s Prime}
[ivjd= Lol v Li-jl=o0

and , becouwse [1/i*)# [0l . we cemclade Yy Yhe same
}o hen fHﬁ ct -r()r 3 Y 0\7131?‘\ over 1s5isgn, also
L4/32) ronges over the posifive  squores, omd hence

(6>
{deﬁnﬂirm o? (6) and cbove revorksy
(Si:r1sisn: Lit)) = 1o
{di srribuYon 3
[(Si:15isn: i*)] = Lo]
{G\Sebro.}
[ n(n+d (2n+1)/6) = Lol
{Qh-‘-’\: P and 9@&(‘2,6):13
rue

And  tHais concludes he Proo\?.
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