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The colculus og boolean structures (Port 0)

We re{)er b‘j e calchword "lLebniz 1o the
PrinciP]E enunciated \:U Leitbniz Yhat o Punc.\'ion
a)':)o\iec\ Yo equal c.rsumen\'s b’.e\ds equu\ values.
This is uswz“b e:xpre$seé b3 the Pormu‘o.

X::j =2 ?.K = ?3
Legenc\u T s Seneru“:j understood Yhal s @r-
mu\cx holds Vor Om:.) ?unc)"lon P and Yo ony
ar&umen’is * ond “ lo which ? s QPP\icmE\e.
We have used on inkix ,:er'-ocl ‘o denole R\nc“\onc]
c.’)):]ico\ion; i+ has the \r\igkes\- \o'mc:\'m.j power o?
oll inkix o‘perc.}tors. The equa\i "‘J = hasz o \ni&\\ef
bino\ina ?owet“ thon the '|mp\'icg on = . Hence
Yhe. above ?ormu\c.. is a shorthand For'

(%= 3) = ((0x) -.-_(?.lj))
(End of) LESQndq.)

We shall O\PT:ec.\ Yo the Pr'mci\o\e o? Leibniz
()or named ?unc‘ions; most requen\‘b, however,
our Qppec\ o it will be \)us}i?ied \o:j Yhe F&c\‘
hal Gl ex\wessiov\; we write down ore ?unc\ions

o? Yheir su\oexpressions.

We recoll our convention thel |, (3r x ond Y
| _§\:rtfchres c:? Some s‘wo?e, x=Y stands ?or o
boolean structure of thet same s]no.Fe; alse, ‘?
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could be o shucture-valued ‘?unc.\'ion. 1n order }o
odo’:\' he ")r'mcip]e. o? L.eibniz io Yheat Co'n\fenhor\

we rewrite it as

Ex-:\j] = [@X';?.tj]

(Since O nch-s}ruc\'ure con qlwo:js e viewed as a
structure on the Irividl spoce Consis\inj o? the ore

anohymous poin‘-, ouv ?ifs‘s Vormu\a}ion 1S c\spec'.o\
mstance oP Yhe cbove.)

'l'n the -?o“ow'mﬁ, we s\ncu“ use “‘\Q copil‘a\ \en‘ers
of Yhe end of e olphabet - primacily X , Y, and Z-
os variobles o? }5)02 boalean siructure. Tor Yhe
equali between Looleon operands we introduce
Yhe alternolive 53mbol &  , which ﬁ'ow; o Syn-
YacYjcal point QF view distinguishes i\'se\? ﬁ-cmn =
Oh\fj bb Yhe '?o.c\' H'no.\‘m_c'?é’i‘"'?‘éqsws c? comvenience)
it has been S'uven e much lower Bmc\'ms Power
thon = . fn expression o? dhe ?ofm A=Y s
called “on equivalence” ond is read as X equivalenr Y
or s X equ‘wc]es > The \‘)us}‘vﬁce.\‘non Ru-

=N SPeCiG\ sumbol and a Speciu] nome in +the case

¥

c(? boo\eov\ OPQl"Omds 18 4o ke F’ound in Yhe circum-
sl‘cmce -n\o} @olu'tvo\ence en\’)qbs =8 Pro?er'ltb no\- en-

Jobed \9.3 the eqwaub in Senera\: QquiVQ‘QnCQ is

associchive | ie. we hove for any X, , and 2

(o) TXX=2(Y22)) = ((Xz=Y)=2)]

Tose“\er with Leitbniz's pﬂncip\e, (0) Iindeed expresses
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O.SSOC'tohvi\‘:j: it implies thel wherever we have o sub.
expression porenthesized cs ot the \efr-hond sjde c?
(0)s central =-sign | the Pc\ren-\‘heses Moy be rearranged
as ot i\‘s rlgh\’-\f\omc\ side without c\qo-nsi;isr “‘Ie ”
value o? Yhe dolel expression. Tor brev‘:\-d's soke we
skca“ never corr:) out dhese s\"\um\ins opcro}icﬂs in
detail, ;]us\‘iﬁj"nﬂ ach s}eP \;;_b on ex?\ici\- aPPeul ‘o
(0). Tnstead, we shall {%e) —F-ee. to insert into or

reyvnove Gcrm .Su.c\'\ con\"mued equ’wq]ences Paren'\r\":es':s

Poirs as we see ﬁ\.

The other lmpor'\'an} Properlb o? the eo,u'.ua\ence
- remember el = is cmlj an olternakive {’or‘ = -
is thal 1} is sbmme\'ric; under 4he convenlion Qf)
om}—\}‘mﬁ redundant parentheses we can stoke Yhis

by

(1) IX=2x=YsX)

Tn combinalion with }the associa}wﬂj Q? the
eqqu)ence., (1) s o rich ?ormu.\q:
. Pc-ren“nesitc-ee\- as LX=M) = (v=x)) ) expres.
ses the samme\-r:) o€ the equivo\ence
o porenthesized as [X= (Y=Y 2 X)) i} expresses
theb Y=Y is o lefb-idenkily elemen) of tne equi-
volence

o ?aren}hestzed os [((X=vyz=YD=z=Xx1 i expresses
ek W=EY is a righ}-idtn‘f‘«‘ﬂ clement o? the equi-

VO‘ ence .
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Since ‘G“f an ‘m@k o‘)erc.)ror Athot hes a \eﬂ- ond
S rig\n\‘-hono\ iden\'i\b e‘?men“ . '-Hne '|c\en\ﬂn elemen\'
18 umque, we CoGin 3'1\/& ﬂ' G nNnome, -IV\ the case o?

L

the equ'\vo\ence, ‘s Cu\s\'OmorD nome s “Irue s

& convention Fro?er\j co]:.}-vured bj

2) (X =z Yrue =2 X}

Kemark Here one cou\c\ have the \ur\z’m Sus‘)icio-n thet
e equivelence has as many  dishinet ic\en\i\:j elemenls
G wWe con have 5paces on w\f\‘nc\m Yo degne s\ruc\ures.
7Dr\-uno.}‘e\‘3, we <can G\So read -n'\e c.\oove. '\n\'roc\uc\‘im
of  Yrue as s‘rcﬂins Yhal i} s the iden\ﬂb ele.
ment of Phe equivelence, whatever Jhe Underbina
spoce (‘mc\ud'mj e ¥ivial ome). The comstont drue
15 as unigue as the 2erces in 0+ sSmx and in
O+ cos.u ore the some zero ; the comstont Irue

15, ™ }ocl, oS unique os the eo,mvo\ence ond  the

square brockers therm selves. ¢ End o? Yemork.)

The squoare brockels denote o wnary operal-or
o‘oero}ins on the enclosed, more precisel:j o
?u.nc.\'ior\ ()rom boolean structures Yo the dradi-
Yonal boolean domain. Hence (0), (1), and (2)

are normal boolean ex\o‘ress'\ons, and drue

be_'ma Yhe '\den\i}:j e)emen of the ec‘u'avolence,
we cowld hove written instead o? @)

(2" IXz2YYuez=X] = Yrue
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{)or \orevi\-j’s Sc:.\&e, we Fre?er ().

Turthermore we equo.\'e. a boolean value with
o \ooo\ean s\-ruc\-ure: on the ']'r'avio.\ s":ou:e ccmsis\"me
o€ the ome anonymous Poin}. Becouse the square
brackets have call the T:roper\ies OP universel
qz,\cm\‘\fica\icﬁ over the uno\er\:j‘m space, Phe:j
reduce Jo the ic\enh\b ?unc\-icm. when O‘?T’\}ed Yo
o boolean expression. So we could hove wrilen
as ?ur%er qﬂerno\}'sves o (2D

[EX.‘-—“ hrue = X 11 or
FIX 2 }rue =2 X1 = Irue |
agoin, we dom} r%c\rd these as an improvemen]-

over (2D

Because EX] 18 o \oeo}eom evpress‘acm and,
o.‘sr.a\'led %; (X boo]eom express}m, the Sguare Yorackets
reduce -\o '\-\f\e '|c\en}‘|x:) ?um c\"lcm, we have

(D (IX1) = TX)
Yhe squoare \Df‘o.el\'e\-'unj is '\C\ero}en\'.

Formulae (o) Hﬂroush (53 stale Proper}ies

of = , drue, omd T . We use them as axoms
—laker, when we introduce more conneckives, we
sk&“ 3’1\1& more oXxXioms — . \\le wwse -“'nem '\o Coam .

ule values as '1'mT;\‘|ed b "-)’Ieirr Yruth, as ustra.

}ed "’3 Yhe (’o“ow‘mﬁ (S‘um?\e)r Prooﬁ
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—anor‘em. Equivu\ev\ee s \"Q@ex'nve_, .e. we \f\owe

for any boolean shtructure X
) [X =X
Proof’  We observe {or any X

[X=X]

{ (), porenthesized X 2 Oyrwe 2 X))
[X= ¥rue = X1
12>, or (@),3P you prefer

true

CEnd o? ,Prcm?-)

Wewmork Note how n Yhe 61‘5\' in}, we did not
need Yo idev\\i@j the sdubexpressiom loe‘.rb replaced.
(Ehc\ o? /\'\DQMQ\’\(.).

’?'mo.\b we derive @,r ‘the '\devﬂ-i\b e\emen\‘
o(? x-he e.qu‘\vo.]ence

) Ldrue’)
b'j CO«‘CU.\Q\"IV\S -?or some X

[ Fruel

= £C2), Parsec\ LYrue = (XEX):\
LX=X]

= {@}
}rue ,

Q resu\\" 1M c.ccorc\&nce M‘Aﬂ O ec\r\ier announ ced
Pro\oer‘}j o? Square BMclre\"vng. So wmuch ?or the

ec‘u.'l VQ\ ence |
* L
»®
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-.D' s Yime Jo inYroduce our next 'm?ix o\:eralor3
i+ 1s called the disjunction, it is written os v
and read as ‘or’. We ojive W+ o hig\ner— \o'mc\'mg

Powe\" ‘\‘I\O«n -)-\ne eclu‘uv'o.\ence.

The d\sjunc\icm s w{bos\-u\c\'ecl Yo e sﬂmme\r‘.c,
i.e. we hoave -ror G“f_’) X eand Y

(6) IXvY = YyovX) ;

o be asseciahive, ie we Wove for oy XY, and 2
Gy Ixvrv2d = (Xvvdv2)

o be idempotent, ie. we hove for any X

(8) LXvX= X) .

lo dishibule over eo‘uccvc.\er\ce, .e. we hove ?or

ony X, and 2
(q) IXv¢=22) =2 Xvyy= Xvz2)

"nne.orem 'T\'\e cons\'an\' \'ru.e S nne 'zero-e\emen}

o() the c\isjunc\"-on, ie. we have @:n* ony X
(10) [ X v true = Frue)

Remoark The shorter stalement [Xv—\rue] would
have disguised the zero-element. (End o? Remork.)

’?rogg We observe ?or' oy K and Y

X v true
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X v (Y=Y

= {0a) with 2= Y}
XVY = XVYM

= { @) with Y= Xv Y}
irue

(Ehd b? /Proog)

At Yhis stege we con use (6),(3), and (3)
lo show the '@)“ow‘ma

Theorem The disjunc"'lon dis}ri\ow‘es aver ﬂ'se\?,
1.e, we hove ()or ey KX, and £

(1) IXv (v2) = (XVY)V(X\IZ)]

’Pmag e o\aserve ?o-r 0‘“.3 X,Y,'Z
XvY)wv (X~v2)

= 1 @3) .ie. v s associclive 3
X vy v Xdv 2

{ (6), ie. v is s:jmme\'r'tcg
X viXvY)v Z

{(?), L€, Vv s GSSOC':Q.\':VQ’S

(Xv X)) v (¢ v 2)
1 (8), ie. Vv is idempo*en\?;

X v (Yvy2O

n

0

(End o? f\)f'OO?)

?emor\'& "_Y\ *\’Ie Q\oove W ‘nowc—z ‘wrin'en more
\oo\ren\-\qeses Yhon we sholl do in ’rlf;e{)u\ure.
The "au\'o-o\is\'rl\ou\'\on " holds '?or‘ ovnn oPero\}or

Yot s 5 mme\r'\c,o«ssoc‘\a}ive, and '\c\empo\‘en\'.

(End o? Remark.)

*
*



EWDloo1-8

T s Yvme Yo intreduce o next opero}m—. The
shortest tetel &f‘sumen\' would result ?rom intro-
o\uc'ms the hescr.\'ioh ?rrs\- ond ‘then deﬁninj Yhe
ConJunc"\on in lerms o ne a"lon ond c\isJunc\"tm
Cue. \03 Pos\u\c\}'ms one o? the Lows o? de Mogﬂn)
We sholl not do so, ﬁfs\'\a because it is the
usuol order _—ond i} s a\wajs nice 10 show
an olternaltive — , ond seconc\l_vj Lecauwse it dis-
ch\- Yot Cor\JU\V\C\"!cm cawn be Intro-

3u‘|ses the
duced Pr'\or ‘o “'\e ]r\*roc\uc\'ron 0? e ne\ﬁo\\im,

Our next ‘m?‘m oPem}or is colled *he con-
;lvunc\"\on; Fois written as “A" and read as
and”.  For reasons o? sbmme\'v:j Cwhich will
become apparent laler) we ojive i+ the same
bmo\'mfj power as the c\';sjunc}im. The con-

Junc\"\on s de{)'nned \O:j Fos\ru\o.\'lng for‘ Om‘j
XY
(12) IXAY =2 X=2Y 2 X+v YY)

(dlso known as “The So\c\en Rule ™D,

Theorem “The Conjuhc\‘\o'n s stjmme\r‘uc, i.e. we have

{'z:r any X, Y

(18 IXAY = YAX])
/_‘?I?_‘EF We observe ec,,- any X,
IRAKOIS
= { (2%

X=2=YY=2 XY
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= {assoc'\o\\rivi\j ond sbmme\:s u-P =
5‘3"““@\":3 o? v 3 |
*K

>

Y = = v X
= {02 with XY =Y, X3
Y A X

(End o? ?rooﬁ)

Theorem The conjunclion 18 associabive | Le. we

hove ?or ony X, ¥, 2
(14) LXACCAZ) = (XAY)IAZ]

T"roo{ We observe «rc.r ony XY, 72

XA (XA2Z)

{go\den Rule’
X2 YAZ 2 Xv(¥A2)

{go\den 'Ru\e}
X=YAaZzzsXvi¥=Z=z=Yv2)

{ Golden Rule; Vv diskribules over =
X=Ys2=zYv2z=2XyvYzXvZa XvYvl

W

n

"

which , Yhanks *‘O Hne st_oc'.o\\'wib and S&mme\g
<>€ = ond WV , 'S S mme\‘r‘ue. (32} X,Y, and 2 3
Yhis \las} observotion conclindes the Pf‘oo?.

(End of Proef)

Theorem The Cc:n.:)uﬁc.\"mr\ S ic\em‘:o}‘e-n", e,
e hQ\IQ (or‘ O\ﬂD X

(5) IX AX X ]

m
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?roo? We oclbserve {)or ony b4

X AKX
LG with Y= X3
XEX=z= XvX
(), e idev\}i\v element OP '-:_-'S
X~ X
= 1(®), e ‘\demPo}encj °F v}
X .

"

il

(Eﬂd OP ’?roo(’-)i

Theorem The constant  Yrue s +dhe '\den\i\‘?

e\emen\' o? the Con:)unc\'icm. .e. we hove tor

Otn:j X

(16) XA brwe = %)

’\7ro<_>g We o\oserve {%r‘ o\n:j X
K A Arue

{ Q=) with iz Yrue 3
A = brue 2 X v drwe
i Guv), e 2ero element o? v?;

I

]

X = Yrue = Yrue
'{ 'Ide\f\\"l‘:j element o? ’E}
X .

]

(End | 0? /Pr‘oop P

Theorem We howve @;r ony X, the Laws e-? F\Bsor?\r\on

O IXAXX~Y) = X))
3 Ixv (XA =X]

?
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’Pﬂoag We observe {)or nnJ X,Y

X A(XvY)
= {So\c\en ’Ru\el
X =2 AvYYa XvAvY
{idem?b\'encz og) v}
X= XvY = XvY
{iden‘ri\J element 0? =3

n

n

X ;
the other Froo? 18 like Hie cbove, bul with Vv ond A
interchonged. CEnd of Prool?)

Theorem 'D';s'_')unclicm distribultes over conjunc}ion,i.e.

we hove -?or ony XY, 2
(q) I Xv (¥a2) = (XvY) A (Xv2))

’Prooé We observe {)or' an:j X, X, 2

(X Y) A (Xv 2D
{Golden Ruded
XvY = XvZd 2 XvwMvX~v 2
{T.»roper\'ies o? vs
XvY =2 AvZ 2 AvYvl
= {v diskribules over "-"‘-S
Xv (22 = Yv2)
= {So\den /]?u‘ti
X v (A2D

]

(End o? ?roo(.) )
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Theorem CONJuncxion diskribules over c\'\s")unc\'icm, €.

(20) XA (fv2) = (XAY5V(XAZ)]
’Proof \We observe For any X,¥Y, 2

(XAY) v (X A2)
= {08) with XY= (XA, XS
UXAY) v X) A ([(XaY) v2)
= {38) with Z:2X 5 (19) wi X, Z:22.%X 5
(XvX) A (XvY) A (XvZ) ACQYVv2)
= {wv s \dempchrﬂ-}
Xa(XvY) A (XvZ2) A (YVv2)
‘[ (!?B.i.e. O\DSOrP)I'lu-n}
X A (Xv2) A OYv2)
= {G\:)Socp\'um cﬁm}na
X ~ (Y 2)

(End of Prool)

Kemork Whereas d]sjunc}KOH dis\r)bu\'es over egui-
vo.\em:e, Con:)unc\ion , \7 3eherc.\. does not. This is
Yhe reason w\nn we have proved Yhe last two
Yheorems Sefzorc}e\n. Tn connechion with the nejc}':cm
we sholl discuss the exten} lo which Con‘:)uﬂc}ior\
digtribules over equiva]ence; then we shal see
Yhal e \os‘- P\’OOF with v and A '\h‘-ei“c\qonsed

demonstrotes +the \Preceo\ins Vheorem. (GEnd o?
’\?emor\c.) '

» % »
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T is Yime Yo introduce the Pre?lx operator called
neao.\‘ion; W+ s written 1”7 and read as “now .
We gpve W} a kig\wer bmelinf) power thon v and A .
We Pos\-u\c;}e se‘oaro}e\:) its Pr‘apcr\'\es wi e
respec\- Yo Yhe equ‘;vo.\enr.e. oncl the c\is:)vmc)ribn;
it ProPer}ies with resTaec\- Yo the Con\)unchon

will then be c\er'svec‘..

Ne G\ion cmc\ equivc\ence are Cohnec\-ec\ ¥aY

el we have ()or any XY
(21) [A(X=Y) = 11X = Y]

Theorem We hove for ony XY
(22) [ X =Y X =Y

’P\'oé We observe {)or any XY
"X =Y
= { ('ZI)E
1 (X=Y)
{symmely of =, (@) with XXX
X =Y

)]

H

(Eh& o? ?\“00?)

Theorem Neja\'Ron 18 jbs own Wverse , 1.e. we

\'\Q\Ie for O\'ﬂj X
[ X = X
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’Progf We ocbserve for ony X

M X = X
=  {(Q2) wh Y= X}
{ id@n\”\j Q‘Qmen\‘ 0? E—}

-\'rue
(Eha o? ’17\"00{).)

h

NeacY¥ion and dis\unction cre connecred \sb

e {)Gmous Low o() the Excluded M]c\c\\e, i.e.
we »\onfe. E)or o\n:j X

(23) I[Xv X))

1n order 1}o 'mves\'\ﬁo.\'e what we con derive
Grom () ond (23) ¥osenwer . we subsktule

n (23) (X=YD) for X, e
we observe g)or ony X,

true

£ 23) wath  Xi= (X=Y3
L(x=Y) v aX=Y))

{ @0}
[x=) v (X =Y)]

{ v diskribules over =13
[XvaX = YvaX =2 XvY 2YVvY]

{ C23); idenbly clemend o 21
[¥vaX = XvY = Yoy
= {ic\e\MPo“enCQ °? V‘?‘
[YvaX = XvY =Y]

—
q——

I

h

—
=
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= {go\den ?u\e?s
[YvaX = XAY = X

Thus we hove Y:roved the
Theorem . We have '?car‘ 0«?\3 X,Y

(24) X vY = XvY =Yv)
(25) X v ™ =2 XAY = X))

Remork FTor the voriation we have chosen Yo ex-
lore a celeulational oFPof*}unﬂrb, \')us}' o see
w\r\o.\‘ “neorems we wou\d come w Mx'\r\.’\'?\a\onis}s
oLl d S0y el we hove “discovered” dwo new

Jr\neorems. (End o? f\?emgr\(.s

Theorem We haove ?or ony XY

C26) TaXvaY = 2~ (XAM)]
(27) [aX AY = A(Xv )] ,

known as Yhe Laws o? ﬁuaus\'us de Morgan Cuwho,

ir‘onica\\b, lacked o wnolation %r ‘he neso:\"\oh o? |
an o\rb'v\-rar:j cxPress’son: he had Yo nome it with

o s’ms\e feYter and the corresPohc\Enj \etter Fravn
the other —ie. wpper or lower~ case would Yhen

stond ?or its hegc.\"ton)_

'proog \/Je. o\oserve For' om‘;")(,\(

X v Y
{(24) with Y.z aVv}
X v Y =AY
{(4) with XY=, X3

n
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MvXzsX=sAaY
= { @)
1 (YVX = X =Y)
= {So\de\n ’\?u\eg
A (XAY)

With the oid o? (22), (23) s eas'n\b caleuloted
rom &)
?0 (2 (End o? ’\_’roo?)

With the constont ?o.\se c\eﬁneo\ \oj
@28 [?c.\se = 1 true )

we con -?ormu\a\-e the

Theoremn The conslant ?&\se is the denli}

element 0€ the d‘ns")unc,\')on and '\'\we_ 2ero Q{JQmen\'
og the con\')uﬂc.\-'ron, .. we hove 'Fm— om:j X

(29) LX v ?c\\‘se = X
(30) LX A Fc.\se. = ?o.\se ]

We leave hie PrOQFs ‘o Yhe reoder.

Tor Yhe sake o? comp\e)ceness we wmention be\-
onother ‘m?‘ux operclor, called 4he discreponcy
written as ”‘;"" and recd "diﬂ%rs ﬁ'omf T is
33mme\'ric and as«.socic.\'lve', \oemj wmutuelly as-
sociotive with the equivalence, it heas been given
the same low b‘mc\inj power. 1} is degnec\

by
(1) [X#Y = ~(X=Y)]
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“Theorem The cor\s\-om\' ?o.\se. is the "c\en\iln
E\emen\‘ o? '\-\ne C\'lscre‘)omcbl l.e. we howe ?or
any A

(32D IX#?&\se =X)

"ﬂv\e_orem _ﬂqe c'on:)v\nc\'lor\ dis\ribu\es Qv ey J\ne '
discrepoﬂc:j, 2. we have {:)r any XY, 2

(33) [X;\(Y;‘Z)E XAY £ XA2Z)

The lost Yheorem s obout the cmb recson ?of
MEn\-ion'\ns '\'he c\'\screponc& ot oll. The 'Pf'oo?s
ore \eﬂ do Yhe reader.

Remark Non\'"‘\j N owr axioms ]oreven\'s “ws ﬁom
c\noosins Fgr the Y\eac.\v'\cm the iclen\"l\:j oFer‘o\'or.
Troy-n e EXC\uc\ec\ M}e\d\e we ]mmediaxe\b derive
Cor any X XY =—or [X=Yrueld, if we wish Yo
he wore exP\ic})--. The cmb '\r\nins wrong, with dhe
model n whidh Frue is essenticlly the one and
on\:) Fredicc.\e. is Yhal % 12 void o? interesh
Hence our mterest is reshicted Yo those models
" im which  [X]) holds Oh\:j %r X e Tarec\iec.}e
rue ond @)r nane -o? Yhe other PrecliCQ.\"es, oP
w\'\'uc\l\ e.\- \eas) one ex'xs\'s. The T'?')ec\"lon 0€ Yhe

Y\Onih‘eres\-in mode\ 1S wnore \-\I\Qn wWe coare

Yo @or‘m:z\':ze. ( End o? ?emarL.>

X %*
»

Tn Yhe obove we have geme n Srea\' detail
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-\\nrOug\n cbout Haree dozen ‘?ormu\ue. Some
might even argue thol we spent more pages
Yhan Yhe )for:ic deserves. This, however, is not
Qon?'\rmed b:j the 9ener0\ EXVGr'\ence_ (o? us

ond o{) others). In +the -\eac\«‘ms o? Yhis wmalteria),

hwo \ﬁomc\ico.rs are qui)re CO VYNV O,

‘ﬂne one \nom:l.ia»r.» consists In an audience o)
has used boolean expressions In programmin
Ohd Jherefc;re be\ieves? -“no} 'n“ \(nof:sacn Mnesge?
Hhings Q\Y‘eo-d‘j- Upem closer 'msPec)ricm,ﬂ- uwsuall
knows Yhe connechives -eg. ) woy Q(’o\“}rul
Joble — bYul has ver feua o? B’V
ot i¥s ﬁnger)':]os. nd i ois Yhese Proyzef*ies,
ie. the rules o? Yhmn'lrau\a"lun, Hat are Yhe
\-opic: o? ‘\\n'ns c\no.}a)-er- and %\c} we w‘\s\a AQ

<omn vej .

emr Pro Fer¥1es

'“’se O“’Er‘ ]ﬂaﬂchccsp Cansis]'s n Gn aundience
w\r\ic\'\ hes b een '|n\'rocluc.eo\ to \osic \oJ F\nﬂo-
soy\oers. 'Suc-\'\ an oudience <an become verb
uneqs:j c.\oou\‘ SUur use o? “ﬂe c\sswic}iv'\\\‘j
o? Yhe equ“vc-\ence, because +hal use does not
re ¥lect human recxs:m'anﬁ, which , o\cccrc\‘mﬁ Yo
Some T.»\n.’\\osop\ners, loowe has Yo wmodel. Without
den in9 e O\SSOC.IO-}]VR& of” the eolu'.vc.\ence,
sSome. eoF\e. 01"9:4& C.oNs ts use because

L

1 n
'|¥ is 'Unna\-ura\ or coun}er\n\u‘.}’:ve.

\Ale. 3r0m\‘ -“ne \c.\'\"er. (8N “'\o.\- (C.\‘ \eas" \/Jes\em)
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\Qnﬁua es are ra)r\"'er Foor" o.\‘ ex\oressina equivs\ence‘
'Ba o \'mgmi.shc stondards Yhe semtence “Tom con
See with both eyes i? ond cm\\(j it Tom con see
with enmly ome eye if and c:mla WO Tom s wind. "
1S —?riq\o\& eor ts blotant sbﬁ\‘c\chc Ow-\\olsui) -
dokal gibberish. Bul {or us this is no reasem
o disqua\\? Yhe equ'uvc\‘ence. On the con\rm:j,
¥ our v()ormcaisw\ &“ows Sim le Qc.\CLA\c.hons
tho¥r ore beyand the unouded mind hecause
Yheir Ver\oc\.j T“ev\c\er'm3 woulol be Yoo \omﬁﬁ‘ms,
So much )r\ﬂe \02‘42\", Th "'\f\'ts respec‘ we ore
’fo\-o.\\ﬁ ‘orcﬂmu\‘ic, ond I wes m the)l vein
thel we s¥ressed the Q\Se\oruic neture o? the

cal culus.

Tt is here thel we would like Yo vneke Ywo
remarks in connection wath the go\den Rule.
The Grs\' remark 15 concerned with se¥ lheorb.

A Possib\e mode) ?cr our boalean structures
\S Provio\ecl \°§j ‘he b oolean ?unc\icms c\eenec\
an SoOme SFO«C@, \m\'\'\ a“ \ogicm\ OFQFO-‘(OT’S *o
be a P\Heo\ Poin\'—wise. “The next s}‘eP is o os-
sociate \Aff\'\"l ecch looo\ec.n s}mc\ure H\e suhse}
0? Pcin‘rs o? w\n}c\n A3 is the c')no«ro\c)rer‘\shc ?omc-
hon. (OrJ Hne other WOy roumcl, we associcre
with each Su\ose]- o? Po’m\-s i}s mem\oers\'\ip

?unc}-ion as i“s CorrGS‘ocmc\’mg ‘oooleom s\mc\ure)

We con now )r\\j lo Yronslote our \oeicc.\ Cem -
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nectives in se}t-theoretical nototion. For the dis-
J\Anc\"lon oand Ythe Cm;)unc\ion His s eo sy
d'ls\)u.nc\"ion correstds e the union U  ond
Qan‘)unc\"loh Yo Yhe intersechion N . With the
Zolu.ivo.\ehce we have '“ne Fro\o\em nno.\- .l}' WOu\c-.l
3ie\d —()or \'WO oPeranclS- qu se} 0% \oo‘xh}s ‘Oe\cm3|:3
o ‘oo“\ sers or Yo he]nﬂer, anc set ?r\ﬂem_‘j shuns
operators nnc.\- :jie\C\ sets con“&\n‘mﬁ e\eman}'s
Yot den't ‘oe\cmﬁ Yo o} leas) one of the crr:emno\s.
Torluno}e\‘j, Yhere s what is celled “the s:jmme‘n‘c
set diﬂaerence ! = ~ known in e\ec_\-r‘scc.\ Qnﬁineer‘:ra
as ' Yhe exclusive or "-- . Yhe e\emen\:s \Qe\wsmj
lo one set bul neot Yo the o}\wer; ) COrresPcmcls
}o our d'\screPclncv #  and Wn set theory the
&ssoc'\c.\-‘w\\:j of the sbmme‘rric set c\i'?t?rence

1% \ﬂ'\own.

Tn order Yo render the go\den Rule in
standard set-theoreticel nototion , we have to
replace two equlvc\ences b,j discrePOmcies,
whereos the last ome is r‘eF\chd \DD He
equq\i\v sisn et ‘nas qo corr }he \ourc\en oF
the square brackels. 1w \90‘3«3 on sel '\-\neo‘:j
e 'rno:-j Yhus fmd the ro\\owina "o\{%;eren\"

Yheorems

A = B-~@®naRY-CRuUR)
AR = (AnBY~C(RuUB)
(ARNB) = AR=B =~ (A uUuB)

@uB) = A=B = (AnB)
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A-@uUB) = B~(AnDB)

H

m wk.c}\ we \'ecoE)n‘\‘Ze ?»ve Clumsa renc\erings 0?
Yhe go|den /Ru\e_ The obove s < s‘ri‘(inﬁ exmm‘:\e.

o? \'mu_b 'mo\c\equo.}e noration can 3enerc."re S'Purious
diversigcc\":cn\. We hope i} re‘m{?orces our urgent

recommenda\-‘eon hot Yo *roms\c\)re Otar fc)fmu\ae
ih}o se\--noecr'e}icd ho\c\\"lon ond Co-’\ceps So s

o wmoake Ythem “easier to understand .

Our second Te\mc.r‘« aims cﬂ- Yermouvin Some
of the surprise that Hhe Golden Rule suelly
evokes ot ﬁrs} encounler. Kemember the s}aﬁe
we \wwere m \d}leﬂ wie \no.o\ equ.ivo.\‘ehce. ond c\'ls-
Junc\-ion, bo“\ﬁ s:jmmexr'lc. ond &ssocio\\'we, o\nc\
c\isk')unc\icm iclem‘oo):en\' and diskibddine aver
equ.ivo\\ence. \J\ﬂen WEe YT &ise 3,\-.2 ques 122 %

11 .
U\r\o\\' Nnice new expressicms Caon W€ YO wﬁ\e
Qh

down ! : ‘he d‘ls\‘r'i\bu)f'lv'l\‘j Yells ws tha) we
G Com v Iime ourse\ves -)o (Ccm\'muec\B ?qu}vql-
evices o (smg)\e. vartables and ) disiunchions
of s'ms\e variobles. Tvn dwo variakles X and
X, X=X 2 XY is the O'n‘:j new ome +4hel
is symmetric, ond Ythis observation invites
e s\-ud:j o? thot GX'Pr?SS'\cm .Vor which we
invroduce the short-hoand notehon XAY .
'So, w\ﬂereos the ‘m\rodue"\m—\ o? nma neﬁo}iw
wos the mhoduchon ol somethin \’e&\\b new,
Yhe inhroduchon o? the Ccfn\')uﬂc.\"lm\ wWOoS In es-

sencte Mo more Hon a s\-udn of whal we Wo\rea.dg
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had.

The above is such o nice we o() CoM'lnj wp
w\\\n '“ﬂe. con’ umc.hon 'nnc.\' 'l“ 'nmmed'.q)re\\j ro, Ses
the ques\ﬁm whether we con repecz\- Yhe cowme.

8\ven = Omc\ v, Con we }»\'an\( O? Q‘f\O}\’Ief‘
nice e.xPress'\cn? The remerk Ma} we can con-
ﬁne Ourse\ves (Con)f'lnued> equivc\ences c?
<$'|n5'e vor‘\q\a\es c\no\) C\‘ls;)unc"lcrns S}i“ \ﬂo\o\s,
bul we can {)orso.ke s mme\tj ond consider
XvY =Y . 1s i h'uce.? P\)oqr\ Gom bein
asgmme\'ric > W s nice  as {)o“ows gow. Yhe \itHe
'H'leor . SWQn \DQ\ow, (\Je TVe \-\ne \i)rHe. Yhee
W '\.Sc.\c-.)(ibn \DQCO\\ASQ '\" AT S Per{)e&\:j Se«nero.\.
Tor s’;mP\ici\':j's solce., we OTW\%\OA‘Q ‘.‘ or  Non-
shuctures, so we dem} need Yo bother aboud
Squore br&cke\s.)

LitHe 'n'\eor% We comsider on ?ax owfaero}ur o

ond o \o'wno.:j re\a)ﬁm - » d@ﬁned in Yerms 0?
J

* x —)D = Ae :j = lj

(Here Yhe order c? decreas'm3 \o'mo\ino, power

o? -“'Ie C:?erc;}ors 18 ° ~» and = . /\ q_r-c\ v, = )

>

Theorem (s id@mpdeh‘)?(—% [E re?’exave.\, he,

(Ax: Xex=x) = (Bxz x->x%x)

(\Jrog \IJQ. o\o sServe
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(a)(:: Xe K =X3
= {* w.}\'\ 3::)(}
CAx: x> %) : € End 0? Proof)

Theorem (o is stoc‘ao.)r'we) = (——) s \'rom‘su\‘we)

?roog We observe @)r any X, 4,2
X-ﬂrb N b-—-»‘z.
{*; # with X,y = 3,23
ysg A gz
= { Leibniz}
(x.:.j}.'z:'z. SN NEaaka
= {« s associative }
X'( ‘2):2. N 2 = A
= { Ltje'r\om'z.g U
X2 = "2
= {-n w\}\n b::z!

e | (End of Proof)

“Theorem (- s s\a.jmme\ric) = (—a is on\‘as‘jmme}rk)
(hﬂ“'ls mm@-\'m 0? —_, Yneans '\'\f)Q\‘ ?C:f' 0\*(\3 X.,b
a—sb AN 3‘”‘) = (X=b> . 5
/\Drmg \/u'{a.o)DSQrVe -{-;c.sr any X’\j
X—»b AN l:j—>>< '
1%, % with Xy:s 3”‘?3
AKe 3 = :) FAN 'j. W o= X
= {- 1S sbmme%icg
Xeg =y A Xey=X
= '[ LQI‘DY\'\ZB
=9 ) End u??rm())

n
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Theorem With < o wnory Pre@x opero}or‘

(e distrnbules over o) =3
Ce» '8 wnomotonic Wn)l-\-\ r‘espec’r o =) .

/\)roug We observe g)or Cw\:j X,"j

COA — D

= F oy s en ey
O e wb =

= { [\ s\—\-'.\ou\es ovey '3
s (xo 3) = vy

<~ { Leitbniz§

XOb = :j

{*}

Xy

[}

CEnd o? ?\'oo?.)

Since ~as we hove seen n Canec.\'icm \M“q NV —
o dishribules over \\'5e\? EF’ * is associakwe,
idem\gg\en\' and sbmme\ric, we have Yhe

Corol_lcm,
(* is associclive, idempotent, and symmelric) =

(o 'S )'nono)ron‘nc with resPec} Yo —>>

Theorem (1 s o \eﬁ'\'\anc\ unit element o? o) =

(A s o \eﬂ-\qanc\ exireme oF-—s\

/PTEZ{ (9_:9 '\O‘lj Eb\
{ »* wi\'\’\ X::'\B

(9_3:: 1-»33 . ¢ End OF ?T‘OOGB
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Theorem (0 s o r‘ng\n\‘—\'\ancl 2ero elemen} o?.) =
(0o & Tiﬁ\'\\'—]’\and ex}reme o? ..4,3

/\7roog (9_)(:: %xe0 =0)
{x with 3::01
(ax:: X—%O)

I

(€nd o? fPTOO?)
This Lillle }Meor:j,__m)\ic\q, \’esre“"&\o\‘j, is no} kﬁe\eb

known, is as \oeau\i%’;\ as its Proo?s ore simP\e.

(E‘nd o? \_‘:\'ne ’nfleorJ.B

Since v s C\ssocic.hve., S\jmme\ﬁc, ond
idemPo\'en\-, has zero element true oand unit
element ?o-\se . the chove liltle “\eor:j Yells
us that XN =Y g, indeed, ¢ nice exypression
e} bess the indroduchiom o{) Yhe QS#mme\ﬁc
'm?‘.x gPero.\'or = called
Yeao <s ”‘lm‘a\ies", ‘QD ?os‘u\o.\'m_ca

'm Yo\?cq\-’\m and

Ga)  [XaY = Xv¥ = Y]

we 3'we = O \n‘uﬁher \o'mc\‘mj wj)ower 3r\mnn = ,\Ou\-

Lo \ower b‘mc\'m \'Jower \-\f\om Vo oand A .\Afe.

iden\if-; ‘.\‘ \M\‘\v -“f\e '|m)o\iC‘Q)1'lorn as we hove
j‘ Q“ '“ﬂe “\Yne.

wsed ¢

Qur \d‘“e }'\ﬂeotj \‘e“s ws
(35) [ X=X)
(36)  [((X=aY) A (r=2) a8 (X2)]
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G a3 AN=sX) 5 X=Y)
() [XX=a3Y) = (XvZ = Yv2))
(23) [ false > X))
(40) (X = Yrue )

Since the ProY)er"’res o()-\\'-e dis\unclien tho} we
uwsed ore shored bj Yhe cwjuncjl\on. ¥+ stends Yo
reasen Yo introduce oma‘ogous\j the consequence,
wrilen as "= " and Vr‘ondu&v—icred os “{’o\\ows F:'am "
by

(41 [X Y = XAY =Y

>
Yhe consequence is gven ‘e some Lindin

D
ower as the 'lrn)o\‘:co‘r'lcm. Owv cnccount of (34),
), and the go\d% Kue we hove

(42) IXeY = Y%

*
»

Qor )r\no\" reason we S\ﬁc.“ G\D‘S“Qih rruw\ O\er‘w‘ms
)c\'le oﬂa\bﬁous {)o\"m“\ae -Yor }\we Consequence.

with Yhe exqep\"\cm o? n'le Qn&\o&ue o? (33)
43) [ XeY) a5 (XAZ « YAZD]

/\?emqr\g Note thet Ye Yheorem ”P\ cc:njunc\-'uve

)

Prec\icc.\'e. *roﬂs{)ormer is wunotonic |, whose Pr
wos used Yo ilustrale our "o\“oo? {’or-vno.\-, is o
sFeciq\ case o? H'le. 'Hﬂeorem q\om\- “'\e. unor:)
cr]';uc}or co Qrcm our Lite 'ﬂneor:). (End o?’RQmQrL)
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We sholl close this sechon with o Fem ?uﬂ\ner-
Forwxu\oxe. about the 'thTJ\'lCcA"IO'n:, m Vview 0? (42)'
“\e oﬁox\oﬁws cCMNes o.‘oou* “ne, eov\seolu\ence ore

omitted .
(44) IXaY = X+ YY)

(45) [rue aX = X))

(46) [X = flse =1 X

4%) [%X = Xv¥Y)

(48) LAAY = X

(4a) LUsYYA (X22) =
(Uax o Ya2)]

o) [CUY) A (Xs2)
UvX = Yvz2))

(s1) LX) A %) = X=Y1

(52) LXAY 22 = X=a3avwv2)

We \eave Yheir T)roo{; Qs e€xercises ﬁ.r Hﬁ.e_

rec.der.

Beinﬁ as:jmme}r\c. ond neol associctive, the
"mmf)\i co\"lorw [§~) V\O" \eo.saﬂ" 3r<:. man’c]'au\a\-e:
-‘rhere are xoo'\rr\om ormulee ?cn" H’\e Y omi u\c\\‘lcm
9 P
o() Yhe 'Im‘o\'l(‘c}'l%. The sikuatien is ogﬁrouc}ec\
9
(53) IXs3Y = Xe&aY] ;
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as ?o“ows immeo\io\\'e‘P ?ro-m (44> . T our Prooee,,
bre\fub 15 one Boc\\; imil‘o}ion oF Yhe \"e‘oer]*o'ure
o manipu\a‘rims \s cnother oal. Ter the scke
of The loder, we are w*i“‘m_s Yo add ome or Iwo
S"GPS "\? ‘D‘j GlO'lY'I m“so weﬁ é&ﬂ Qvoic:l C.P \Fecl'm ‘o
a less c}\rc.c\-'we.j Yv\otr\"\ou\o.\-'m o? Yhe Hm?\?co&im.

* x
2

The unory o?ero}cr denoted b sSquare
brackers 15 o ?UW'\C\"\CN‘\ reom boolean struclures
Yo Yhe Iwo-vclued booleon dowmoin {\‘rue,?a\seg.
Tt hes all '\'\ne Pro']oer'\'ie.s o? universol Olu,o.r\\-i..

€§co.\-'\crn OVE™ O, hm-%‘a\:) \"Gx-m.‘s:)tea i.e.

(54) L 3\*\«@.1 = \rue

(55) Y_?o.\se] = ?0\se
(s¢) [IX1) = Ix]

-le. i} is '\c\%po\en\‘-

(s XAY) = XY A IY-B -ie. i C\-\s\ri\:u\-es wver N\~
(580 bLv Xl = LbvX) -Lith b e {.\me,?&‘se’s :

Austin, 16 'Fe\ommU 1987

Y)m? dr. Ec\‘{%er W ’:DE}\KS"IR
:De‘ao.r}men o COm‘ou\'er Sciences
The L\n‘uvers'n\:j 0? Texas o gus\'m
Ruskin, TXK I87N12 - 1SS

United S\‘c}es g? ﬂmer'\feo\



