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"“Reo)l wmothemolicians don't ?rcwe“ o

?ous\m\j s‘::eu\(inﬁ, there are two woys  in which
FeoF\e vy do reason about progroms; 1 shall
dis}inauis them os "Yhe Fos‘u\a}';ona\ me’r\r\od"
and e oPero}iono‘\ wethod .

The ?irsﬁ- method is colled °
i+ Pos\u\o&es how the program Yext oand Yhe speci-
(’ica\ion c\e?'me Yhe lemwmoate. Yo be Froved in order
‘o show that Yhe progrom meets the speci?icd-im.
(In eWec\"wcb c\isc\"a‘r:ﬁir:j Yhis ?roo? o\o\iao.\’\m.
Yhe predicate caleulus has shown i}se\{) Yo be on
'mdisPenso.\o\e “roo\.) The Fos\'ula\iana\ method
ireols the program Yext as a wmothemalical o\f)ec\-

in its own right, i.e. Semankc equivalence of two

Fos}u\o}i ona\h becouse

pregrems  means hat Hﬂe‘j mee}r the same
specig’iccﬁ-’lons.

The secwnd method is called "cpero&'uonq\“
because I+ Yries Yo analyse whal Compu}a}ims
could e evoked under control o? the progrom
ond lo esrablish that each ‘ooss’\ue chT.:u*o&'ron
s o::m‘oo.\-'mb\e with the given s?eciﬁc&r‘wn. T

relies on o Compu"o\-lolno.\ model with resPec} Yo

which dhe Progrom text is ’m\-erFr‘e\ec.\ as execwlable
code,
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“the *rc«ged'j o? )roc\o:j‘s world o? ?marammina
15 that | Yo e extent Ythat i+ reasons aboul
programs o} all, i* does so almest ex-:\uswe\:j
operq\imq\\:j. T coll this a \-ro‘sed\j because,
?rcm o Pureb Yechnical ‘:)o‘m\' o? view, the
oFero.\iona\ method is \03 several orders o?
\maani)rude m%rior Yo e Pos}u\a\\ona\ one,
with 3r0win3 s\2e of Sophis\-ica}'lon OP the pragrom,
the o?era\-'ucmo.\ Qrﬁumen\- oluic\‘lb becomes im?ossib\e
'\'o co-rr:j H’\reu‘a\'\, oand \"'le. 3€nero.\ ad}\er?nce )rO
:Fero“-'\onc.\ rec\son'\ns has o be cunsidered one

the wmoin causes o? the Pers‘:s}ence o? the
soﬂmre Crisis.

A Possibb Ve:j Vundo‘men\-o.\ F\ow o? the
oT:ero«\-icmo\\ method is that i} beg.s Yhe question
howo Yo reason about q\gor‘:“\ms, because it
franslctes the Possi\o\e eﬂ?ee\-s o(—’ a given 0‘\30-
rithm into Yhose o? ancther one | viz. the progrom
in\erpre*er Ci.e. the cbslrack machine +hol underlies
Ve ccrm?u}o-\-'\ono\ ‘wodel). We shall not pursue
thot Pﬁ}en"'\O“\'j Severe S\Ioﬂ‘com‘\n‘j here. OQur
current concerns are wuch wmore Pmamo.\ﬁc: b:j
Qc\m‘u“‘i‘ng - or should we sou: \ob generohng?-
the ]DOSsi\o\e. CumTau‘\'a\‘imS inYo our cemsideroliens
we ovf;en Yhe door lr\t) Cu cwbina\-oriq\ QxP\osirm,
the eltect o? which quic\c\J deﬁe$ exhaush ve
cznoulasis. [ Remember Yhe o.rc\'\e\-moim\ Proammmef*s
ercuse @:r o \Ous “Oh, but thol was a very SPQCiQ\
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case.”'] TInstead o? ?’mding out how Yo cope
with Yhe efFects O&Suc‘n combinalorial explosions,
I} is much more eWWechve Yo Preven\' Yhe combina-
Yorial ex‘;losion g'om occurrtinog in the Grs} P\ace;
bis s what the Fos\u\u}icma method achioves
ba not Yokine into occount thaot the progrom
\-exl- Qc\mi\'s \R\e in}'er\ore\'o«‘r'\cm a? execu}a\ole.
code. “The Posh'o.\icna] method deals with the
PmSmm +ex\- as O ‘oo.r‘sed bul o“nerwise wnin-~

‘er Pre}-ed ?Ormu\ O-.

As socon as Yhe Pos\'u\o.hol_'to\\ method \OESGV\ to

be -I%rce@\l:j advocated, i+ et equo.\b ?or‘ce P‘\
opposition, all o? which was quite Prec\ic\o\o\e. 1
mention , \o:j Woy o? Nus¥rokiem

@ Tk s of o “Mheoretical level" thot "p\aces it
beyond the scope o? most amateurs |, or: bul
thal would require o \o} o? education. CStandord

answers voryin %rm “T never claimed thot
omoteurs should be able 4o program wel." Xo

“Well, educoktiomn s My business. . )

) “The Posh\u\'wnc.\ methed s o? no relevonce

%r the t‘?&\ WOT'\O\ ’ -("af‘ real Pro 3\‘ arvmnmers den b
Yhink thot ma. (Shnc\qrd Coun}?r‘ques\*icm: ":Do
You  meon Yo Sy Yot T am o virkuaol Fmsmmmer?")

2) .I.\‘ cannot be o\nj 3ooc\ because boackward

Teasonng and weakes) Preccmc\i\ims are counrer-
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m\'ui\-ive. Cs\r&ndam\ NS wer: "I{) N s‘\mp\e coleulus
can achieve whal is so "counter intuitive " Mhat i+
s \Oe:jcmd Yne unoided mind, SO much the belter

()c:r Yhat Simp\e Qc\\cu\us. ".)

Gy Tt moy be o\«a‘j .€0,- ~\03 programs, buly bou'“
never ke o.\o\c b Q’PF‘U i\- in ”ne case o? rea\ Pro-
groms. ( Stondord onswer: Yes, sco\\ir\a wp is o
Pm\olem, but the U'Ferc\\"lcmo\ croument becomes
\muc\:, souner imposst\o\e_ than the Foa\u\o.\-'uonq\

one. . )

4 'B:j imposing such strick |oa‘nca\ con straints,
You 5\iﬂe the programmer‘s creo&'w';\-a. (Vorious
answers are possible, such aos “ Unlboridled Creo&ivi\:j
heg dome more harm Pran 30od. “ and " 'IF the
‘orogrommer' rea“b wonts Yo Yoe an '\mPf’essionis%c.
oetr, he is in the wrong business.’. Tor o more
SQP\nicha\ed audience You coan ex‘:\om thet, ol
each slage o? the design, the exP\‘nci} statement o?
e designer‘s ob\iaa\ﬁans is ot the same hme on
EXF“C?“ 5\-G}€men}' o? his ﬁ‘eedumJ “nere\::j ]vwi\":r:g
him Yo exp\cﬁ'e oMernotive desions the Ireditiondl
programmer almost cer\'arnb overlooks. IF hime

Permi"s, Yo Qan 3‘.ve an EXQmF\e.B

(» €.

The moro\\ o? %e Shr:j 15 clear: rEo.I Prosmmmers

don't Teuson about thewr Programs , {)or reasonin
isnt macho. 'ﬂneJ rother get their subshtute (ar
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\n\'e“ec\'ua] 50.\"15{?2‘:.\‘1% g)rcnm _\:1_9_} qu\'\‘e. unders}ondin’g
what ey are doing in Yheir do.r‘m\? 'ITI‘QS?WS'I\Di\ib
-Omd gcm'\ }\ne 5ubsequen\‘ exm\‘emen o? c\nas‘mg
e bugs they should no} have introduced in the
?irs)* F\ace.
» %*
*

The obove bo¥les are °"\:j Yoo qu’»‘io.r Yo anyone
with even the {ainles} acquaintance with programming
Vne)r\noclo\o&tj. The reason w\nj T described Yhem is that
’rhey are the boitles Jhqt Pervcude Me rtest o? ™o
YremoYics: the “ormalists’ Yhol }',_‘j to do mathema-
hics ‘o:j man‘lpu‘a}‘m u.n‘m‘rerpre’red -Vormu.\o\e accond-
ingly to ex?_\ici'\'lg go&ed rules and the "ing::ormo.\is\‘s“
__.Woﬂlj 'Hnej dom't ccll themselves \:b Yho neﬁo&we
name: PreSumoﬁob *}ncjj Presen¥ Y emselves as “Yhe
real mothematicioans— who constant in’ferpre}-
Yheir j?c::ur-wu,\\oua and 'reasun' in Yerms of the

model mnderbirlcj bat in)er‘)oré‘thm.

ﬂ-?‘\ef havinﬁgiven exo\mplcs o? ”PT‘GSMQ\"H:

demonsiration of the creakive power o the
Pos‘u\a\-ionc\\ method ", ET. Bell continues wnth
“Mathematicians and scientisks oP the cemservative
FGFSuqsian mo Pee\ that o science comshained bt‘l
an exF\ide -Formu\c\’red set o? GSSumF’ﬁcmS has \osh
some of its Geedom and is almost dead. Experience
shows 4that Yhe only loss is the denial oP the Fr‘wi\ege
o(-) mo\&inS avoidable wnistokes in reasoning, As 1s



Ewlioi2-5%

Perhafs butr humanly notural, each new encroachment
o? Yhe Pos‘m\o\‘iona\ metod g vigorous\:, res)sted

bj some GS an Invasion o? ho.“owed YradiVien.
Objec¥ion Yo the method s Y}e'ﬁ\‘?er more nor \ess
Yhan ob‘)ec\ion to mothemalics. el last sentence
1S very clear as Yo whotr ET.Bell Ihimks worth

o? }he nome “mothemchces’. He does not clossi Y him-
'sell?o:s wne of “the mathemalicians oP ¢ conservalive

N T, "
PE‘"SMO\S\W .

Let us guote some o? Yhose \o:j wouy o?ccm}msh
Philip J.Dovis and Keuben Hersch. ‘fhe:j rePer Yo
“Xhe error QP idenh %'mj matheme¥ics 'ﬂ'se\? (whet
recl woathemohicians reos\b do n rec) \i(?e\ with

i’s model or represeniation in meta mathemakics, on
[

i? fjw Pre-Pér, _?ﬂ‘;"—?c_rc\er |03‘\cr .
SroP\'\ — and nNow W os b%a‘mn‘nr:a '\-0 sound vev:j
fqmﬂiar—- -\\ne:j o\osmo.hcc.\l:j stote “ that such

Tn the next para.-

[?ormod] derivatioms Uin ?‘mrs}-order lcg.c} are

Purel‘j hJPo‘i'he}"lCc\\ ackivihes (exce\o\- {’or "‘\‘O'j“
Fro'o\ems that 'm'aS\n\‘ be )olo.aed with in o course

in logicd'. Tn the aext semlence \-he:j reﬁ'ar- ‘o
“reddl mothemalics, with proofs which are estoblished
b‘d ¥censensus o?-\-he quq\‘n ?ied.” A redl Pfoo? 5
not checkoble b:j & moachine ) Whereas Bell Cin
1G40) re?ers lo maoathematics as o 9eal, Pavis and Hersch
(!Q&{). r‘ePer 1o the awverage stakus quo inc\udmj

70\\_&5 medieval or older rEhcs‘
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Mb brouble with “Reuben omd Yersch 1s thal their
 stolus quo seems so close Yo Yheir Soo.l. ‘ﬂmz:j
admit that “o leacher can Yeach mothemalics and
o reseacher Can wurite papers with out P*Ying aHentim
lo Yhe ?ro\o\em o? infuiion * Bub only do so under
Yhe \orbv‘us<:> "Per\rmFs + would e {oolish and sel?-
de Peouhn‘c)#, ﬂu‘ \-en\-o.\ﬁve conclusion is

ORI %eb hove never htied 1o teach mothema-
Yics -()orma\lj and exF\ici\-\j with oul a?pec\\ Yo inhui-
Men -~ ‘i? -“1&3 had | it wowld have loeen c mosr re-
?reshina experience Pc.sr Yhem and {’or those o? their
studenks thal were Suﬂ?ucien}b well-educated o
o Precic}e sim]:\'u?ico.\‘nm

(i) tha) they hove never Yoken the Yrouble do
leorn how Yo let the ruwles 0? e {)orma\ game
guide Yheir wr'\)rinj 0? Po.Fers ‘- i? }ho:{hhad. \-he,:j
would have discovered how o do moathemoakics
oy bey end Yheir {)c'rmer powers.

C‘SPeu\cinS ?rom ex perience T can, oP course, nof
ex?ec\- Yo cemvince anbod:\.)

The consensus wmodel c? mothemotics seduced
Q.—‘).?er\\s et &\. -\0 m;rjue :]-\ne ?uh\lb o? Hne Oim
og) des'\f‘jn'm F TOams Proven ‘o m ee} }herr' 5}9@-
Lot ?icc}‘n on. }\a;}?‘
science 15 probobly one o? Ve \east medieval
branches o mo\“’oemc&\‘\cs ....nc.}‘ o? “ req) Vho.u'le-
MO.HCS" o? course‘.__ .

x *

\ne:j missed is +thel Cc;m]ou)ﬁns
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For o sociologist of science here s the ques-
hHon  why , in conlrost to other sciences, \n ma-
themotics - I mean "real mothemolics os recl
dene by real mathemahicions " rea\ \i?e " the
medievo\? charocteriskes are s\i“ SO ouerw\')e\m'.ra,
CE.9. how Yo do mathemaohics s not Fownght ex-
r\‘ioiH:, bul cml:j \o_cj osmosis, as in the Yracibon
o? the auilds. The usual excuse - even @-cm other-
wHse we\-repu}ec\ Pro?essors o? mc\)-hemo.\-ics-- 18
v\rho.l- -’r\nere 1S no o\\'\er Wo‘,jj‘)

T am ‘mSuﬁ?uc’nen*b l(now\ec\geo.\ole ‘o oﬁ%r C.

convineing exp\ona\ﬁm. T have understood Mot
e "Kenovissance wos o Iraumakic experience
-Pcrr the m\-e“ec\-uo.\ esf\-o.lo\'\S"\men¥ o? Yhe dcna.
(\ide the {)0.3-6 o? gq\‘\\eo 9&\1}6‘..) The nokion
0€ science (a8 understood -\-odo.g) was bom
during the Kenonssance (and grew wp d“‘"“"lﬂ the
En\i\cj}ﬂ‘enmen}), ond the in\‘e\\ec‘uo.l eslablishment
of the Middle Ages —ie. theology and makematios-
had o discover how to cupe with ik T} ool
'\'heo\oga ~at least Yhe popes o? Kome -~ alwmos}
@ur cenluries Yo solve therr Prob\em bj dworcmg
their religious '\-eo.c\n'ms €rcnm SC'IehH@C Pre}ens‘:cm.
T s qm}e ossible Yhol mothemalics s even more
between o roct ond a hard F\ace. 'B:j its mere
whili its divorce I‘?rv::m science was not encourosed.
CWe s‘\ov«\c\ no‘e }-\'\G\', \o:, -@scussing their a'}}en}‘nm
Yo T)rovob‘t\'\b, the {)orma\‘\s\s hove Yurned GOy
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‘Prom e ?uzz:j me“o]ohﬁsica\ notion o? “drubh
This was quite an achievement: we should remem-
ber that even as lcte as in the previous c*erﬂ-ur:_tj
mcﬂ-lnemo.\-ics shill suWered -f)rom such ¢ \nea\:j
Ph}\osophicq‘ Po“u\-'ton that no one less Yhon
C ¥ gcxuss -\-koujhl' i wise nol Yo Fu\o\isk his
discovcrj o{) non- Euc\ideqn jeome\-rb ond leﬁ»
i+ Yo '.Boba\'t and Lobochewski 4o receive the

Plack.)

While, in the Rencissance, Jhe other sciences
were Jus} b{'_ginninj or could stor} over aao‘nh
with o. -}o.\ou\o. rasa, mothemalYics was Pums)\ec\
with the burden o? momj Cen}ur’nes o? r:f‘emec\'aevc\l
mothemeatics thal, in o woy , maintained its

relevance. Tt 1s quite understandoble Yhok,

&t the time, j} c\ung Yo Euchid.

Butr MHis )'\‘ns)-orico). exP\anc\\ion iS Nno éxcuse
{é;— Yhe Fac\* thot dodon, FEuclidean 3eome\-rb,
with oll bs known defects, ;5 skl }au3h¥ as
the Pro¥o}3Pe o? o s\'rid-\j deduchve s._«js*em.
1k s not. Ths reliance on pickures s quoted

#

os evidence {’or Yhe volue o 'Seome’h—'\c in -
lr'ucm", while  in f;ad- it s on\‘j o sbm‘:\-om OF
the c\e{)e&s oF) Euclid's axiomatizelion. (In
pessing 1 would like to odd Yol T see more
ond wnore evidence that i} is Prec}seb the in-

?orma\i\b o? e Pic\-oria\ qrsumen‘r that deﬁes
+the deve\oramen} o? heurishics ‘93 meons oF)
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which such c\rgumen\'s can be c\esignec\ N an
order\:j -Fc.s\n‘non. This s in sho.r]: contrast with
the hiﬁ‘“‘ﬂ eﬂ’ec}ive heuristics thol could be
developed ?or s}ric\r\J ?ormo\\ environments.)

The Fre!'ence with which Euclidean 3eome\-r3 |
s 4au3hl- today (viz. that i} is @ s}ric\'\j deduch-
ive sjs}em) s & 3rec}, b’:f) \ie . Ths jenerc.\
&cccp\ance Cand He w‘ude-sPreac\ provise o?
“inFuition  in ts woke) s _—\e“‘lnsz morhemetics
-lodag is shil o disca\o\me with o sizecble
Fre-sc'.en}'lﬁc com\oonen\', in which Yhe sP‘\ri\~
o? }he M'tdc“e ﬁges S a\\owed '\-0 \'lnser on,

EvenYuo.ll:j com‘o\e}ed at Bushn
on 24 Jomuo-r"\ 1988
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